MODULE - 1
Algebra

Notes

ALGEBRAIC EXPRESSIONS AND
POLYNOMIALS

Sofar, you had been using arithmetical numbers, whichincluded natural numbers, whole
numbers, fractional numbers, etc. and fundamental operationson those numbers. Inthis
lesson, we shall introduce al gebraic numbers and some other basic concepts of algebra
like constants, variables, algebraic expressions, special algebraic expressions, called
polynomiasand four fundamental operationson them.

After studying thislesson, youwill beableto

identify variables and constants in an expression;

cite examples of algebraic expressions and their terms,

under stand and identify a polynomial asa special case of an algebraic expression,;
cite examples of types of polynomials in one and two variables;

identify like and unlike terms of polynomials;

determine degree of a polynomial;

find the value of a polynomial for given value(s) of variable(s), including zeros
of a polynomial;

perform four fundamental operations on polynomials.

EXPECTED BACKGROUND KNOWLEDGE

K nowledge of number systemsand four fundamental operations.

Knowledgeof other e ementary conceptsof mathematicsat primary and upper primary
levels.
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Algebraic Expressonsand Polynom

3.1 INTRODUCTION TO ALGEBRA

1
You aredready familiar withnumbers0, 1,2, 3, ...., =+ s V2,...etc.and operationsof

addition (+), subtraction (-), multiplication (x) and divison (+) onthesenumbers. Sometimes,
letterscalled literal numbers, are al so used as symbol sto represent numbers. Suppose
wewant to say “ The cost of one book istwenty rupees’.

In arithmetic, wewrite: The cost of onebook =< 20
Inalgebra, weput it as. the cost of onebook in rupeesisx. Thusx standsfor anumber.

Similarly, a, b, ¢, X, Y, z, etc. can stand for number of chairs, tables, monkeys, dogs, cows,
trees, etc. Theuse of lettershelp usto think in more general terms.

L et usconsider an example, you know that if theside of asquareis 3 units, itsperimeter is
4 x 3units. Inagebra, we may expressthisas

p=4s
where p standsfor the number of unitsof perimeter and sthose of aside of the square.

On comparing the language of arithmetic and thelanguage of algebrawefind that the
languageof algebrais

(&) moreprecisethanthat of arithmetic.

(b) moregeneral than that of arithmetic.

(c) easier to understand and makes sol utions of problemseasier.

A few moreexamplesin comparativeformwould confirm our conclusionsdrawn above:
Verbal statement Algebraic statement

() A number increased by 3 gives8 a+3=8

(>i)Anumberincreased by itself gives12  x +x =12, writtenas2x = 12

(iii) Distance= speed x time d=sxt,writtenasd=st

(iv) A number, when multiplied by itself bxb+5=9 writtenasb?+5=9
and added to 5 gives 9

(V) Theproduct of two successivenatural  y x (y + 1) = 30, wrttenasy (y + 1) = 30,
numbersis 30 wherey isanatura number.

Sinceliteral numbersare used to represent numbersof arithmetic, symbolsof operation +,
—, X and + havethe same meaning in algebraasin arithmetic. Multiplication symbolsin
algebraare often omitted. Thusfor 5 x awewrite 5aand for ax b wewrite ab.
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3.2 VARIABLES AND CONSTANTS

Consider the months— January, February, March, ....., December of the year 20009. If
werepresent ‘ theyear 2009 by aand ‘amonth’ by x wefindthat inthissituation‘a (year
2009) isafixed entity whereasx can beany oneof January, February, March, ..., December.
Thus, x is not fixed. It varies. We say that in this case ‘a’ isaconstant and ‘X’ isa
variable.

Similarly, when we consider students of class X and represent class X by, say, band a
student by, say, y; wefind that inthiscaseb (class X) isfixed and sobisaconstant and y
(astudent) isavariableasit can be any one student of class X.

L et usconsider another situation. If astudent staysin ahostel, hewill haveto pay fixed
room rent, say, I 1000. The cost of food, say I 100 per day, depends on the number of
dayshetakesfood there. In this case room rent is constant and the number of days, he
takesfood there, isvariable.

Now think of the numbers.

4, 14J_£—1i3 2—1y,\/§z

You know that 4,—14,+/2, g and — 1% arerea numbers, each of which hasafixed

_ 21 . .
vauewnhile 3Xx, 5 y and 2z containunknown X,y and z respectively and thereforedo

not have fixed valueslike 4, —14, etc. Their values depend on X, y and z respectively.
Therefore, x, y and zarevariables.

Thus, avariableisliteral number which can have different values whereas a constant
has a fixed value.

In algebra, we usually denote constants by a, b, c and variables x, y, z. However, the
context will makeit clear whether alitera number has denoted aconstant or avariable.

3.3 ALBEGRAIC EXPRESSIONS AND POLYNOMIALS

Expressons, involving arithmetica numbers, variablesand symbolsof operationsarecdled

1 X ax+by+cz
agebraicexpressions. Thus, 3+ 8, 8x +4, 5y, 7x—2y +6, V2x 'y -2 x+y+z

ae

all agebraicexpressions. You may notethat 3+ 8isboth an arithmetic aswell asagebraic
expression.

An algebraic expression is a combination of numbers, variables and arithmetical
operations.
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Oneor moresigns+ or —separates an agebrai c expression into several parts. Each part
aongwithitssigniscaled aterm of theexpression. Often, theplussign of thefirst termis
omitted inwriting an algebraic expression. For example, wewrite x —5y + 4 instead of
writing + X —5y + 4. Here x, — 5y and 4 are the three terms of the expression.

1 1
In gxy, 3 iscdled thenumerica coefficient of theterm and aso of xy. coefficient of x is

1 1
§y andthatof yis 3 X. When thenumerical coefficient of atermis+lor—1,the‘l’ is

usudly omitted inwriting. Thus, numerical coefficent of aterm, say, x?y is+1 and that of
X%y is—1.

An algebraic expression, in which variable(s) does (do) not occur in the denominator,
exponents of variable(s) are whole numbers and numerical coefficients of various
termsare real numbers, is called a polynomial.

I n other words,

(i) Notermof apolynomial hasavariableinthe denominator;

(i) Ineachtermof apolynomid, theexponentsof the variable(s) arenon-negativeintegers,
and

(i) Numerical coefficient of eachtermisarea number.

1 7 1s5 .0 .
Thus, for example, 5, 3x -y, 5a—b+ 5 and X —2y“ +xy—8 aredl polynomials

2

1 <
whereas X* ——x+y andx +5 arenot polynomials

x?+8isapolynomia inonevariablex and 2x2 + y3isapolynomial intwo variablesx and
y. Inthislesson, weshall restrict our discussion of polynomiasincluding two variables
only.

Generd formof apolynomid inonevariablexis.
g +ax+ax’+..+ax"

where coefficients g, a, a,, ....a, are rea numbers, x is avariable and nis awhole
number. a,, a X, ax? ..., ax"are(n+ 1) termsof the polynomial.

Anagebraicexpressonor apolynomid, consgting of only oneterm, iscaledamonomial.
1
Thus, -2, 3y, -5x2, Xy, 5 x?y3areal monomials.

Andgebraicexpressonor apolynomia, conssting of only twoterms, iscalled abinomial.
Thus, 5+ X, y2—8x%, x3—1 areall bionomials.
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Andgebraicexpressonor apolynomia, conssting of only threeterms, iscdledatrinomial.
Thusx +y +1, x>+ 3x + 2, x>+ 2xy + y?areall trinomials.

The terms of a polynomial, having the same variable(s) and the same exponents of
the variable(s), are called like terms.

For example, intheexpression
3Xy + 9x + 8xy — 7X + 2x?

theterms 3xy and 8 xy areliketerms; also 9x and—7x areliketer mswhereas 9x and 2x?
arenot liketerms. Termsthat arenot like, arecaled unliketer ms. Inthe above expression
3xy and—7x areadso unliketerms.

Note that arithmetical numbers are like terms. For example, in the polynomials
X2+ 2x + 3and x® -5, theterms 3 and — 5 are regrded aslike terms since 3 = 3x° and
—5=-5%0.

Thetermsof theexpresson
2x2—=3xy +9y?—-7y + 8
aredl unlike, i.e., therearenotwoliketermsinthisexpression.
Example3.1: Writethevariablesand constantsin 2x2y + 5.
Solution: Variables: xandy
Constants: 2and 5
Example3.2: In8x?y?, writethe coefficient of
(i) xy® (ii)x* (ii)y?
Solution: (i) 8x2y3 =8 x (x2y3)
.. Coefficient of x?y2is8
(i) 8x?y® =8y x(x?)
.. Coefficient of x?is8y?3.
(iii) 8x2y3=8x>x(y3)
.. Coefficient of y2is8x>.

Example 3.3: Writethetermsof expression
5 1
XYy —=X——y+2
y 5%73 y
Solution: Thetermsof thegiven expressonare

3y, —2X, ~2Y,2
X,2,3,
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Example3.4: Which of thefollowing algebraic expressionsare polynomia s?

(i)%+x3—2x2+\/6x (ii)x+%

Notes
(i) 2x*+3x 5,/ +6 (iv) 5—x—x?>—x3

Solution: (i) and (iv) arepolynomials.

1 5 . .
In(ii),wcondtermis; =X, Sincesecond term contains negative exponent

of thevariable, theexpressonisnot apolynomial.

In(iii) , thirdtermis _ 5x = —5x% . Sincethird term containsfractiona exponent
of thevariable, theexpressonisnot apolynomial.

Example3.5: Writeliketerms, if any, in each of thefollowing expressions:

1
() x+y+2 (ii)x2—2y—§x2+\/§y—8
(ii1) 1—2xy + 2x2y — 2xy?+ 5x2y? (iv)iy—EZJFEB/Jrl
V37 3 373
Solution: () Therearenoliketermsintheexpression.

1
(i) x?and —Exzareliketerms dso-2y and /3y areliketerms

(iii) Thereareno liketermsin theexpression.

2
(iv) ﬁy and %y areliketerms

CHECK YOUR PROGRESS 3.1

1. Writethevariablesand congtantsin each of thefollowing:
V1s iy 2xstys7 i Axye
(i) 1+y (i) 3%+ (i) ¢

P EX 5+1 2X2+ 2 8 i X+£
(v) £°+5 (v) 2 +y?— (vi) X+
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. In2x?y, writethe coefficient of

0 xy (i) x2 i)y

. Usingvariablesand operation symbols, expresseach of thefollowing verba statements

asagebrac satements:
(i) threelessthan anumber equal sfifteen.
(i) A number increased by five givestwenty-two.

. Writethetermsof each of thefollowing expressions:

1
(i) 2 +abc (i)a+b+c+2 (iii) xzy—2xy2—§

N R
=X
(|v)8 y

. Identify liketerms, if any, ineach of thefollowing expressons:

1 1
(i) —xy?+x?y+y2+ §y2x (i) 6a+ 6b—3ab + 2 ab+ab

1
(iii) ax? + by? + 2c —a?x — b? -3 c?

. Which of thefollowing a gebrai c expressionsare polynomias?

0] %x3+1 (i) 52 —y2—2 (iii) 4x2+ 3y

1
(iv) 5 /x+y+6 (v)3x2—.[2y? (vi)yZ—F +4

. Identify each of thefollowing asamonomial, binomid or atrinomial:

(i)x3+3 (ii)%xf‘y3 (iii) 2y?+ 3yz + 2
(iv) 5—xy —3x2y? (v) 7—4x%y? (vi)—8x3y®

3.4 DEGREE OF A POLYNOMIAL

The sum of the exponentsof thevariablesin atermiscalled the degr ee of that term. For

1
example, the degree of 5 x?y is3sincethe sumof theexponentsof xandyis2+1,i.e,

3. Similarly, thedegree of theterm 2x°is5. The degree of anon-zero constant, say, 3is0
sinceit canbewrittenas3=3x1=3xx% asx’=1.
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A polynomial has a number of terms separated by the signs + or — The degree of a
polynomial is the same as the degree of itsterm or terms having the highest
degreeand non-zer o coefficient.

For example, consider the polynomial
3x4y3 + 7 xy® —Bx32 + 6xy

It hastermsof degrees7, 6, 5, and 2 respectively, of which 7 isthe highest. Hence, the
degreeof thispolynomid is7.

A polynomial of degree 2 is also called a quadratic polynomial. For example,
3-5x +4x?and x? + xy + y? are quadratic polynomials.

Notethat the degr ee of a non-zer o constant polynomial istaken as zero.

Whendl thecoefficientsof variable(s) inthetermsof apolynomid arezeros, thepolynomia
iscalled azero polynomial. Thedegreeof a zero polynomial isnot defined.

3.5 EVALUATION OF POLYNOMIALS

Wecan evduaeapolynomid for givenvaueof thevariableoccuringinit. Let usunderstand
the stepsinvolved in evaluation of the polynomia 3x?—x + 2 for x = 2. Note that we
restrict ourselvesto polynomiasinonevariable.

Sep 1: Subgtitutegiven vaue(s) in place of thevariabl&(s).
Here, whenx =2, weget 3 x (2)2—2+2

Step 2: Simplify thenumerical expressionobtainedin Step 1.
3x(222+2=3x4=12
Therefore, whenx =2, weget 3x>—x +2=12
L et usconsider another example.

Example 3.6: Evduate

1
() 1-x3+2x5+7xforx= >
(i) 5x3+3x?—4x—4forx=1

1
Solution: (i) Forx= o thevaueof thegiven polynomial is:

5 6
=1- 1 +21 +7><1
2 2 2

1 1
_+_
32 32

7
+_
2
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Algebra
=2 =42
Notes (it) For x =1, thevalueof thegiven polynomial is:
5x(1)2 +3x(1)?-4x1-4
=5+3-4-4=0

3.6 ZERO OF A POLYNOMIAL

Thevaue(s) of thevariablefor which thevaueof apolynomia inonevariableiszerois
(are) called zero(s) of the polynomial. In Example 3.6(ii) above, the value of the
polynomial 5x3 + 3x?—4x —4 for x = 1liszero. Therefore, we say that x = 1isazero of
the polynomial 5x3+ 3x?—4x —4.

L et usconsider another example.
Example3.7: Determinewhether given valueisazero of thegiven polynomial:
Hx3+3x*+3x+2; x=-1
(i) x*—4x3+6x2—4x+1;, x=1
Solution: 0] For x =—1, thevaueof thegiven polynomial is
(1 + 3% (-1)2+ 3% (1) + 2
=-1+3-3+2
=1 (0)
Hence, x =—1isnot azero of the given polynomial.
(i) For x =1, thevaueof thegiven polynomial is
(D'=4x(1)P+6x(1)°-4x1+1
=1-4+6-4+1
=0

Hence, x = 1isazero of thegiven polynomial.

CHECK YOUR PROGRESS 3.2

1. Writethedegreeof each of thefollowing monomias:

18 - s ,
(@) EX (i) gy (iii) 20x (iv) 27
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2. Rewritethefollowing monomiasinincreasing order of their degrees:

2 ,
— 3x68, §X , 9%, —25x3, 25

Notes
3. Determinethedegreeof each of thefollowing polynomias:

() 5xey*+ 1 (i) 10°+xy® (i) x2+y? (iv) X2y +xy?—3xy +4

4. Evauateeach of thefollowing polynomiasfor theindicated value of thevariable:
(i) x>2—25forx=5 (i) x>+ 3x—-5forx=-2
(iii) §x3+gx2—g forx=—1 (iv) 2¢—3x2—3x+12forx=—2

5. Verify that each of x =2 and x = 3isazero of the polynomial x*>—5x + 6.

3.7 ADDITION AND SUBTRACTION OF POLYNOMIALS

You are now familiar that polynomials may consist of like and unliketerms. In adding
polynomias, weadd their liketermstogether. Similarly, in subtracting apolynomid from
another polynomial, wesubtract aterm fromaliketerm. The question, now, arises* how
doweadd or subtract liketerms? Let ustake an example.

Supposewewant to add liketerms 2x and 3x. Theprocedure, that wefollow in arithmetic,
wefollow inagebratoo. You know that

5x6+5x7=5x%x(6+7)
6x5+7x5=(6+7)%x5
Therefore, 2x + 3x =2 x X+ 3 x X
=(2+3) xx
=5XxX
=5X
Similarly, 2xy + 4 xy = (2 + 4) xy = 6xy
3x%y + 8x%y = (3 + 8)x?y = 11x%y
Inthesameway, since
7x5-6%x5=(7-6)x5=1x5
s 5y —-2y=(5-2)xy=3y
and  9x?y?—5x%y? = (9—-5)x%y? = 4x?y?
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Inview of theabove, we conclude;

1. Thesum of two (or more) liketermsis a like termwhose numerical coefficient is
the sum of the numerical coefficients of the like terms.

2. Thedifference of two like termsis a like termwhose numerical coefficient isthe
difference of the numerical coefficients of the like terms.

Therefore, to add two or more polynomials, wetakethefollowing steps:
Sep 1: Group theliketermsof thegiven polynomiastogether.
Sep 2: Addtheliketermstogether to get the sum of the given polynomials.
Example 3.8: Add—3x +4and 2x2—7x —2
Solution: (-3x+4) +(2x*=7x-2)
=2X2+ (=3x —7x) + (4-2)
=2+ (3-7)x+2
=2x*+ (-10)x + 2
=2x2-10x + 2
So(3X+HA) +(22=TXx—2) =2x2—10x + 2
Polynomialscan beadded more conveniently if
(i) thegivenpolynomiasaresoarranged that their liketermsarein one column, and
(if) thecoefficientsof each column (i.e. of thegroup of liketerms) are added
Thus, Example 3.8 can also be solved asfollows:
-3X +4
2x2 =7x =2
22+ (71 3)x +(4-2)
So(E3X+A)+H (22 -Tx—2)=2x2—-10x + 2

3 7
Example3.9: Add 5x + 3y — 2 and —-2x +y + 2

3

Solution: oX + 3y — 2

7
-2X+ Yy + -
Y 4

3x+4y+(z—§J
4 4

=3x+4y+1
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3 7
(5X + 3y — Zj+(—2x +y + Zj:3X+4y+l

35 . X° Notes
Example 3.10: Add EX +Xx“+x+1and x —7—3x+1

Solution: gxz +x2+x+1

+x—lx X + 1
> - 3%

x* + (g—%jx?’ + X%+ (1-3)x+(1+1)

= X3+ xP-2x+2
3., o2 4 x® 4,03, 2
EX +X“+X+1] +| X —7—3x+1 = X+ X+ X —2X+2

Inorder to subtract one polynomid from another polynomial, we go through thefollowing
three steps.

Sep 1: Arrangethegiven polynomiasin columnsso that liketermsarein onecolumn.

Sep 2: Changethesign (from + to—and from—to +) of each term of the polynomial to
be subtracted.

Sep 3: Addtheliketermsof each column separately.
L et usunderstand the procedure by means of some examples.

Example3.11: Subtract —4x* +BX+§ from 9x* —3X—$.

2
Solution: 9X2—3X—7

a4 3x+ 2
3

+ - —

oo (5

= 13x° - 6Xx— 20
21
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(9x2 —3X—Ej—(— 4x? +3x +Ej: 13x2 —6X—§
7 3 21

Notes | Example3.12: Subtract 3x —5x? + 7 + 3x3 from 2x*> -5 + 11x —x3.
Solution: —x3+2x2+11x -5
X —=5x2+3x +7

-+ — —

(-13)x*+ (2+5)x2+ (11 -3)x +(-5-7)

=4+ TX2+8x—12
S(22HB+1IX—x3) —(Bx=5x2+ 7+ 3x3) = =43+ 72+ 8x — 12
Example 3.13: Subtract 12xy —5y2 —9x2from 15xy + 6y2 + 7x2.
Solution: 15xy + 6y? + 7x?
12xy —5y? —9x?

- + 4+

3xy + 11y? + 16x2

Thus, (15xy + 6y? + 7x?) — (12xy —5y? —9x?) = 3xy + 11y? + 16x>
We can also directly subtract without arranging expressionsin columnsasfollows:
(15xy + 6y? + 7x?) — (12xy — 5y? —9x?)
= 15xy + 6y? + 7x? —12xy + 5y? + 9x?
=3xy + 11y? + 16x2
In the same manner, we can add more than two polynomials.
Example 3.14: Add polynomials 3x + 4y —5x?2, By + 9x and 4x — 17y —5x2.
Solution: 3X + 4y —5x2
9x + 5y
4x — 17y —5x2
16x — 8y — 10x2

s (X + 4y —5x2) + (5y + 9x) + (4x — 17y —5x?) = 16x — 8y — 10x?

Example 3.15: Subtract x? — x — 1 from the sum of 3x? —8x + 11, — 2x? + 12x and
—4x2+17.
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Solution: Firstly wefind thesumof 3x?—8x + 11, —2x?+ 12x and —4x? + 17.

x> -8 +11
—2X%+ 12x

—4x2 +17 Notes
—3x2 +4x +28
Now, we subtract x?—x —1 from thissum.

—3x2 +4x +28

x2—-—x =1
— + +

—4x%2 +5x +29

Hence, therequired resultis—4x? +5x + 29.

CHECK YOUR PROGRESS 3.3

1. Addthefollowing parsof polynomids:

(i)gx2+x+1; §x2+1x+5
3 7 4

- 7 3 2 . 2

(”)EX -X"+1;, 2x“+x-3

(ili) 7X% —3x + 4y; 3X3+5x2—4x+gy

(iv) 23+ 7x?y —5xy + 7, —2x%y + 7x3-3xy -7
2. Add:

() x>?=3x+5, 5+ 7x—-3x?and x*>+7

(ii):—13x2+gx—5, §x2+5+%x and — x> —x

(i) & —b*+ab, b>*—~c2+bcandc>—& + ca

(iv) 2& + 3p?, 5 — 2b? + ab and — 6&2 — 5ab + b?
3. Subtract:

(i) 7x3—=3x2+2fromx?—5x + 2

(i) 3y —=5y?+ 7+ 3y3from 2y? -5+ 11y —y?
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(iii) 223+ 7z -5z + 2 from 5z + 7 - 32> + 52°
(iv) 12x3—3x? + 11x + 13from 5x3 + 7x? + 2x —4
4. Subtract 4a—b—ab + 3 from the sum of 3a—5b + 3ab and 2a+ 4b — 5ab.

3.8 MULTIPLICATION OF POLYNOMIALS

Tomultiply amonomial by another monomial, we make use of lawsof exponentsand the
ruleof signs. For example,

3ax ab?’c? = (3 x 1) & b? ¢ = 3a’h*c?
—Bx x2xy®=(—=5x%x2) x¥*y3=—10x??

1 2 1 1 1 2+11+1 l 3.2
—Zy’zx| =S |lyz=| == | -= ==y%z
27 ( 3)3'2 ( zj( 3jy 6’

Tomultiply apolynomia by amonomial, wemultiply each term of the polynomial by the
monomid. For example

Xy X (y?+2xy +1) =Xy x(=y?) + (X?y) x 2xy + (x?y) x 1
- _X2y3 + 2X3y2 + X2y

Tomultiply apolynomia by another polynomia, wemultiply each term of onepolynomia
by each term of the other polynomial and smplify theresult by combiningtheterms. Itis
advisableto arrange both the polynomiasinincreasing or decreasing powersof thevariable.
For example,

2n+3) (PP=3n+4) =2nxn?+2nx(=3n)+2nx4+3xn?>+3x(=3n) +
3x4

=2n—-6n?+8n+3n*-9n + 12

=2 -3n’-—n+ 12
L et ustake somemore examples.
Example 3.16: Find the product of (0.2x?+ 0.7 x + 3) and (0.5 x> —3x)
Solution: (0.2x2+ 0.7 x + 3) x (0.5 x2—3x)

=0.2x2x 0.5x2+0.2x2x (=3x) + 0.7x x 0.5x?>+ 0.7 X x (—3x) + 3 x
0.5x? + 3% (—3x) )

=0.1x*—0.60x3 + 0.35x3 — 2.1x2 + 1.5 x2 —9x
=0.1x*—0.25x3—-0.6x>—9x
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Example3.17: Multiply 2x—3+x2by 1—x.
Solution: Arranging polynomialsin decreasing powersof x, weget
(P+2X=3) X (=x+1) =x2x(X) +Xx>% (1) + 2X X (—X) + 2x x 1 =3 X (—X)
-3x1
=—x3+Xx2—-2x*+2x+ 3x -3
=—x3-x?+5x-3
Alternativemethod:
X? +2x—3 <«—— onepolynomid
-x +1 <«—— other polynomid
—X3—=2x2 + 3X
+Xx?  + 2x — 3 |<—Partid products
—x3=x? +5x —3 < Product

3.9 DIVISION OF POLYNOMIALS

Todivideamonomid by another monomial, wefind the quotient of numerical coefficients
and variable(s) separately using laws of exponentsand then multiply these quotients. For
example,

3,3 3 3
25X°y —25><X—><y—

52y 5 X2y

0) 25x°y° +5x%y =

:5><x1><y2
= bxy?
2 2
(i) —1Zax2+4x=—12ax _—L2.ax
4x 4 1 x
= —3ax

To divideapolynomial by amonomial, we divide each term of the polynomial by the
monomid. For example,

15x3 B 3x? N 18x
3X 3X 3x
=5x*—x+6

i)  (15x°—3x?+18x)+3x =

—8x> 10x
= + —
—-2X =2

S

=4x-5

i)  (-8x%+10x)+(-2x)
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Theprocessof divison of apolynomid by another polynomia isdoneonsmilar linesasin
arithmetic. Try torecall the processwhen you divided 20 by 3.

6 < Quotient

Divisor — 3)pg9 —<— Dividend

18
2 <«—— Remainder

Thestepsinvolved inthe process of division of apolynomial by another polynomial are
explained below withthe help of anexample.

Let usdivide 2x?+ 5x + 3by 2x + 3.

Sep 1:

Sep 2:

Sep 3:

Sep 4:

Sep 5:

Sep 6:

Arrange the terms of both the polynomials in
decreasing powersof thevariable commonto both
thepolynomials.

Dividethefirgt term of thedividend by thefirst term
of thedivisor to obtain thefirst term of thequotient.

Multiply adl thetermsof thedivisor by thefirst term
of the quotient and subtract the result from the
dividend, to obtain aremainder (asnext dividend)

Dividethefirgt term of theresulting dividend by the
first term of the divisor and writetheresult asthe
second term of the quotient.

Multiply al thetermsof thedivisor by the second
term of the quotient and subtract the result from
theresulting dividend of Step 4.

Repeat the process of Steps 4 and 5, till you get
either theremainder zero or apolynomial having
thehighest exponent of the variablelower thanthat
of thedivisor.

In the above example, we got the quotient x + 1
and remainder 0.

L et usnow consider somemore examples.
Example3.18: Dividex*—1by x—1.

Solution:

X2+ X+1
x—lix3—1
X3 —x2
- +
x2 -1
X2 —X
- +
X —1

2x+3i2x2 +5x+3
X
2x+352x2 +5x+3

X
2x+3i2x2 +5x+3
2X% + 3x

2X+3

X+1

2x+3i2x2+5x+3
2X% + 3x

2X+3

2X +3

0
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x -1
- +
— 0
We get quotient x? + x + 1 and remainder O.
Notes

Example 3.19: Divide5x —11 —12x? + 2x3 by 2x —5.

Solution: Arranging thedividendin decreasing powersof X, weget it as

23 —-12x*+5x—-11

, 7. 25

X2 ——X——

2" 4
2x—5>2x3—12x2+5x—11
2x3 — Bx?

-+
—7x?

+ 5x -11

35
+ —X

_ 2
7 X 5

169

7 25 169
We get quotient x? —EX—Zand remainder — 2

CHECK YOUR PROGRESS 3.4

1. Multiply:
(i) 9b*c? by 3b
(iii) 2xy +y?by —5x

2. Writethequotient:

(i) x°y® + x2y?

(i) (a* +2°0°) = &

Mathematics Secondary Course

(i) 5x3y° by —2xy
(iv) x + 5y by x — 3y

(i) — 28y722 - (_ 4y322)
(iv) —15b°c® +3b*c*
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3. Divideandwritethequotient and theremainder:

Notes

() x*—=1byx+1 (i) x>—x+1byx+1
(ii1) 6x2—=5x + 1 by 2x -1 (iv) 23 +4x2+3x+1by x +1

@m

A literd number (unknown quantity), which canhavevariousvaues,iscdled avariable.
A constant hasafixed vaue.

An agebraic expression is acombination of numbers, variables and arithmetical
operations. It hasone or moretermsjoined by thesigns+ or —.

Numerical coefficient of aterm, say, 2xy is2. Coefficient of X is2y and that of y is2x.
Numerical coefficient of non-negativex is+ 1 and that of —x is—1.

Analgebraic expression, inwhich variable(s) does (do) not occur inthe denominator,
exponentsof variablesarewhole numbersand numerica coefficientsof variousterms
arereal numbers, iscaled apolynomid.

Thestandard form of apolynomia inonevariablex is.

a,+ax+ax..+ax"(orwritteninreverseorder) wherea, a , a,, .... a arereal
numbersand n, -1, n—2, ..., 3, 2, 1 arewhole numbers.

An algebraic expression or apolynomia having onetermiscalled amonomial, that
having two termsabionomial and the one having threetermsatrinomial.

Thetermsof an a gebraic expression or apolynomia having thesamevariable(s) and
same exponent(s) of variable(s) arecalled liketerms. Theterms, which arenot like,
arecalled unliketerms.

Thesum of the exponentsof variablesin atermiscalled the degree of that term.

Thedegree of apolynomial isthe sameasthe degree of itsterm or termshaving the
highest degree and non-zero numerical coefficient.

The degree of anon-zero constant polynomial iszero.

Theprocessof subgtitutinganumerica vauefor thevariable(s) inanagebraicexpresson
(or apolynomid) iscalled evaluation of thea gebraic expression (or polynomial).

Thevaue(s) of variable(s), for which thevalue of apolynomia iszero, is(are) called
zero(s) of thepolynomidl.

Thesum of two liketermsisaliketermwhose numerical coefficient isthe sum of the
numerica coefficientsof thetwoliketerms.
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The difference of two liketermsisalike term whose numerical coefficient isthe

differenceof thenumerica coefficientsof thetwo liketerms.

Tomultiply or divideapolynomia by amonomia, wemultiply or divideeachterm of

the polynomia separately using lawsof exponentsand theruleof signs.

Tomultiply apolynomia by apolynomid, wemultiply each term of one polynomid by

eachterm of the other polynomia and simplify theresult by combining liketerms.

Todivideapolynomial by apolynomial, we usually arrange the terms of both the
polynomiasin decreasing powersof thevariable common to both of them and take

sepsof divisononsmilar linesasin arithmeticin case of numbers.

E‘J TERMINAL EXERCISE

1. Markatick (v') against thecorrect dternative:

(i) Thecoefficient of x*in6x%?is

(A) 6 (B)y? (C) 6y? (D)4
(i) Numerical coefficient of themonomia —x?y*is
(A) 2 (B)6 ©1 (D)-1
(iii) Which of thefollowing algebraic expressonsisapolynomia?
(A) iXZ—\/§+3.7X (B) 2x+i—4
V2 2X
©) (x*—2y%)+(x?+y?) (D) 6++/x —x—15x2
(iv) How many termsdoestheexpression 1 4/2a2b® — (7a)(2b)+~/3b? contain?
(A) 5 (B)4 ©3 (D)2
(v) Whichof thefollowing expressonsisabinomia?
(A) 2y (B) x*+y2—2xy
(C) 2+ x2+y2+2x%2 (D) 1—3xy?
(vi) Which of thefollowing pairsof termsisapair of liketerms?
(A) 2a,2b (B) 2xy?, 2x%
©) 3y, =YX D) 8, 16
© 3%, 7 (D)8, 162

(i) A zero of thepolynomia x?—2x—15is
(A)x==5 (B)yx=-3
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(©)x=0 (D)x=3

(viii) The degree of the polynomial x3y*+9x®—8y° + 17is
(A)7 (B) 17
©)5 (D)6

. Usngvariablesand operation symbols, expresseach of thefollowing verba statements

asagebraic statement:

(i) A number addedtoitsalf givessix.

(i) Four subtracted from threetimesanumber iseleven.

(iii) Theproduct of two successive odd numbersisthirty-five.

(iv) One-third of anumber exceeds one-fifth of the number by two.

. Determinethedegreeof each of thefollowing polynomias:

(i) 3 (i) X + 7x?y?—6xy°—18 (iii) &% + bx3 whereaand b are congtants
(iv) c®—ax?y? — b3y Where a, b and ¢ are constants.

. Determinewhether given vaueisazero of thepolynomid:

(i)x*+3x—40; x=8
(i xé-1; =-1

. Evaluate each of thefollowing polynomiasfor theindicated vaue of thevariable:

0) 2x—§x2+fx5+7x3 at x:1
2 5 2

(ii)gy3+%y2—6y—65 a y=-5

1 1
. Findthevaueof 5 n*+=n forn=10and verify that theresult isequal to the sum of

2
first 10 natural numbers.

. Add:

i Zx3+zx2—3x+Z and Ex3+§x2—3x+§
0]
3 5 5 3 5 5

(i) X2+ y2 + 4xy and 2y?—4xy

(i) X3+ 6x% + 4xy and 7x? + 8x3 + y2 + y3

(iv) 2x5+3x+§ and —3x5+§x—3
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8. Subtract
(i) —x2+y2—xyfromO
i — —b+
(i) a+b—cfroma—-b+c Notes

@iii) x2—y>x +y fromy>x —x2—y
(iv)=m?+3mnfrom 3m?—-3mn + 8
9. What should be added to x? + xy + y?to obtain 2x? + 3xy?
10. What should be subtracted from —13x + 5y —8 to obtain 11x — 16y + 77?

11. Thesum of two polynomiasisx?—y?—2xy +y—7. If oneof themis2x?+ 3y?—7y
+ 1, find the other.

12. IfA=3x?2—-7x+8,B=x?+8x—-3and C=-5x>*-3x + 2, find B+ C-A.

13. Subtract 3x —y —xy from the sum of 3x —y + 2xy and—y —xy. What isthe coefficient
of xintheresult?

14. Multiply
(la@+5a—6by2a+1 (i) 4x>+16x +15by x —3
(ili)e¢—2a+1bya-1 (iv)g+2ab+b’bya-Db
(V) x*—1by 2x>+1 (Vi)x?*—x+1byx+1
2 5 7 2 5
i) X>+=X+—= by x—— i) =x*+=x-3 by 3x*+4x+1
(vii) 375 y 2 (viii) 3 2 y

15. Subtract the product of (x*>—xy +y?) and (x +y) from the product of (x?+ Xy +y?)
and (X —Y).

16.Divide
(i)8x+y3by2x+y (i) 7x3+ 18x*+ 18x—5by 3x + 5
(iii) 20x2—15x3y® by 5x? (iv) 35a° — 21&'b by (—7&%)

(V) x*-3x?+5x—8hyx—2 (vi)8y?+38y +35by 2y +7

In each case, writethe quotient and remainder.

A
-‘ ANSWERS TO CHECK YOUR PROGRESS

31

2

i . 1 4
L )yl (i)xy; 53,7 (ixy; ¢
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21
(iv)x,y; 5% (V) x,y; 2,-8 (vi) x; None

N

(i) 2 (i) 2y (iii) 2¢2
3. ()x-3=15  (i)x+5=22

4. (i)2,abe (i) ab,c,2 (iii)xz,—2xy,—%
1
(v) 5

2 (i)—Xyzﬁéyzx (i) —3ab, +ab (iii) Noliketerms

6. (i), (ii))and(v) 7. Monomias(ii) and (vi);
Binomids: (i) and (v); Trinomids: (iii) and (iv)

32
1. ()7 (iH3 (i1 (iv)0
2 5
2. 25,9, §X , —25x3, — 3x°
3. ()10 (iH4 (i) 2 (iv)3
4 0o 7 19 e
. () (@i)= (iii 15 (iv)
33
. 23 2 5 - 7 3 2
—X“+—X+6 — X"+ X" +X-2
1 () T 2 (i) 5
a3 2 19 .
(iii) 3x” +12x —7x+€y (iv) 9x3 + 5x?y —8xy
2. ()—=x2+4x+17 (iHo
(iii) ab+bc+ca (iv) & + 2b*—4ab
3. (i) —7x3+4x2-5x (i) 4y3+ 7y?+ 8y — 12
(i) 32+ 222-2z+5 (iv) = 7x®+10x2—9x — 17
4. a—ab-3
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34
1. (i) 27b% (i) —10x%y*®
(iii) —10x?y —5xy? (iv) x2+ 2xy —15y?
2. ()x¥y (i) 7y* (iii) & + ab® (iv) —5bc?
3. ()x=1,0 (i)x-2;3 (iii))3x—=1;,0 (iv)2x2+2x+1;0

A
-‘ ANSWERS TO TERMINAL EXERCISE

1. ()C (D (i)A (V)B (VD (Vi)C (vi)B (vii)A

X

2. ()y+y=6  (i)3y-4=11 (i) z(z+2)=35 (iv)§—§=2
3. ()0 (i) 6 (ii)3 (iv)4
4. (i)No (i) Yes
37 .
5. (|)£ @io
6. 55
7. (i))3x+x2—6x+2 (ii) X2+ 3y?
: s 17 7
(i) O3+ 13x2 + 4xy + y2 +y3 (iv) =X +€X—§
8. (i)x2—y?+xy (i) 2c—2b
(iii) 2y>x —2x? -2y (iv) 4m?>—6mn+8
9. X2+2xy-—y?

10. —24x + 21y — 15
11, —x?—4y?—2xy + 8y —8
12. - 7x?+12x -9

13. 2xy-y; 2y
14. (i) 28+ 11&—7a—6 (i) 4x3 + 4x?—33x — 45
(i) @ —3a2¢+3a-1 (iv) &+ ab—ar?—b®
(V) 2x*—=x2-1 (Vi)x3+1
(vii) x3—gx2—g—§ (Viii) 2x4+gx3—%x2—§x—3
15. —2y®
16. (i) 4x2—2xy +y% 0 (i) 9x2—9x + 21; 110
(iii) 4—3xy% 0 (iv)—5+3ab; 0
(iv) x2—x+3;-2 (V)4y +5;0
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