MODULE - 5

Trigonometry

Notes

TRIGONOMETRIC RATIOS OF SOME
SPECIAL ANGLES

In the last lesson, we have defined trigonometric ratios for acute angles in a right triangle
and also developed some relationship between them. In this lesson we shall find the values
of trigonometric ratios of angles of 30°, 45° and 60° by using our knowledge of geometry.
We shall also write the values of trigonometric ratios of 0° and 90° and we shall observe
that some trigonometric ratios of 0° and 90° are not defined. We shall also use the knowledge
of trigonometry to solve simple problems on heights and distances from day to day life.

After studying this lesson, you will be able to

e find the values of trigonometric ratios of angles of 30°, 45° and 60°;
e write the values of trigonometric ratios of 0° and 90°;
e tell, which trigonometric ratios of 0° and 90°are not defined;

e solve daily life problems of heights and distances;

EXPECTED BACKGROUND KNOWLEDGE

e Pythagoras Theoremi.e. in aright angled triangle ABC, right angled at B,
AC? = AB? + BC>.

e Inarighttriangle ABC, right angled at B,

sin C = side opposite to LC cosec C =— Hypote'nuse
Hypotenuse  ° side opposite to ZC

cos C = side adjacent to ZC ecC=— HyPotenuse
Hypotenuse side adjacent to ZC
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tan C = s%de OPPOSIte to ZC ind cot C= s?de adJac§nt to ZC
side adjacent to ZC side opposite to ZC
Notes
cosec € = sinC’ > €= cosC and cot € = tan C

e sin (90°—0)=cos 6, cos (90°—06) =sin O
tan (90° — 0) = cot 0, cot (90° — 6) =tan O

e sec (90°—0)=-cosec O and cosec (90°—0) =sec 6

23.1 TRIGONOMETRIC RATIOS FOR AN ANGLE OF 45°

Let aray OA start from OX and rotate in the anticlock wise direction and make an angle
of 45° with the x-axis as shown in Fig. 23.1.

Take any point P on OA. Draw PM L OX. A
Now in right APMO, P/

ZPOM + ZOPM + ZPMO = 180°
or 45° + ZOPM + 90° = 180°

AY

45° ]

or  ZOPM=180°-90°-45° =45 o M X
~.In APMO, ZOPM = ZPOM = 45°
OM =PM
Let OM = q units, then PM = q units.
In right triangle PMO, vY
OP? = OM? + PM? (Pythagoras Theorem) Fig. 23.1
=a*+ a?
=2a’

. OP = /2 aunits

PM a 1

Now s1n45°=§—\/§a _ﬁ

OM_ a _ 1
cos 45° = OP \/Ea \/5
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Trigonometry
tan 45° = M _a_
OM a
cosec 45° = . ! = ! =2 Notes
sin45’ 1/ ﬁ
sec 45" = cosl45” - 1/1/5 =2
and  cot45° = 1o
tan45° 1
Let aray OA start from OX and rotate in the anti clockwise direction and make an angle
of 30° with x-axis as shown in Fig. 23.2. Ay
Take any point P on OA. A
Draw PM L OX and produce P /
PM to P’ such that PM = P’M. Join OP’
Now in APMO and AP’MO, 300'_ M
OM=0M ..(Common) X 0 X
ZPMO = ZP’MO ...(Each = 90°)
and PM=P'M . .(Construction)
APMO = AP'MO P’\
Z0OPM = ZOP’'M = 60° vy
OPP’ is an equilateral triangle Fig, 23.2
OP = OP’
Let PM = a units
PP’ =PM+MP’
=(a+ a) units .- MP" =MP)
=2a units
OP = OP’ = PP’ = 2q units
Now in right triangle PMO,
OP? = PM? + OM? ...(Pythagoras Theorem)
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or (2a)* = a*> + OM?
OM? = 3a?
Notes or OM = ./3 a units
M _a 1
sin OP 24 2
OM +f3a «/5
cos30°= —=——=—
OP 2a 2
PM_a _1
tan 30° = OM 3a 3
3002 —— = =2
COSEC = in30° 172
1 1

Sec:300=cos30” V372 :T

Lo L.
and COtBO:tan?)O”_l/«/g

23.3 TRIGONOMETRIC RATIOS FOR AN ANGLE OF 60°

Let aray OA start from OX and rotate in anticlock wise direction and make an angle of
60° with x-axis.

AY A
Take any point P on OA. /
Draw PM L OX. P
Produce OM to M’ such that

OM = MM’. Join PM’.
60°

Let OM = g units < ] >
In APMO and APMM,, X o M wmX
PM = PM ...(Common)
ZPMO = ZPMM’ ...(Each =90°)
OM = MM’ ...(Construction) Ly
APMO = APMM’ Fig. 23.3
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ZPOM = /PM'M = 60°
APOM'’ is an equilateral triangle.
OP =PM’ = OM’ = 24 units
Notes
In right APMO,
OP? = PM? + OM? ...(Pythagorus Theorem)

(2a)*> =PM? + a*
or PM? = 3a?

PM = /3 a units

PM _+3a _+3

sin 60° = ——= —
OP 2a 2
600 _—i—l
COSOV="0P " 24 2
PM
tan60°=—=@=\/§
OM a
L 12
SO Sin60” VB 4B
2
1 1
o _ - =2
sec 60 cos60? 1/2
b b
and cot 60° = tan 60° ﬁ

23.4 TRIGONOMETRIC RATIOS FOR ANGLES OF
0° AND 90°

In Section 23.1, 23.2 and 23.3, we have defined trigonometric ratios for angles of 45°,
30° and 60°. For angles of 0° and 90°, we shall assume the following results and we shall
not be discussing the logical proofs of these.

(1) sin 0°=0 and therefore cosec 0° is not defined

(i) cos 0°=1 and therefore sec 0°=1
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(i) tan 0°= O therefore cot 0°is not defined.

(iv) sin 90°= 1 and therefore cosec 90°=1

(v) cos 90°=0 and therefore sec 90° is not defined.

(vi) cot 90°= 0 and therefore tan 90°is not defined.

The values of trignometric ratios for 0°, 30°, 45°, 60° and 90° can be put in a tabular form
which makes their use simple. The following table also works as an aid to memory.

pnometric Ratios of Some Special Angles

y 0° 300 45° 60° 90°
Trig. ratio
in 0y \ﬁ_l \E:L 393 | 4,
" 4 4 2 4 2| V4 2 4
6 F T O TR S Y D U N TS S B (O
- 4 4 2 4 2 |Va 2 4
fO 1 1 / 2 3
=0 — = | =1 —==3
tan O 10 11 ﬁ 12 13 w/_ Not defined
3 2 1 1 fO
— =y3 — =1 —_——s— =
cot0 Not defined 13 \/_ i) e «/5 o
4 4 4 2 4
—=2 —=4/2 —=— —=1
cosec O Not defined 1 \/; \/_ 5 @ 1
4 4 2 4 4
~ =1 == e
sec O 4 3 \/5 \/; 1 Not defined

Let us, now take some examples to illustrate the use of these trigonometric ratios.

Example 23.1: Find the value of tan?60° — sin>30°.

Solution: We know that tan 60° = /3 and sin 30° =

1
2
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Example 23.2: Find the value of
cot?30° sec?45° + cosec?45° cos 60°

Solution: We know that

1
cot 30° = /3, sec 45°= /7, cosec 45° = [ and cos 60° = 5

cot?30° sec?45° + cosec?45° cos 60°

- (B2 + (2] S

1
:3x2+2><2
=6+1
=7

Example 23.3: Evaluate : 2(cos? 45° + tan’60°) — 6(sin*45° — tan*30°)
Solution: 2(cos? 45° + tan?60°) — 6(sin’45° — tan*30°)

SRR CRE)
A

=1+6-3+2
=6

Example 23.4: Verify that

tan 45° EC 60°  5sin90° _
cosec30° cot45® 2cos0°

tan 45° N sec 60°  5sin 90°

Solution: L.H.S. = -
olution cosec30° cot45° 2cos0°

I 2 5x1
=+

2 1 2x1
l+2—§ 0=R.H.S
2 2
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tan 45° | see 60°  5sin90° _
cosec30° cot45® 2cos0°

Hence,

Example 23.5: Show that

%cotZSO" +3sin’60° — 2 cosec?60° —% tan’30° = ?

Solution: L.H.S. = % cot?30° +3sin*60° — 2 cosec’60° —% tan’30°

-tar 2] A5 )

[
+
I
|
I
|
I

48+27-32-3
12

40._10
12 3
=R.H.S.

Hence, % cot*30° +3sin*60° — 2 cosec>60° —% tan’30° = m

Example 23.6 : Verify that

4cot’60° +sec’30° —2sin’45° 4

c0s?30° +cos?45° 3

4 cot’60° +sec?30° —2sin’45°
c0s?30° +cos?45°

EOERER)

)L

Solution: L.H.S. =
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axtedogn!
3 2
= 3 1
i+i
4 2 Notes
8, 2
3 _3
=3 3
4 4
5.4 4
= —X—=—
35 3
=R.H.S.

H 4 cot’60° +sec’30° —2sin’45° 4
ence, =—
c0s?30° +cos?45° 3

Example 23.7: If 6 = 30°, verfity that

tan 20 =

Solution: For 6 = 30°
L.H.S. =tan 20
=tan (2 x 30°)
= tan 60°

=3

2tan 0

and R.H.S. = m

2 tan 30
1—tan*30°

6
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2 2
_ A3 _3
Notes 1—l %
3 3
2 3
:—X—:\/g
V3
~.L.HS.=R.H.S.
2tan 0

H tan20=——
ence, 1—tan’ 0

Example 23.8: Let A =30°. Verify that
sin3A=3sinA-4sin’*A
Solution: For A = 30°,
L.H.S. =sin3A
=sin (3 x 30°)
=sin 90°
=1
and R.H.S.=3sinA-4sin’A
=3 sin 30° — 4 sin’ 30°

3
= 3><l—4><(lj
2 2

| W
|
oo |~

N | W
|
N | —

=1
L.H.S.=R.H.S.
Hence, sin3A=3sinA—4sin’ A

Example 23.9: Using the formula sin (A—B) =sin A cos B —cos A sin B, find the value
of sin 15°.
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Solution: sin (A—B) =sin Acos B—-cos Asin B (1)
Let A=45°and B = 30°
.. From (i),
() Notes
sin (45° — 30°) = sin 45° cos 30° — cos 45° sin 30°
1 N3 1 1
i 0 ——=X— ———=X—
or sin 15 2 2 )

v

7oy

3-1
Hence, sin 15° = .
ence, sin 2

Remark: In the above examples we can also take A = 60° and B = 45°.

Example 23.10: If sin (A+B)=1andcos (A-B)=1,0°<A+B <90°,A>B, find A
and B.

Solution: - sin(A+B)=1=sin90°

A+B=90° (1)

Again cos (A—B)=1=cos(°
A-B=0 ..(i1)

Adding (1) and (i1), we get
2A=90°or A =45°

From (ii), we get
B=A=45°

Hence, A =45° and B = 45°

Example 23.11: If cos (20° + x) = sin 30°, find x.

1
| .. o_1
Solution: cos (20" + ) =sin 30°= = cos 60" [  c0s60 2)

s 200+ x = 60°
or x =60°—20°=40°

Hence, x = 40°
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Example 23.12: In AABC, right angled at B, if BC =5 cm, ZBAC =30, find the length
of the sides AB and AC.

Solution: We are given ZBAC =30°1i.e., ZA=30°

and BC=5cm
A
Now sSin A= i—g
30°
1 300 — i
or sin 30°= ~"~
1_s5
27 AC [
C 5cm B
S AC=2x50r10cm Fig. 23.4
By Pythagoras Theorem,
AB = \JAC*-BC’
= /(10)’ =5> cm
=,/75 cm
=53 cm

Hence AC =10 cm and AB = 5,/3 cm.

Example 23.13: In AABC, right angled at C, AC =4 cm and AB = 8 cm. Find ZA and
ZB.

Solution: We are given, AC=4 cm and AB =8 cm A
) AC
Now sinB= AB 8 cm 4 cm
4 1 B C
=g Fig. 23.5
. sin 307 = l
.. B=30 | >
Now ZA =90°— /B ol zA+ 2B =907

Mathematics Secondary Course




Trigonometric Ratios of Some Special Angles

=90° - 30°
= 60°
Hence, ZA = 60° and ZB =30°
Example 23.14: AABC isrightangled at B. If £ A= ZC, find the value of
(1) sin A cos C + cos A sin C
(i1) sin Asin B + cos Acos B
Solution: We are given thatin AABC,
ZB =90°
ZA + ZC=180°-90° (LA + ZB + ZLC=180°)
=90°
Alsoitis given that ZA=ZC
LA =ZC=45°
(1) sin A cos C + cos Asin C

= sin 45° cos 45° + cos 45° sin 45°

1

x_

2

+

-
-
-

+l:1
2

| -

(i) sin A sin B + cos A cos B

= sin 45° sin 90° + cos 45° cos 90°

Example 23.15: Find the value of x if tan 2x— /3 =0.
Solution: We are given

tan 2x— /3 =0

or tan 2x = /3 = tan 60°
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s 2x = 60°

or x = 30°

Notes Hence value of x is 30°.

CHECK YOUR PROGRESS 23.1

1.

2.

3.

Evaluate each of the following:

(@) sin?60° + cos?45°

(i) 2 sin®30° -2 cos? 45° + tan® 60°

(i) 4 sin? 60° + 3 tan® 30° — 8 sin? 45° cos 45°

(iv) 4(sin* 30° + cos* 60°) — 3(cos? 45° — 2 sin® 45°)

tan 45°  sec 60° B 5sin 90°
cosec30° cot45° 2cos0°

_ 5c08*60° +4sec’30° —tan*45°
(Vl < 2 0 2 o
sin“30° +cos~30

Verify each of the following:

(i) cosec® 30° x cos 60° x tan® 45° x sin? 90° x sec? 45° x cot 30° = 8,/3
.. 2 o 1 2 o 1 2 o 2 o 7
(i) tan” 30" +—sin”45° +—cos” 30” +cot” 60° =—
2 3 6
(iii) cos?60° — sin?60° = — cos 60°
(iv) 4(sin*30° + cos*60°) — 3(cos?45° — sin%90°) = 2

tan 60° — tan 30° 0
V) = tan 30
1+ tan 60° tan 30°

If ZA =30, verify each of the following:

S sin2A 2tan A
(i) sin 24 = 1+ tan’A
(ii) oA I—tan”® A
11)cos2A= ——
1+tan® A

(iii) cos 3A =4 cos’A-3 cos A
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4. If A=60°and B =30, verify each of the following:
(i) sin (A+B)=sin A cos B+cos Asin B

tan A—tan B

iHtan(A-B)=—————
(it ( ) 1+tan A tan B

5. Taking 2A = 60°, find sin 30° and cos 30°, using cos 2A =2 cos’A— 1.

6. Using the formula cos (A + B) =cos A cos B —sin A sin B, evaluate cos 75°.

1 1
7. Ifsin(A-B)= E,cos (A+B)= 5,0°<A+B <90°, A> B, find A and B.

3
8. Ifsin(A+2B)= % and cos (A+4 B) =0, find A and B.

9. In APQR right angled at Q, PQ =5 cm and £R = 30°, find QR and PR.

10. In AABC, ZB =90°, AB =6 cm and AC = 12 cm. Find ZA and ZC.

11. In AABC, ZB =90°. If A = 30°, find the value of sin A cos B + cos A sin B.
12. If cos (40° + 2x) = sin 30°, find x.

Choose the correct alternative for each of the following (13-15):

13. The value of sec 30°is

(A)2 (B) % © % D) 2
14. If sin2A=2sin A, then Ais
(A) 30° (B) 0° (C) 60° (D) 90°
2tan 60° .
1T tan? 60° isequal to
(A) sin 60° (B) sin 30° (C) cos 60° (D) tan 60°

23.5 APPLICATION OF TRIGONOMETRY

We have so far learnt to define trigonometric ratios of an angle. Also, we have learnt to
determine the values of trigonometric ratios for the angles of 30°, 45° and 60°. We also
know those trigonometric ratios for angles of 0° and 90° which are well defined. In this
section, we will learn how trigonometry can be used to determine the distance between the
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objects or the distance between the objects or the heights of objects by taking examples
from day to day life. We shall first define some terms which will be required in the study of
heights and distances.
Notes

23.5.1 Angle of Elevation

When the observer is looking at an object (P) which is at a greater height than the observer
(A), he has to lift his eyes to see the object and an angle of elevation is formed between the
line of sight joining the observer’s eye to the object and the borizontal line. In Fig. 23.6, A
is the observer, Pis the object, AP is the line of sight and AB is the horizontal line, then £0
is the angle of elevation.

P Object
3
//
00
50
A 0 B

Observer Horizontal line

Fig. 23.6

23.5.2 Angle of Depression Horizontal line

4
When the observer (A) (at a greater Observer
height), is looking at an object (at a lesser
height), the angle formed between the line & %\g
of sight and the horizontal line is called an \,\(‘e
angle of depression. In Fig. 23.7, AP is
the line of sight and AK is the horizontal B

line. Here ot is the angle of depression. Object Fig. 23.7

Example 23.16: A ladder leaning against a window of a house makes an angle of 60° with
the ground. If the length of the ladder is 6 m, find the distance of the foot of the ladder from
the wall.

Solution: Let AC be a ladder leaning against the wall, AB making an angle of 60° with the
level ground BC.

A
Here AC=6m ...(Given)
Now in right angled AABC,
i—g =cos 60°
c 60° g

Fig. 23.8
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BC_
6

1
or >

1
or BC=5x6or3m

Hence, the foot of the ladder is 3 m away from the wall.

1
Example 23.17: The shadow of a vertical pole is E of its height. Show that the sun’s

elevation is 60°.

Solution: Let AB be vertical pole of height h units and BC be its shadow.

1 _ A
Then BC=hx NG units A
Let 0 be the sun’s elevation. .

Then inright AABC, h Iunits

tan 0 = AB = L =3 i
BC h/43 v

c L8 [lg

or tan O = tan 60° h
7= units
0 = 60° V3

Hence, the sun’s elevation is 60°. Fig. 23.9

Example 23.18: A tower stands vertically on the ground. The angle of elevation from a
point on the ground, which is 30 m away from the foot of the tower is 30°. Find the height

of the tower. (Take /3 =1.73)

Solution: Let AB be the tower h metres high.

Let C be a point on the ground, 30 m away A
from B, the foot of the tower A
BC=30m hm
Then by question, ZACB =30 % v
Now inright AABC, C s R »B
B . Fig. 23.10
BC tan
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h_1
or 30 3
30

h="—
ﬁm

30 V3
R

=103 m
=10x1.73 m
= 173 m
Hence, height of the toweris 17.3 m.

Example 23.19: A balloon is connected to a meterological ground station by a cable of
length 100 m inclined at 60° to the horizontal. Find the height of the balloon from the
ground assuming that there is no slack in the cable.

Solution: Let A be the position of the balloon, attached to the cable AC of length 100 m.
AC makes an angle of 60° with the level ground BC.

Let AB, the height of the balloon be h metres

Now inright AABC,
Nelni sin 60
h 3
or —=—
100 2
or h=50.,/3
=50 x 1.732 Fig. 23.11
= 86.6

Hence, the balloon is at a height of 86.6 metres.

Example 23.20: The upper part of a tree is broken by the strong wind. The top of the tree
makes an angle of 30° with the horizontal ground. The distance between the base of the
tree and the point where it touches the ground is 10 m. Find the height of the tree.

Solution: Let AB be the tree, which was broken at C, by the wind and the top A of the
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tree touches the ground at D, making an angle of 30° with BD and BD= 10 m.
Let BC = x metres oA
Now inright ACBD, Notes

E =tan 30°
BD

C
xr_1 ?
or 10 \/g xm
_10 | (o8
or x—ﬁ m ..(1) D 10m
Fig. 23.12
Again inright ACBD,
E =sin 30°
DC
x> 1
" pc 2
or DC = 2x
20 .
= E m ..[By (1]
29 }
AC=DC= ﬁ (i)

Now height of the tree = BC + AC
(£+£j
W33
30
— — Oor 10\/§m
V3
=17.32m

Hence height of the tree =17.32 m

Example 23.21: The shadown of a tower, when the angle of elevation of the sun is 45°is
found to be 10 metres longer than when it was 60°. Find the height of the tower.
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Solution: Let AB be the tower 4 metres high and C and D be the two points where the
angles of elevation are 45° and 60° respectively.

Then CD =10 m, ZACB =45° and ZADB = 60°

Notes
Let BD be x metres.

Then BC=BD +CD = (x + 10) m A
Now in rt. Zd AABC, '

AB '
—— =tan 45°
BC hm

h —
x+10

x=(h-10)m () 45° 60 [ ]

Againinrt Zd AABD, 10m xm
Fig. 23.13

or

ﬁ = tan 60°
BD

h
or T=43
X

or  h=.3x ...(ii)

From (i) and (ii), we get

h= 3 (h-10)
o  h=3h-103
or  (J3-Dh=103

, 1073
T 3-1

1043 (V3+1) 1043({3+1)
T -1t WBH) 2

=53( 3+ 1)=15+5x1.732 =15 + 8.66 = 23.66

Hence, height of the tower is 23.66 m.
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Example 23.22: An aeroplane when 3000 m high passes vertically above another
aeroplane at an instant when the angles of elevation of the two aeroplanes from the same
point on the ground are 60° and 45° respectively. Find the vertical distance between the
two planes.

Solution: Let O be the point of observation. P
Let P and Q be the two planes
Then AP =3000 m and ZAOQ =45°
and ZAOP = 60°
In rt. Zd AQAO,

£=tan 45° =1
AO

3000m| q

v 607 45
or  AQ=AO () A [

Againinrt. Zd APAO, Fig. 23.14

@)

PA
—— =tan 60° = \/§
AO

3000 3000
A—O:\B or AO=—— ..(ii)

NE]

From (i) and (i1), we get

Ao 2000 V3
Q="

PQ=AP-AQ=(3000-1732) m = 1268 m

=1000v/3 =1732 1

Hence, the required distance is 1268 m.

Example 23.23: The angle of elevation of the top of a building from the foot of a tower is
30° and the angle of elevation of the top of the tower from the foot of the building is 60°. If
the tower is 50 m high, find the height of the building.

Solution: Let PQ be the tower 50 m high and AB be the building x m high.
Then ZAQB = 30° and ZPBQ = 60°

X

In rt. Zd AABQ, BQ tan 30° ()

PQ
; — =tan 60°
and in rt. Zd APQB, BQ
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50 .
or BO =tan 60" ()

Dividing (i) by (ii), we get,

x _tan30° 1

%  tan 60°

50

3

x=—=16.67
or 3

igonometric Ratios of Some Special Angles

50m

\4
Q

Hence, height of the building is 16.67 m.

30° 60° [\ ¥

Fig. 23.15

Example 23.24: A person standing on the bank of a river observes that the angle of
elevation of the top of a tree standing on the opposite bank is 60°. When he moves
40 metres away from the bank, he finds the angle be 30°. Find the height of the tree and

the width of the river.

Solution: Let AB be a tree of height & metres.

Let BC = x metres represents the width of the

river.

Let C and D be the two points where the tree

subtends angles of 60° and 30° respectively

Inright AABC,

E = tan 60°
BC

h

o Mo
X

or  h=.3x

Againinright AABD,

& = tan 30°
BD

h 1

x+40 - \/5

or

From (i) and (ii), we get,

\/gx 1

x+40 A3

hm

Fig. 23.16

Mathematics Secondary Course




Trigonometric Ratios of Some Special Angle

or 3x=x+40
or 2x =40
x=20

.. From (i), we get
h= ﬁ x20=20x1.732
=34.64

Hence, width of the river is 20 m and height of the tree is 34.64 metres.

Example 23.25: Standing on the top of a tower 100 m high, Swati observes two cars on
the opposite sides of the tower. If their angles of depression are 45° and 60°, find the

distance between the two cars.

Solution: Let PM be the tower 100 m high. Let A and B be the positions of the two cars.
Let the angle of depression of car at A be 60° and of the car at B be 45° as shown in

MODULE - 5

Trigonometry

Fig.23.17.
Now ZQPA =60°= ZPAB
and  /RPB=45°= /PBA ¢ P R
60° /| 0\ 45°
In right APMB, :
% = tan 450 :IOO m
100 _, 60° M 45>
o MB A M B
or  MB=100m () Fig. 23.17
Also inright APMA,
M tan 60°
MA
100 _ r
— =43
or MA
JRRLL
VA= s
1003
-3
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_ 100x1.732
3

=57.74

MA =57.74 m ..(i1)

Hence, the distance between the two cars

=MA + MB
=(57.74 + 100) m [By (i) and (ii)]
=157.74m

Example 23.26: Two pillars of equal heights are on either side of aroad, which is 100 m
wide. At a point on the road between the pillars, the angles of elevation of the top of the
pillars are 60° and 30° respectively. Find the position of the point between the pillars and
the height of each pillar.

Solution: Let AB and CD be two pillars each of height 2 metres. Let O be a point on the
road. Let BO = x metres, then

OD = (100 - x) m
By question, ZAOB = 60° and ZCOD = 30°

Inright AABO,
E = tan 60° A CA
BO A 5
h
or “=43 ‘ hm
X hm '
or h= .3 x () :
: 0 0 v
In right ACDO, 'BjGO 5 30} ____________________ —
xm (100-x) m
Q =tan 30°
Fig. 23.18
h  _ 1 .
or 100— x \/5 ..(i1)
From (i) and (ii), we get
V3x 1
100—x /3
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or 3x =100 - x
or 4x = 100
x=25
Notes

. From (i), we get h = /3 x25=1.732 x 25 or 43.3

.. The required point from one pillar is 25 metres and 75 m from the other.
Height of each pillar=43.3 m.

Example 23.27: The angle of elevation of an aeroplane from a point on the ground is 45°.
After a flight of 15 seconds, the elevation changes to 30°. If the aeroplane is flying at a
constant height of 3000 metres, find the speed of the plane.

Solution: Let A and B be two positions of the plane and let O be the point of observation.
Let OCD be the horizontal line.

Then ZAOC =45°and ZBOD = 30°
By question, AC=BD =3000m

A B
In 1t Zd AACO, R
AC_ tan 45° i
OC 3:000 m
3000
or _— = 1 450 30 |_ V
oc 0 C D
or  OC=3000m (D) Fig. 23.19
Inrt £d ABDO,
BD = tan 30°
OD
3000 1
or OC+CD /3
or 3000\/_ =3000 + CD ..[By )]
or CDh :3000(\/3 -1
= 3000 x 0.732
=2196

.. Distance covered by the aeroplane in 15 seconds=AB =CD =2196 m
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. Speed of the plane = [?X

=527.04 km/h

gonometric Ratios of Some Special Angles

2196  60x60
1000

Example 23.28: The angles of elevation of the top of a tower from two points P and Q at
distanes of a and b respectively from the base and in the same straight line with it are

complementary. Prove that the height of the toweris /gb -

Solution: Let AB be the tower of height £, P and Q be the given points such taht PB =a

and QB =b.

Let ZAPB = o and ZAQB =90° -«

Now in rt £d AABQ,

AB_ tan(90° - (x)
QB

ﬁ =cota i
or b (1)
and inrt Zd AABP,

——=tan a

PB

h 3
or —=tana (i)

a

Multiplying (i) and (ii), we get

h
—X—=cota.tana=1
a

or h?=ab
or h=ab

Hence, height of the toweris /gp .

A

A

h

. 90°—0, M

Qg >B

= a >
Fig. 23.20

CHECK YOUR PROGRESS 23.2

1. Aladder leaning against a vertical wall makes an angle of 60° with the ground. The
foot of the ladder is at a distance of 3 m from the wall. Find the length of the ladder.
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2. Atapoint 50 m away from the base of a tower, an observer measures the angle of
elevation of the top of the tower to be 60°. Find the height of the tower.
3. The angle of elevation of the top of the tower is 30°, from a point 150 m away from its
foot. Find the height of the tower. Notes

4. The string of akite is 100 m long. It makes an angle of 60° with the horizontal ground.
Find the height of the kite, assuming that there is no slack in the string.

5. Akiteis flying at a height of 100 m from the level ground. If the string makes an angle
of 60° with a point on the ground, find the length of the string assuming that there is no
slack in the string.

6. Find the angle of elevation of the top of a tower which is 100 /3 mhigh, from a point
at a distance of 100 m from the foot of the tower on a horizontal plane.

7. Atree 12 m high is broken by the wind in such a way that its tip touches the ground
and makes an angle of 60° with the ground. At what height from the ground, the tree is
broken by the wind?

8. A treeis broken by the storm in such way that its tip touches the ground at a horizontal
distance of 10 m from the tree and makes an angle of 45° with the ground. Find the
height of the tree.

9. The angle of elevation of a tower at a point is 45°. After going 40 m towards the foot
of the tower, the angle of elevation becomes 60°. Find the height of the tower.

10. Two men are on either side of a cliff which is 80 m high. They observe the angles of
elevation of the top of the cliff to be 30° and 60° respectively. Find the distance between
the two men.

11. From the top of a building 60 m high, the angles of depression of the top and bottom
of a tower are observed to be 45° and 60° respectively. Find the height of the tower
and its distance from the building.

12. A ladder of length 4 m makes an angle of 30° with the level ground while leaning
against a window of a room. The foot of the ladder is kept fixed on the same point of
the level ground. It is made to lean against a window of another room on its opposite
side, making an angle of 60° with the level ground. Find the distance between these
rooms.

13. Atapoint on the ground distant 15 m from its foot, the angle of elevation of the top of
the first storey is 30°. How high the second storey will be, if the angle of elevation of
the top of the second storey at the same point is 45°?7

14. An aeroplane flying horizontal 1 km above the ground is observed at an elevation of
60°. After 10 seconds its elevation is observed to be 30°. Find the speed of the
aeroplane.
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15. The angle of elevation of the top of a building from the foot of a tower is 30° and the
angle of elevation of the top of the tower from the foot of the building is 60°. If the
tower is 50 m high, find the height of the building.

6

e Table of values of Trigonometric Ratios

0| 0° 30° 45° 60° 90°
Trig. ratio
. 1 I B3
sin 0 0 ) \/E 7 1
5| L
cos 0 1 Y 2 > 0
1
tan O 0 Nl 1 3 Not defined
1
cot 0 Notdefined | /3 1 Nl 0

cosec 0 Not defined | 2

5
Sl

sec O 1 Not defined

&l
=

Supportive website:
e http://www.wikipedia.org

e  http://mathworld:wolfram.com

E‘J TERMINAL EXERCISE

1. Find the value of each of the following:
(1) 4 cos? 60° + 4 sin? 45° — sin? 30°
(i) sin?45°—tan?45° + 3(sin*90° + tan* 30°)
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5sin?30° +cos’45° —4 tan30°
25in?30°cos*30° + tan 45°

(i)

cot 45°
sec 30° +cosec 30°

(iv)
2. Prove each of the following:

3 5
1 22 _ 26000 — — qin2480 2 0 — ———
1) 2 cot?30°—2 cos?60 1 sin*45° — 4 sec? 30 1

(i) 2 sin*30° + 2 tan® 60° — 5 cos*45° =4
(iif) cos 60° cos 45° + sin 60° sin 45° = sin 45° cos 30° + cos 45° sin 30°

cot 30°cot 60° —1
cot 30° +cot 60°

=cot90°

3. If6 =300, verify that
(i) sin20=2sinBcos O
(i) cos20=1-2sin’0
(iii) tan 20 = ane
I-tan” 6
4. If A=60°and B =30°, verify that
(i) sin(A+B)#sinA+sinB
(@) sin (A+B)=sinAcosB +cosAsinB
(i) cos (A—B)=cos Acos B +sinAsinB
@iv) cos (A+B)=cos Acos B—-sinAsinB

vJ1—cos’A

V) tan A =
) cos A

5. Using the formula cos (A—B) =cos A cos B + sin A sin B, find the value of cos 15°.

B3

6. Ifsin(A+B)=1andcos(A-B)= B 0°<A+B <90°, A>B, find A and B.
7. Anobserver standing 40 m from a building observes that the angle of elevation of the

top and bottom of a flagstaff, which is surmounted on the building are 60° and 45°
respectively. Find the height of the tower and the length of the flagstaff.
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10.

I1.

12.

13.

14.

15.

gsonometric Ratios of Some Special Angles

From the top of a hill, the angles of depression of the consecutive kilometre stones due
east are found to be 60° and 30°. Find the height of the hill.

From the top of a 7 m high building, the angle of elevation of the top of a cable tower
1s 60° and the angle of depression of its foot is 45°. Find the height of the tower.

A man on the top of a tower on the sea shore finds that a boat coming towards him
takes 10 minutes for the angle of depression to change from 30° to 60°. How soon will
the boat reach the sea shore?

Two boats approach a light-house from opposite directions. The angle of elevation of
the top of the lighthouse from the boats are 30° and 45°. If the distance between these
boats be 100 m, find the height of the lighthouse.

The shadow of a tower standing on a level ground is found to be 45 /3 m longer
when the sun’s altitude is 30° than when it was 60°. Find the height of the tower.

The horizontal distance between two towers is 80 m. The angle of depression of the
top of the first tower when seen from the top of the second tower is 30°. If the height
of the second tower is 160 m, find the height of the first tower.

From a window, 10 m high above the ground, of a house in a street, the angles of
elevation and depression of the top and the foot of another house on opposite side of
the street are 60° and 45° respectively. Find the height of the opposite house (Take

J3 =1.73)

A statue 1.6 m tall stands on the top of a pedestal from a point on the gound, the angle
of elevation of the top of the statue is 60° and from the same point, the angle of
elevation of the top of the pedestal is 45°. Find the height of the pedestal.

)
ANSWERS TO CHECK YOUR PROGRESS

23.1
AP 5 o - . N
g 3 (i) (iv) ) vi) 75
1
5. sin 30°= —, cos 30° = ﬁ
2 2

5o
2.2

7. A=45°and B =15°
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8. A=30°and B =15°
9. QR=5 .3 andPR=10cm
10. ZA =60° and ZC =30° Notes
11. %
12.x =10°
13.C
14.B
15. A
23.2
I. 6m 2.86.6 m 3.86.6m
4. 86.6m 5.115.46m 6. 60°
7. 5.57Tm 8.24.14m 9.94.64 m
10. 184.75 m 11.2535m 12.5.46 m
13.6.34m 14.415.66 km/h 15.16.67 m

A
ANSWERS TO TERMINAL EXERCISE

Lol 1 40 A3
- 07 (i) 5 (i) 157 ) 5341
5 341 6. A = 60° and B = 30° 7.40m , 29.28

o A= and B = .40m, 29.28 m

8. 433m 9.19.124 m 10. 5 minutes

11. 36.6m 12.67.5m 13.113.8m

14.273m 15.2.18656 m
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Practice Work-Trignometry

Maximum Marks: 25 Time : 45 Minutes

Instructions:

1.
2.

Answer all the questions on a separate sheet of paper.
Give the following informations on your answer sheet
Name

Enrolment number

Subject

Topic of practice work

Address

Get your practice work checked by the subject teacher at your study centre so that
you get positive feedback about your performance.

Do not send practice work to National Institute of Open Schooling

In the adjoining figure, the value of sin A is A 1

5
= &
&) 13 ©

5cm

12 c
(B) 3 12cm B

5
© D

13
D) 15

sinA — cosA

. If4cotA=3,thenvalueof ———— is 1

SinA + cosA
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1 6
A5 ®) -

Notes

FNGI OV

CS— D
© % D)

3. The value of sec 30°1s 1

V3
2

(A)2 (B)

© 5 ®
4. InAABC,rightangled at B, if AB=6 cmand AC =12 cm, then LA is 1
(A) 60°
(B) 30°
(C)45°
(D) 15°
5. The value of 1

sin 36° 3 2sec41® .
2c0s54°  3cosec49’ s

A)-1

1
(B) 5

1
©-¢

D1

1
6. IfsinA= 5 , show that 2

3cosA—4cos’A=0
7. Using the formula sin (A—B) =sin A cos B —cos A sin B, find the value of sin 15°2
8. Find the value of

tan 15° tan 25° tan 60° tan 65° tan 75° 2
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1+ sinA
9. Show that - =secA +tanA o)
1—sinA
Notes
10. If sin’0 + sin O = 1, then show that 2

cos?’0+cos*0=1

cotA +cosec A—1 1+cosA

cot A —cosec A +1 - sinA 4

11. Prove that

12. An observer standing 40 m from a building notices that the angles of elevation of the
top and the bottom of a flagstaff surmounted on the building are 60° and 45° respectively.
Find the height of the building and the flag staff. 6
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Statistics

The modern society is essentially data oriented. It is difficult to imagine any facet of
our life untouched in newspapers, advertisements, magazines, periodicals and other
forms of publicity over radio, television etc. These data may relate to cost of living,
moritality rate, literacy rate, cricket averages, rainfall of different cities, temperatures
of different towns, expenditures in varioius sectors of a five year plan and so on. It
is, therefore, essential to know how to extract ‘meaningful’ information from such
data. This extraction of useful or meaningful information is studied in the branch of
mathematics called staftistics.

In the lesson on “Data and their Representations” the learner will be introduced to
different types of data, collection of data, presentation of data in the form of frequency
distributions, cumulative frequency tables, graphical representaitons of data in the
form of bar charts (graphs), histograms and frequency polygons.

Sometimes, we are required to describe the data arithmetically, like describing mean
age of a class of studens, mean height of a group of students, median score or model
shoe size of a group. Thus, we need to find certain measures which summarise the
main features of the data. In lesson on “measures of Central Tendency”, the learner
will be introduced to some measures of central tendency i.e., mean, median, mode of
ungrouped data and mean of grouped data.

In the lesson on “Introduction to Probablity”, the learner will get acquainted with
the concept of theoretical probability as a measure of uncertainity, through games of
chance like tossing a coin, throwing a die etc.






