MODULE - 1
Algebra

Notes

SPECIAL PRODUCTS AND
FACTORIZATION

Inan earlier lesson you havelearnt multiplication of algebraic expressions, particularly
polynomials. Inthe study of agebra, we come across certain productswhich occur very
frequently. By becoming familiar with them, alot of timeand |abour canbe saved asin
those products, multiplicationis performed without actualy writing down dl the steps. For
example, products, such as108 x 108, 97 x 97, 104 x 96, 99 x 99 x 99, can be easily
calculatedif you know the products (a+ b)?, (a—b)?, (a+b) (a—b), (a—b)? respectively.
Such productsare called special products.

Factorizationisaprocessof finding thefactorsof certain given productssuch as& —b?,

a + 8b? etc. Wewill consider factoring only those polynomiasinwhich coefficientsare
integers.

Inthislesson, youwill learn about certain specia products and factorization of certain
polynomials. Besides, you will learn about finding HCF and LCM of polynomials by
factorization. Intheend you will bemadefamiliar with rationa agebraic expressionsand
to perform fundamental operationson rational expressions.

After studying thislesson, youwill beableto

e write formulae for special products (a £ b)?, (a + b) (a -b), (x + @) (x +b),
(a+ b)(a2—ab+ b?, (a—h) (&2 + ab + b?), (ax b)*and (ax + b) (cx +d);

e calculate squares and cubes of numbers using formulae;
e factorise given polynomials including expressions of the forms a — b?, @® + b3,

e factorise polynomials of the form ax? + bx + ¢ (a # 0) by splitting the middle
term;

e determine HCF and LCM of polynomials by factorization;
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e cite examples of rational expressionsin one and two variables;

e perform four fundamental operations on rational expressions.

EXPECTED BACKGROUND KNOWLEDGE

e Number system and four fundamental operations

Lawsof exponents

Algebraicexpressons

Four fundamental operationson polynomids

HCF and LCM of numbers

Elementary conceptsof geometry and mensuration learnt a primary and upper primary
levels.

4.1 SPECIAL PRODUCTS

Here, we consider some speical productswhich occur very frequently inalgebra.
(1) Letusfind (a+ b)?
(@a+b)?2 =(a+b)(a+b)
=ala+hb)+b(a+h) [Digtributivelaw]
=&+ab+ab+b?
=&+ 2ab + b?
Geometrical verification
Concentrate on thefigure, given here, ontheright
() (a+b)? =Areaof squareABCD

D<«—a—> H€b>C

+
=Areaof square AEFG + 4

A +b
y v
G F
areaof rectangle EBIF + I T
a a
A i

ab b?

areaof rectangle DGFH + 2 -
area of square CHFI

=ad+ab+ab+?

=&+ 2ab+ b’

Thus, (a+b)’=a?+2ab + b?

«——a—>E*b>
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(2) Letusfind (a—b)?
(a—b)> =(a-b)(a-b) [Digtributivelaw]
Notes =aa-b)-b(a-b)
=g-ab-ab+?
=& —-2ab+P?

Method 2: Using (a+ b)?
We know that a—b =a+ (-h)
s (a=b)y? =[a+ (Dh)]?
=&+ 2(a) (-b) + (-b)?
—g@-2ab+b?
Geometrical verification
Concentrate onthefigure, given here, ontheright

(a—b)? =Areaof square PQRS

X «b» P «— a-b 5 s
A A

=Areaof square STV X —
[areaof rectangle RTVW +
areaof rectangle PUV X — bab) 2D (a-b)?
areaof square QUVW| |
=& —(ab+ab—b?)
—@-ab-ab+P?
=a@-2ab+
Thus, (@a-b)’=a’—2ab +b?
Deductions: We have
(a+byP=eg&+2ab+b*> .. (1)
(a-bp=e-2ab+b? .. 2)
(1) +(2) gives
(a+h)2+ (a—h)2=2(a2 + b?)
(1)—-(2) gives
(a+b)’—(a—b)?=4ab

<<—D"->§
9%
=
?
&
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(3) Now wefind the product (a+ b) (a—b)
(a+b)(a—b) =a(a—b) +b(a—b) [Digtributivelaw]
=&-d+a-b A~ &~ 7p "I Notes
— P A|<— a_b—><-b-? A
Geometrical verification L \ H
Observethefigure, given here, ontheright N T .
(a+b)(a—b) =Areaof RectangleABCD <
=Areaof RectangleAEFD + v
areaof rectangle EBCF "E <« a-b 5| £v
= Areaof RectangleAEFD + {1 %

Areaof Rectangle FGHI B<_ _ a-b __»cC

= [Areaof Rectangle AEFD + Areaof rectangle FGHI
+ Areaof square DIHJ] — Areaof square DIHJ

=Areaof squareAEGJ—areaof square DIHJ
=&- b
Thus, (a+b) (a—b)=a?-b?

The process of multiplying the sum of two numbersby their differenceisvery useful in
arithmetic. For example,

64 x 56 = (60 + 4) x (60 — 4)
=60%—4?
= 3600 — 16
= 3584
(4) We, now find the product (x + @) (x + b)

(x+a) (x+b) =x(x+b)+a(x+b) [Distributivelaw]
=x?+bx+ax+ab
=x?+(atb)x+ab

Thus, (x+a)(x+b)=x*+(a+b)x+ab
Deductions: (i) (x—a) (x=b)=x>—(a+b)x +ab
(i) (x—a)(x+b)=x2+(b—a)x—ab

Mathematics Secondary Course 103




MODULE - 1

Algebra

Notes

Special Productsand Factorization

Studentsare advised to verify theseresults.
(5) Letus, now, find the product (ax + b) (cx + d)
(ax+b)(cx+d) =ax(cx+d)+b(cx+d)
= acx? + adx + bex + bd
=acx? + (ad + bc)x + bd
Thus, (ax + b) (cx +d) =acx?+ (ad + bc)x + bd
Deductions. (i) (ax—b) (cx —d) = acx?>—(ad + bc)x + bd
(in) (ax—b) (cx + d) = acx®>— (bc—ad)x —bd
Students should verify theseresults.
L et us, now, consider some examples based on the specia products mentioned above.

Example4.1: Find thefollowing products:

() (2a+ 3b)? (i) (ga—GbJ

(i) (Bx +y) (3x—y) (iv) (x+9) (x+3)

(V) (@a+15) (a-7) (vi) (5x—8) (bx —6)

(vii) (7x—2a) (7x+3a)  (viii) (2x+5) (3x+4)
Solution:

(i) Here,inplaceof a, wehave2aandin place of b, we have 3b.
(2a+ 3b)? = (2a)? + 2(2a) (3b) + (3b)?
= 4& + 12ab + 9b?
(i) Using specia product (2), we get

(ga— 6bj2 = (g ajz - 2@ aj(6b)+ (6b)?

= %az —18ab + 36b?

(iii) Bx +y) (3x—y) = (3x)*—y? [using speical product (3)]
=0x2 _yz
(iv) (x+9) (x+3) =x2+(9+3)x+9x 3 [using speical product (4)]
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=x?+12x + 27

(V)(@a+15) (a-7)=a&+(15-7)a—-15x%x7
=& +8a-105

Notes
(Vi) (5x —8) (5x —6) = (5x)>— (8 + 6) (5X) + 8 X 6

= 25x>—70x + 48
(vii) (7x—2a) (7x + 3a) = (7x)?+ (3a—2a) (7x) —(3a) (29)
= 49x? + 7ax — 6&
(Viii) (2x+5) (3x+4) =(2x 3 x2+(2x4+5x3)x +5x 4

=6x2+23x + 20

Numerical calculations can be performed more conveniently with the help of special
products, often called algebraic for mulae. Let usconsider thefollowing example.

Example4.2: Using specid products, ca culate each of thefollowing:

(i) 101 x 101 (i) 98 % 98 (iii) 68 x 72
(iv) 107 x 103 (V) 56 x 48 (Vi) 94 x 99
Solution: ()  101x101=1012 = (100 +1)>

=100% + 2 x 100 x1 + 12
= 10000 + 200 + 1

= 10201
i) 98x98=08 = (100 — 2)2
= 1007 — 2 x 100 X 2 + 22
= 10000 — 400 + 4
= 9604
(i) 68x72  =(70—2) x (70 +2)
=707 -2
= 4900 -4
= 4896

(iv) 107 x 103 = (100 +7) (100+3)
=100*+ (7+3)x100+7x3
= 10000 + 1000 +21
=11021
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(vV)56x48 = (50 +6) (50-2)
= 50°+ (6—-2) x50—-6 % 2
= 2500 + 200 - 12
= 2688

(vi)94x99 = (100-6) (100-1)
= 1002 — (6 + 1) x 100+ 6 x 1
= 10000 — 700 +6
= 9306

CHECK YOUR PROGRESS 4.1

1. Findeach of thefollowing products:

() (Bx +y)? (i) (x—=3)2 (iii) (ab + cd)?
. X ? [z 1)’
(iv) (2x~5y)* v) (?1) (vi) (g—gj
4 3
(vii) (@2 +5) (22-5) (viii) (xy=1) (xy+1) (ix) [x+§j(x +Zj

2, 2., 1 . i
) (EX ‘3j(§x *5) (xi) (2x+ 3y) (3 + 2y) (xii) (7 + 5y) (3x—Y)

. Snplify:
() (2x*+5)°—(2x*-5)? (i) (@ + 3)*+ (¥ - 3)?
(iii) (ax + by)? + (ax —by)? (iv) (p* + 80P)? — (p* — 8)?

. Using special products, ca culate each of thefollowing:

(i) 102 x 102 (if) 108 x 108 (iii) 69 x 69

(iv) 998 x 998 (V) 84 x 76 (vi) 157 x 143
(vii) 306 x 294 (Viii) 508 x 492 (ix) 105 x 109
(X) 77 % 73 (xi) 94 x 95 (xii) 993 x 996
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4.2 SOME OTHER SPECIAL PRODUCTS

(6) Consider thebinomia (a+ b). Let usfinditscube.

(a+hb?® = (a+b) (a+b)? Notes
(a+ b) (& + 2ab + b?) [usinglawsof exponents)
= a(@+2ab+b? +b(a¢+2ab+b?) [Digributivelaws)
= a + 2atb + ab? + &b + 2ab? + b?
= a + 3ab + 3ab? + b?
= a+3ab(a+b) +b?
Thus (a+b)®=a®+3ab(a+b)+bd
(7) Wenow find the cube of (a—b).
(a-by® = (a—b) (a—h)*
= (a—b) (&2 —2ab + b?) [usinglawsof exponents)
= a(@—-2ab+b?)—b(a—2ab+b? [Digributivelaws)
& —2efb + ab? — &b + 2ab? — b®
= a8 —3a + 3a? — b3
= & —3ab(a—b)—b?
Thus, (a—b)*=a®—3ab(a—b)-b?
Note: Youmay alsoget thesameresult onreplacingb by —bin
(a+b)i=a+3ab(a+ b) +b®
(8) (a+b)(@—ab+b?) =a(@—ab+h? +b(@—ab+b? [Distributive law]
—ad@-ab+ab*+ab-a?+b?
=a&+b?
Thus, (@+b)(@®2—ab +b?) =a’+b?
(9) (a—b)(@+ab+b) =a@+a+b?) —b@+ab+b? [Distributive law]
—a@+ab+a?-ab-ab*-b?
=a-b?
Thus, (a—b)(@®+ab +b?) =a*-b®

L et us, now, consider some examples based on the above mentioned special products:
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Example4.3: Find each of thefollowing products:

(i) (7x +9y)° (i) (px—y2)? (iii) (x—4y?)®
Notes (iv) (22 + 307 (v) @a—gb] (vi) (chj

Solution: (i) (7x+9y)* = (7x)*+3(7x) (%) (7x + 9y) + (%)’
=343 x3+ 189 xy (7x + 9y) + 7293
= 343x3 + 1323x?y + 1701xy? + 729y
(it) (px—y2)* = (px)*—~3(px) (y2) (Px—y2) - (y2)*
= p°x° = 3pxyz (px —yz) —y°Z°
= px®—3px?yz + 3pxy?z2 - y°7
(i) (x—4y° =3~ 3x (4y?) (x—4y?) (4"
= x3— 12xy? (x — dy?) — 64y"
= X3 —12x%y? + 48xy* — 64y°
(iv) (2a + 3b?)3= (2a9)% + 3(2a2)(3b?) (2& + 3b?) + (3b?)®
= 8af + 18a%h? (2& + 3b?) + 27h°
= 8&° + 36a'b? + b4ath* + 278

o333 3

8 , 10 (ga__b 125
3" 3 ) 27

= —a3——ab

5 125
27 3

= £a3—§a2b+5—oab2—%
27 9 9 27

(vi) (1+ g CT = (1)3 + 3(1)(% cj(1+ g cj + (g CT
=1+ 4c(1+ﬂc:j+%c3
3 27

3

b3

14ac+ B2 M
27
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Example4.4: Using specia products, find the cube of each of thefollowing:
()19 (i) 101 (il 54 (iv) 47
inn- i 3 — —_1)\3
Solution: (192 =(20-1) Notes

=20°-3x20x1(20—-1) 13
=8000 —-60(20-1)-1
=8000-1200+60-1
= 6859

(i) 1013= (100 + 1)
=100*+3x 100 x 1 (100 + 1) +13
= 1000000 + 300 x 100 + 300 + 1
= 1030301

(iii) 54%= (50 + 4)
=50+3x50x%x4(50+4) +4°
= 125000 + 600 (50 + 4) + 64
= 125000 + 30000 + 2400 + 64
= 157464

(iv) 47°= (50 — 3)3
=50°—3 x50 x 3 (50 —3) — 3
= 125000 — 450 (50 — 3) — 27
= 125000 — 22500 + 1350 — 27
= 103823

Example4.5: Without actua multiplication, find each of thefollowing products:
(i) (2a+ 3b) (4a —6ab + 9b?)
(i) (3a—2b) (9a2 + 6ab + 4b?)
Solution: (i) (2a+ 3b) (4a2 —6ab + 90?) = (2a+ 3b) [(23)2— (2a) (3b) + (3b)7]
= (2a)® + (3b)®
= 8a’ + 27b°
(i) (3a— 2b) (922 + 6ab + 4b?) = (3a— 2b) [(33)? + (33) (2b) + (2b)7]
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= (38)°— (2b)°
= 27a8 - 81’

Example4.6: Smplify:

Notes

(i) (3x —2y)*+ 3 (3x —2y)* (3x + 2y) + 3(3x —2y) (3x + 2y)*+ (3x + 2y)°
(i) (2a—b)*+ 3 (2a—b) (2b—-2a) (a+ b) + (2b—a)®
Solution: ® Put3x—2y=aand3x+2y =D
Thegiven expression becomes
a + 3efb + 3ab? + b®
=(a+b)’
=(3x—2y +3x+2y)°
= (6x)°
=216x3
(i) Put2za—b=xand2b—-a=ysothata+b=x+y
Thegiven expression becomes
X3+3xy (x +y) +y°
=(x+y)?
=(a+b)®
= a + 3afb + 3ab? + b®
Example4.7: Smplify:

.. 857x857x857—-537x537x537
( 857x857+857x537+537x537

 674x674x 674+ 326x326x 326
(1) 674x674—674x326 1 326x326

Solution: Thegiven expression can bewrittenas

857° —537°
8572 +857x537 + 537>

Let 857 = aand 537 = b, then the expression becomes

a®~b® _ (a—b)a*+ab+b?)
2 2= 2 2 =a-b
a“+ab+b a“+ab+b
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=857 -537
=320
[ Thegi eSS bewritt
(i) e given expression can bewritten as Notes

674° + 326°
674% — 674x 326+ 326>

_ (674+326)(674% — 674x326+3267)
- 674° —674x 326+ 326

=674+ 326
= 1000

CHECK YOUR PROGRESS 4.2

1. Writetheexpansion of each of thefollowing:

(i) (3x +4y)? (i) (p—ar)® (iii) (a+ gj

(iv) (g - b) (v) 6 a’ +§ sz (vi) [:—13 a’x® - 2b3y2j
2. Using specid products, find the cube of each of thefollowing:

()8 (iH12 (iii) 18 (iv) 23

(v)53 (vi)48 (vii) 71 (viii)69

(ix) 97 (x) 99
3. Without actual multiplication, find each of thefollowing products:

(i) (2x +y) (4x*=2xy +y?) (i) (x=2) (x*+2x + 4)

(i @A+x) ((L—x+x? (iv) (2y —32?) (4y? + 6yz> + 92%)

(v) (4x+3y) (16— 12xy +9y?) (vi) (3X ‘%y)(gxz = +4—19yzj

4. Findthevaueof:
() @+8p*ifa+2b=10andab=15
[Hint: (a+ 2b)® =& + 8b* + 6ab (a+ 2b) = & + 8b* = (a+ 2b)* —6ab (a+ 2b)]
(i) x*—y*when x —y =5 and xy = 66
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5. Findthevaueof 64x3—125z23if
() 4x—-5z=16andxz=12

3
(i) 4x—5z= 5 andxz=6

6. Smplify:
() (2x+5)°—(2x-5)°
(i) (7x+3y)*—(7x—5y)*—30y (7x + 5y) (7x —3y)?
[Hint put 7x + 5y = aand 7x — 5y = b so that a—b = 10y]
(iii) (3x + 2y) (9x*—6xy +4y?) — (2x + 3y) (4x*—6xy + %y?)
(iv) (2x—5) (4x?+ 10x + 25) — (5x + 1) (25x>—5x + 1)
7. Smplify:
875x875x875+125x125x125
875x875—-875x125+125%x125

0]

678x678x678—234x234x 234
678x 678+ 678x 234+ 234x 234

4.3 FACTORIZATION OF POLYNOMIALS

Recall that from 3 x 4 =12, we say that 3 and 4 arefactorsof the product 12. Similarly,
inagebra, since (X +y) (X—y) =x*—y? wesay that (x +y) and (x —y) arefactorsof the
product (x%—y?).

(i)

Factorization of a polynomial is a process of writing the polynomial as a product of
two (or more) polynomials. Each polynomial in the product is called a factor of the
given polynomial.

Infactorization, weshall restirct ourselves, unless otherwi se stated, to finding factors of
thepolynomidsover integers, i.e. polynomidswithintegra coefficients. Insuch cases, itis
required that the factors, too, be polynomials over integers. Polynomials of the type

2x2 —y? will not be considered as being factorable into (ﬁx + yXﬁx - y) because
thesefactorsare not polynomialsover integers.

A polynomial will be said to be completely factored if none of itsfactors can befurther
expressed asaproduct of two polynomialsof lower degreeand if theinteger coefficients
have no common factor other than 1 or —1. Thus, complete factorization of (x*>—4x) is
X(x—4). On the other hand the factorization (4x> — 1) (4x? + 1) of (16x*—1) is not
completesincethefactor (4x>—1) can befurther factorised as(2x—1) (2x + 1). Thus,
completefactorization of (16x*—1) is(2x—1) (2x + 1) (4x>+1).

Infactorization, we shall bemaking full use of specid productslearnt earlier inthislesson.
Now, infactorization of polynomiaswetake various cases separately through examples.
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(1) Factorization by Distributive Property
Example4.8: Factorise:
. _ i) w2 /3 2
(i) 10a—25 (i) x3y2 + x3y Notes

(i) 5ab (ax? + y?) —6mn(ax? + y?) (iv)alb—c)®>+b(b—c)

Solution;

(i)10a—25 =5x2a-5x%x5
=5(2a->5) [Since5iscommon to thetwo terms]
Thus, 5 and 2a—5 arefactors of 10a—25

(ii) Inx?y®+ x3y?, notethat xy?iscommon (with greatest degree) in both
theterms.

SOXAYR+ X3Y2 = X2 Xy + X2 X X
=X%y%(y +X)
Therefore, X, X2, Y, y2, Xy, X2y, Xy?, x?y? and y + x arefactors of x2y® + x3y?
(iii) Notethat ax? + y?iscommon in both theterms
. 5ab (ax? + y?) —emn(ax? + y?) = (ax? + y?) (5ab — 6mn)
(iv)ab—c)*+b(b—c)=(b—c) x[ab-c)] +(b—-c) xb
=(b—c) x[ab—c) +b]
=(b—-c) x[ab—ac+Dh]

(2) Factorization InvolvingtheDifferenceof Two Squares

You know that (X +y) (X —y) =x?—y?2 Thereforex +y and x —y arefactors of x2—y?2.

Example4.9: Factorise

Solution:

(i) 9x%—16y? (i) x*—81y*

(iii) @ —(2b—3c)? (iv) xX2—y?+ 6y —9

() 9x?2—16y? =(3x)*—(4y)*whichisadifference of two squares.
=(3x +4y) (3x—4y)

(i) x*-8ly*  =(x?)*—(%?)
= (x+9y?) (x*—9y?)

Notethat x*—9y? = (x)?—(3y)?isagain adifference of thetwo squares.

xt-8lyt = (x*+9y?) [(x)*<3y)7]

= (x?+9y?) (x +3y) (x—3y)
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(iii) & — (2b—3c)?= (8> — (2b — 3c)?
=[& + (2b—3c)] [&— (2b—30)]
= (& +2b—3c) (22— 2b + 3c)
(iv)x?—y?+6y—9 =x>—(y>—6y+9) [Notethisstep)
= () =[(y)?=2xyx3+(3)7
=(x)*-(y-3)7
=[x+ (y-3)][x-(y-3)]
=(x+y-=-3)(x-y+3)
(3) Factorization of aPerfect SquareTrinomial
Example4.10: Factorise

(1) 9x2 + 24xy + 16y? (i) x6—8x3+ 16
Solution: (1) 9x? + 24xy + 16y? = (3x)?+ 2 (3X) (4y) + (4y)?
= (3x + 4y)?
=(3x +4y) (3x + 4y)
Thus, thetwo factorsof thegiven polynomia areidentical, each being
(3x +4y).
(i) x°—8x°+ 16 = ()2 =2(x%) (4) + (4
= (¢ 4y’

= (€ -4) (¢ —4)

Again, thetwo factorsof thegiven polynomial areidentical, eachbeing
(x2—4).

(4) Factorization of a Polynomial ReducibletotheDifferenceof Two Squares
Example4.11: Factorise
(i) x* + 4y* (i x*+x2+1

Solution: () x*+4y* = (x?)*+ (2y??

= ()2 +(2y%)* + 2(x%) (2y%) -2 (x*) (2y?)

[Adding and subtracting 2 (x?) (2y?)]
= (¢ + 299~ (24))°
= (X2 + 2y + 2xy) (x* + 2y? — 2xy)
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(i) x4 +x2+1 = (x2)2 + (1)2+ 2x2 — X2
[Adding and subtracting x?|
=00+ 1~ Notes

=(X2+x+1) (x*—x+1)

CHECK YOUR PROGRESS 4.3

Factorise:
1. 10xy-—15xz 2. abc? — ab’c
3. 6p>—15pq+ 27 p 4.2 (b—c)+b(c—h)
5. 2a(4x—y)3—b (4x —y)? 6. X(X +y)3=3xy (X +Y)
7. 100 — 25p? 8. 1—256y®
9. (2x+1)?-9x? 10. (& + bc)?— & (b + ¢)?
11. 25x?—10x + 1 — 36y? 12. 49x? — 1 —14xy +y?
13. m?+ 14m + 49 14. 4x2—4x + 1
15. 3622 + 25 + 60a 16. x5—-8x3+ 16
17. 8 -47a + 1 18. 4& + 81b*
19.x*+ 4 20. 9" —& + 16
21. Findthevaueof nif
(i)6n=23x23-17 x 17 (ii) 536 x 536 —36 % 36 = 5n

(5) Factorization of Perfect CubePolynomials
Example4.12: Factorise:
(i) X3+ 6x%y + 12xy? + 8y?3 (i) X®—3x%y? + 3x?y* —y°
Solution: 0] X3+ 6x%y + 12xy? + 8y?
= (x)°+3x? (2y) + 3x (2y)* + (2y)°
=(x+2y)°
Thus, thethreefactorsof thegiven polynomial areidentica, each
being x + 2y.
(i) Given polynomia isequd to
(x9)° =3y (x*—y?) — ()
- (X2 _ y2)3
=[x+y)(x=y)I°  [Sincex?—y*=(x+Y) (X-Y)]
=(x+y)*(x-y)’
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(6) Factorization of PolynomialsInvolving Sum or Differenceof Two Cubes

Inspecia productsyou havelearnt that

Notes (X+y) (X =xy +y9) =xC+y?
and  (x—y) (R +xy+y)=x-y?
Therefore, thefactorsof x3 +y® arex +y and x?—xy +y? and
those of x3—y2arex —y and x2 + xy + y?
Now, consider thefollowing example:
Example4.13: Factorise
(i) 642 + 27b° (ii) 8x3—125y°
(iii) 8 (x + 2y)*—343 (iv)at—a®
Solution: (i) 64a° + 27b° = (4a)® + (3b)®
= (4a+ 3D) [(48)* - (4a)(3b) + (30)]
= (4a+ 3b) (16 — 12ab + 9b?)
(ii) 8x3—125y° = (2x)° — (5y)®

= (2x=5y) [(2x)* + (2x)(5y) + (5y)7]
= (2x —5y) (4x? + 10xy + 25y?)

(iii) 8 (x +2y)*—343=[2(x + 2y)]* - (7)°
=[2(x+2y) = 7] [2 (x + 2y)*+ 2(x + 2y) (7) + 7°]

=(2X+4y—T7) (4x?+ 16xy + 16y> + 14x + 28y + 49)
(ivia—-a® =a(1-a) [Sincea'iscommontothetwoterms|

=a [(1)°- (@)

—ad(1-a)(Q+a+a)

zad(l-a(l+a+a@) (1+ac+)
[Shcel-a=(1-a) (1+a+a&)]

CHECK YOUR PROGRESS 4.4

Factorise:
1. &+ 216b’ 2.a8-343
3. X3+ 12x?% + 48xy? + 64y?3 4. 8x3 —36x%y + 54xy? —27y?3
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5. 8x*—125y3—60x?y + 150xy? 6. 64k® — 144k? + 108k — 27
7. 729x°-8 8. X%+ x?y°
9. 164 — 54ab° 10. 27h° — & — 3¢ —3a—1
11. (2a—30)* + 64C3 12, 64x3 — (2y — 1)? Notes

(7) Factorising Trinomialsby SplittingtheMiddleTerm
You havelearnt that

(x+a) (x+b) =x?’+(atb)x+ab =1x*+(a+bx+ab
and(ax +b) (cx +d) =acx?+ (ad+ bc)x + bd
Ingeneral, theexpressionsgiven hereontheright areof theform Ax? + Bx + Cwhichcan
be factorised by multiplying the coefficient of x2inthefirst termwith thelast term and
finding two such factorsof thisproduct that their sumisequal to the coefficient of xinthe

second (middle) term. In other words, we areto determinetwo such factorsof AC so that
their sumisequal to B. Theexample, given below, will clarify the processfurther.

Example4.14: Factorise:
() x2+3x+2 (i) x2—10xy + 24y?
(iii) 5x?+ 13x —6 (iv) 3x2—x -2
Solution: ® Here, A=1,B=3andC=2;s0AC=1%x2=2
Thereforewe areto determinetwo factorsof 2whosesumis3
Obvioudly, 1+2=3
(i.e.twofactorsof ACi.e.2areland 2)
. Wewritethe polynomial as
X2+ (1+2)x+2
= X2+ X+2x+2
X(X+1)+2(x+1)
x+1)(x+2
(it) Here, AC = 24y? and B = — 10y
Two factors of 24y2 whose sumis—10y are—4y and -6y

. Wewritethegiven polynomia as
X2 —4xy —6xy + 24 y?

=X(x—4y) —6y(x—4y)

= (x—4y) (x—6y)
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(i) Here, AC=5x(-6)=-30andB =13
Two factors of —-30 whosesumis13are 15 and -2
Notes . Wewritethegiven polynomia as

5x?+ 15X —2x -6
5x(x +3) —2(x + 3)
= (x+3)(5x—2)
(iv) Hee AC=3x(—-2)=—6andB=-1

Two factorsof —6 whose sumis(-1) are (—3) and 2.

. Wewritethegiven polynomia as
-3 +2x 2

= X (x—1)+2(x-1)

= x—=1) (3x+2

CHECK YOUR PROGRESS 4.5

Factorise:

1 x2+11x+24 2. x?>—15xy + 54y?

3. 2x*+5x-3 4. 6x>—10xy —4y?

5. 2x*—x2-1 6. X2 + 13xy — 30y?

7. 22+ 11x + 14 8.10y? + 11y —6

9. 2x*-x-1 10. (m-1) (1 —-m) + m+ 109

11. (2a—hb)?>—(2a—hb) — 30 12. (2x + 3y)2—2(2x + 3y)(3x—2y) —3(3x — 2y)?
Hint put 2a—b =x Hint: Put 2x + 3y =aand 3x—2y =b

4.4 HCF AND LCM OF POLYNOMIALS

(1) HCF of Polynomials

You aredready familiar with theterm HCF (Highest Common Factor) of natural numbers
inarithmetic. Itisthelargest number whichisafactor of each of the given numbers. For
instance, the HCF of 8 and 12 is4 since the common factorsof 8and 12 are 1, 2and 4
and4isthelargesti.e. highest among them.

Onsimilar linesin algebra, the Highest Common Factor (HCF) of two or more given
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polynomials is the product of the polynomial(s) of highest degree and greatest
numerical coefficient each of which is a factor of each of the given polynomials.

For example, the HCF of 4(x + 1)2and 6(x + 1)2is2(x + 1)2

The HCF of monomia sisfound by multiplying the HCF of numerical coefficientsof each
of themonomialsand the variablg(s) with highest power(s) commonto al themonomials.
For example, the HCF of monomials 12x%y3, 18xy* and 24x3y® is6xy? since HCF of 12,
18 and 24 is6; and the highest powersof variablefactorscommon to thepolynomiasare
xandy?.

L et usnow consider some examples.
Example4.15: Find the HCF of

(i) 4x%y and x3y? (i) (x—2)*(2x—3) and (x —2)? (2x — 3)®
Solution: (i) HCF of numerical coefficients4and 1is1.

Sincex occursasafactor at least twiceandy at least onceinthegiven
polynomials, therefore, their HCFis

1xx?xyi.exdy
(i) HCF of numericd coefficientsland 1is1.

In the given polynomials, (x —2) occurs as afactor at |east twice and
(2x—3) at least once. Sothe HCF of the given polynomialsis

1x(x=2)2x (2x—3)i.e (x=2)2(2x—3)

Inview of Example4.15 (i), we can say that to determinethe HCF of polynomials, which
can beeadly factorised, we express each of the polynomiasasthe product of thefactors.
ThentheHCF of thegiven polynomidsisthe product of the HCF of numerica coefficients
of each of the polynomials and factor (s) with highest power(s) common to all the
polynomials. For further clarification, concentrate on the Example4.16 given below.

Example4.16: Find the HCF of
(hx?—4andx*+4x +4
(i) 4x* —16x3 + 12x2 and 6x3 + 6x2 — 72X
Solution: ® X—4=(x+2)(x-2)
X2+ 44X + 4= (X + 2)?
HCF of numerical coefficients=1
HCF of other factors=(x +2)' =x + 2
Hence, therequired HCF =x + 2
(i) 4x* —16x3 + 12 x? =4x? (x2—4x + 3)
=4x?(x—1) (x=3)
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6X3 + 6X% — 72X =6X (X2 +x—12)
=6x (x+4) (x-3)
Required HCF = 2x(x —3) [Since HCF of numericd coefficientis?2)
= 2X2 —6X
(2) LCM of Polynomials

Like HCF, you are also familiar with the LCM (Lowest Common Multiple or Least
Common Multiple) of natural numbersin arithmetic. It isthesmallest number whichisa
multiple of each of the given numbers. For instance, theLCM of 8and 12is24 since 24
isthesmallest among common multiplesof 8 and 12 asgiven bel ow:

Multiplesof 8: 8, 16, 24, 32, 40, 48, 56, 64, 72, 80, ...
Multiplesof 12: 12, 24, 36, 48, 60, 72, 84, 96, ....
Commonmultipleof 8and12: 24, 48, 72, ...

On similar lines in Algebra, the Lowest Common Multiple (LCM) of two or more
polynomialsisthe product of the polynomial(s) of the lowest degree and the smallest
numerical coefficient which are multiples of the corresponding el ements of each of
the given polynomials.

For example, the LCM of 4(x + 1)?and 6(x + 1)%is12(x + 1)3.

TheLCM of monomiasisfound by multiplyingtheLCM of numerical coefficientsof each
of themonomiasand al variablefactorswith highest powers. For example, the LCM of
12x%y?z and 18x?yz is 36x%y?z sincethe LCM of 12 and 18 is 36 and highest powers
variablefactorsx, y and zarex?, y? and z respectively.

L et us, now, consider someexamplestoillustrate.
Example4.17: Findthe LCM of
(i) 4x?y and x3y? (i) (x—2)%(2x—3) and (x —2)? (2x—3)®
Solution: M LCM of numerical coefficient4and 1is4.
Since highest power of x isx®and that of y isy?,
therequired LCM is4x3y?
(it) Obvioudy LCM of numerical coefficientsland 1is1.
Inthe given polynomials, highest power of thefactor (x —2) is(x—2)3
and that of (2x —3) is(2x —3)3.
LCM of thegivenpolynomials =1 x (x —2)3 x (2x —3)*
=(x—2)°*(2x-23)®
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Inview of Example4.17 (ii), wecan say that to determinethe LCM of polynomids, which
can beeasily factorised, we express each of the polynomials asthe product of factors.
Then, the LCM of the given polynomial sisthe product of the LCM of the numerical
coefficientsand dl other factorswith their highest powerswhich occur in factorization of Notes

any of thepolynoias. For further clarification, wetake Example 4.18 given below.

Example4.18: Findthe LCM of
() (x—2) (x*—3x +2) and x>*—5x + 6
(i) 8(x®—27) and 12 (x° + 27x?)
Solution: N (Xx=2) (x*=3x+2) =(x—2) (x—2) (x—1)
=(x=2)(x-1)
Also X2—5x +6 =(x=2)(x=3)
LCM of numerica coefficients=1
LCM of other factors= (X —2)? (x —1) (x —3)
Hence, the LCM of given polynomials=(x—1) (x —2)? (x —3)
(i) 8(x3-27) =8(x—3) (x*+ 3x +9)
12 (x5+ 27x%) =12x2 (x3+27)
=12x*(x +3) (x*—3x +9)
LCM of numerical coefficient8and 12 =24
LCM of other factors=x?(x —3) (x + 3) (x2+ 3x + 9) (x2—3x + 9)
Hence, required LCM = 24x2(x —3) (X + 3) (x> +3x +9) (x*—3x +9)

CHECK YOUR PROGRESS 4.6

1. FindtheHCF of thefollowing polynomias:

(i) 27x%y? and 3xy? (i) 48y"x° and 12y3x®

(i) (x+1D2and (x +1)?(x —1) (iv)x?+4x+4andx +2

(v) 18 (x + 2)*and 24 (x® + 8) (vi) (x +1)?(x + 5)*and x? + 10x + 25

(vii) (2x=5)? (x + 4)*and (2x —5)* (x —4) (viii) x*—1and x*—1

(ix) x3—y2and x?—y? (X) 6(x?—3x + 2) and 18(x? —4x + 3)
2. FindtheLCM of thefollowing polynomials:

(i) 25x3y? and 15xy (i) 30 xy? and 48 x3y*

(i) (x+1)*and (x + 1)?(x —1) (iv)x?+4x+4andx + 2

(V) 18 (x + 2)%and 24 (x3 + 8) (Vi) (x+2)?(x+5)%and x?+ 10x + 25

(vii) (2x=5)? (x + 4)?2and (2x —5)* (x —4) (viii) x?—1and x*—1

(ix) x*—y*and x> —y? (X) 6(x2—3x + 2) and 18(x? —4x + 3)
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45 RATIONAL EXPRESSIONS

You areadready familiar with integersand rational numbers. Just asanumber, which can

beexpressedintheform s wherepand g (#0) areintegers, iscalled arationa number,

P
an agebraic expression, which can beexpressed inthefrom =, wherePand Q (non-zero

Q
polynomias) arepolynomids, iscaled ar ational expresson. Thus, each of theexpressons

1, b? 5
x+1 x*-3x+5 23 TP T x4 2y?
x-1" x*-5 ' a+b ' 3x-y

isarational expressioninoneor two variables.

Notes:

x2+1

(1) Thepolynomia ‘x?+ 1’ isarational expresion sinceit can bewritten as and

you havelearnt that the constant 1 inthe denominator isapolynomia of degree zero.

-
(2) Thepolynomid 7isarational expresonsinceit canbewrittenas 1 whereboth 7 and
1 arepolynomiasof degreezero.

(3) Obvioulsy arational expression need not be a polynomial. For example rational

1 _
expression ;(= X 1) isnot apolynomid. Onthe contrary every polynomia isalsoa

rational expresson.

ar L
Noneof theexpressions \/;JFZ, X2+ 24X +3, b__ isarationa expression.
1-x a’+ab+b?

CHECK YOUR PROGRESS 4.7

1. Whichof thefollowing algebraic expressionsarerationa expressons?

2X-3 .
4x -1 15 sy?

(i)
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2\/§X2+\/§ . 2X2—\/;+3
(“')T V) =
1) 3 Notes
(V) 200++/11 (Vi) (a+6)+b3
(Vi) y*+3yz(y +2)+ 2 (vi) 5+ (a-+3b)

2. For eachof thefollowing, citetwo examples:
(i) Arationd expressonisonevariable
(i) A rationa expressionistwo variables
(iii) A rationa expressionwhose numerator isabinomia and whosedenominator is
trinomid
(iv) A rational expression whose numerator isaconstant and whose denominator is
aquadratic polynomial

(v) A rationd expressionintwo variableswhose numerator isapolynomid of degree
3 and whose denominator isapolynomial of degree5

(vi) Analgebraic expressonwhichisnot arationa expression

4.6 OPERATIONS ON RATIONAL EXPRESSIONS

Four fundamental operationson rational expressionsare performed in exactly the same
way asin caseof rational numbers.

(1) Addition and Subtraction of Rational Expressions

For observing the analogy between addition of rational numbers and that of rational
expressions, wetakethefollowing example. Notethat theand ogy will betruefor subtraction,
multiplication and divison of rational expressonsalso.

Example4.19: Findthesum:

15,3 L XAL x+2
M) 5*g 51 "%t
ution 243 o 5x4r3x3
ution: O T 24« CMof6and8.
2049
T 24
_ 2
T 24
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2X+1 x+2 (2x +2)(x +1)+(x +2)(x —1)
(i) +— =
x-1 x+1 (x=2)(x +1k—LCM of (x—1) and (x + 1)
22X 43X +1+xP+x -2
- x?-1
3P +4x-1
X2
Example4.20: Subtract ~— from 2
xamplea.22. a1 3X+1
ot -2 x-1 _ (x+1)(3x—2)—(x-1)(3x +1)
MO 3 11 x+1 N (3x+1)(x +1)

3%+ x-2-(3x%—2x-1))
- 3% +4x +1

: 3x-1
T O3x2+4x+1

Note: Observethat the sum and difference of two rational expressionsarealso rationa
expressons.

Since the sum and difference of two rationa expressions are rational expressions,

1 1 . . 1 .

X +;(X #0) and X —;(X # 0) arebothrationa expressionsasx and < arebothrational
. - 2, 1 5 1 5, 1 5 1 . .

expressions. Similarly, each of X +7,X +F’X _F’X —F,etc. isarationa

1 1
expression. These expresions createinterest asfor givenvaueof X+ M or X L we

3 1

1 1
2 3 . .
5 +?,X —Fetc.andmsomecasewce

1
. 2
candeterminevauesof X +7,X X

versaa so. L et usconcentrate onthefollowing example.

X

Example4.21: Find thevaueof

1 . 1 1 . 1
i) X2 +—= if x-==1 i) X' +— if x+==4
(i) N N (ii) N N
1. 1 1 . 1
i) x == if x*+—==119 iv) X3 +— if x+==3
(iii) N N (iv) N N
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1. 1
x®—— if x—==5
V) 2 X
[ [ L Notes
Solution: (|)WehaveX—;=1

:>x2+i2—2><x><1=1
X X
1

=>x’+5-2=1
X

Hence, x> +i =3

XZ
N 1
(||)X+;—4
1Y .
:(x+;) =(4)

=X +i:14
X
2
:{x2+x—12j = (14Y
s 1
= X" +—+2=196
X
s 1
So, X" +— =194
X

1
(iii) Wehave x*+—-=119
X

2
= (x?f +(X—j +2=119+2=121
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, 1 _ , »
=Xt =11 [sincebothx?and — arepositive]

X2

, 1

=X +7—2=9

= x3+i3+3><x><1(x+lj=27
X X X

:>x3+i3+3(3):27
X

= x3 —%—3xxx1[x—1) =125
X X X

:x3—i3—3(5)=125
X

ax - —140
X
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CHECK YOUR PROGRESS 4.8

1. Findthesum of rationa expressions.

N

x2+1 x2-1
0] and

X—2 X—2

X+1 1

o x-1 X+4
(i) from
X—2 X+2

1 from x
(i) ™

x2+1
from
X—4

v)

o X+2 from X—=2
(vii) 2(x?-9) (x+3)

Find thevaueof

0) a2+i2 when a+1:2
a a

(iii) a3+i3 when a+£= 2
a a

(v) as—é when a—%I:\/E

(vii) @° +a—13 when a+§:\/§
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O X+2 X-1
(ii) and
X+3 X—2

o 3X+2 and X—5
V) %216 (x+4)

X+2 q X—=2

N XFE g X=4
(VI)X—Z X+2

L 3V2X+1 —2J2x+1
(vii) 3\/;)(; and \2/;;(+

(ii) a2+a—12 when a—iz 2

(iv) a3+i3 when a+1=5
a a

1
i) 8a% +
(vi) 7

5 When 2a+3i:5
a

a

(Viii) a3+a—13 when a2+%:7,a>0
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1 1 1
(X) a3—¥ when a“+¥:34,a>0

(iX) a—1 when a*+-— =727
a a

Notes | (2) Multiplication and Division of Rational Expressions

2 5
You know that the product of two rational numbers, say, 3 and7 IS given as

252265 _10 o iy, theproduct of two rationa Paa®

357 347 21 milarly, the product of two ration exprulonssayQ S
R _

whereP, Q, R, S(Q, S¢0)arepolynom|aIS|sg|venbyQ S” QS You may observe

that the product of two rational expressionsisagain arational expression.

Example4.22: Find the product:

_Bx+3 2x-1 2x+1 x-1 -1
(i) X (i)
bx-1 x+1 Xx-1 x+3

XA =T7X +10_ X?—7x+12
(i (x—4) X -5

o X3 21 (5x#3)2x-Y)
Solution: ) g5 7571 T Br-1)(x+1)

_10x*+x-3
© Bx24+4x-1

x4+l x-1 (2x+1)(x-1)
) 1*%33 = (x=1(x+3)

2X+1 ]
= —— [Canceling common factor (x —1) from

numerator and denominator]

x2—7x+10Xx2—7x+12 _ (x2—7x+10)(x2—7x+12)
W62y ™ x5 = (x-4rx-5)
_ (x=2)(x-5)(x~3)(x-4)
- (x—4)*(x-5)
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_ (x=2)(x-3)
Tea)

[Cancelling commonfactor (x—4) (x—5) from numerator and denominator]

_ X?—5x+6
T x-4

Note: Theresult (product) obtained after cancelling the HCF from its numerator and
denominator iscalled theresult (product) in lowest termsor in lowest form.

2
You area sofamiliar with thedivision of arational number, say, 3 by arational number,

5 2 5 2 7 5
oL 2,9 _2.¢ I . SR
say, - isgivenas 3777375 where 5 isthereciprocal of - .Smilarly, divisonof a
o ovoression i ovoresion R isaivenpy e R =S
rational expresson 0 by anon-zerorational expression S isgivenby Q o R

T wn|o

S
whereP, Q, R, Sare polynomiasand R isthereciprocal expression of S
Example4.23: Find thereciproca of each of thefollowing rationa expressions:.

x2+20
x3+5x +6

(i) (i) —yzzzs (i) x3+8

x*+20 s x®+5x+6
X*+5x+6 X% +20

Solution: (i) Reciprocal of

2_5 5_ 2
(ii)Reciprocdof—yZZXSis—yZy = 2;/

x3+8

(iii) Sincex*+8= , thereciprocal of X3+ 8is

x3+8

Example4.24: Divide:

x?+1 x—1

0] b
x-1 X+2

(ii) X1 y X" —Ax =5 and expresstheresult in lowest form
x?—25 7 x®+4x-5 P '
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Slution: 0 X2+l  x-1_ X2+1><X+2
' x-1 x+2 x-1 x-1
Notes (X*+1)x+2)  x®+22+x+2

(x-17  x®-2x+1

o x*-1  x*-4x-5_ (x? —1)(x?+ 4x - 5)
)% 25~ x2+4x—-5 (x?-25)x*—4x-5)

(x-1)
~ (x=5)(x-5)
[Cancdling HCF (x+1)(x+5)]
_oxP-2x+1
T x2-10x+25
Theresult ﬂ isinlowest form
x2—10x + 25 '

CHECK YOUR PROGRESS 4.9

1. Findtheproduct and expresstheresultinlowest terms:

i X +2 o x+1 x3 1 xZ -1
0 2x?+3x+1 7x?-5x-2 (I) X +1 x4—1
(i) 3x2—15x+18>< 17x+3 ) 5X — 3 X+2
2x—4 X2 —6x+9 5x+2 X+6
X +1 X+1 X +1 x-1 -1
V) X— 1 x?—x+1 (I) 2x
(vn) X— 3 X2 —5x+4 i ) 7X+12><X —-2X-24
4 x?—2x-3 -3 x?-16
2. Findthereciprocal of each of thefollowing rationa expressions:
X2 +2 . 3a
) x-1 (i) 1-a
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(i) 12— x2 (iv) x*+1
3. Divideand expresstheresult asarationa expressioninlowest terms: Note
S

x*+11x+18 x*+7x+10 Bx’+x-1 4x*+4x+1

O e ax—117 X% _12x 13 0 e 7% 157 ax?_9
L oXPx+l . x°-1 . XP+2x=24 xX*—x-6
(iii) 2 T3 (iv) — T2
X“ -9 X°—4Xx+3 X°—x-12 X“-9
3x?+14x -5 3x*+2x-1 L 2X*+x—=3 2x*+5x+3
V) — T a2 (Vi) _17 2_1
x?-3x+2 3x?-3x-2 (x-1) X

w

e Specid products, given below, occur very frequently inagebra:

(i) (x +y)?=x2+2xy +y? (i) (x=y)?=x*—2xy +y?

(iii) (x +y) (x—y) =x*—y? (iv) (x+a) (x +b) =x*+ (a+ b)x + ab
(V) (ax +b) (cx +d) = acx? + (ad + bc) x + bd

(Vi) (X +y)*=x3+3xy(x +y) +y? (vii) (x —y)*=x*=3xy(x—y) —y*
(Vi) (X +y) (x*=xy +y?) =x°+y° (ix) (X=y) (X +xy +y?) =x°=y?

e Factorization of apolynomial isaprocess of writing the polynomial asaproduct of
two (or more) polynomials. Each polynomia intheproduct iscalled afactor of the
givenpolynomid.

e A polynomial issaidto be completely factorised if it is expressed as a product of
factors, which have no factor other thanitself, itsnegative, 1 or —1.

e Apart from thefactorization based on the above mentioned specia products, wecan
factoriseapolynomial by taking monomia factor out whichiscommonto someor al
of thetermsof the polynomia using distributivelaws.

e HCF of twoor moregiven polynomiasisthe product of the polynomid of thehighest
degreeand greatest numerical coefficient each of whichisafactor of each of thegiven
polynomids.

e LCM of two or moregiven polynomialsisthe product of the polynomia of thelowest
degree and the smallest numerical coefficient which are multiplesof corresponding
elementsof each of thegiven polynomials.
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P
e Analgebraicexpression, which can beexpressedintheform 6 wherePand Q are
polynomias, Q being anon-zero polynomial, iscaled arationa expression.

e Operationson rational expressionsare performedintheway, they are performedin
case of rational numbers. Sum, Difference, Product and Quotient of two rational
expressonsarea sorational expressions.

e Expressing arational expressioninto lowest termsmeans cancellation of common
factor, if any, from the numerator and denominator of therational exprssion.

E‘J TERMINAL EXERCISE

1. Mark atick M against the correct dternative:
(i) If 1202—20° = 25p, then pisequal to

(A) 16 (B) 140 (C) 560 (D) 14000
(i) (2e¢+3)*—(2a¢—3)?isequal to

(A) 2422 (B) 24a (C) 722 (D) 72&
(iii) (&2 + b?)? + (&2 —b?)? isequd to

(A) 2(&+b? (B) 4(a2 + ?)

(C) 4(a + b* (D) 2(a* + b?)

1 1
(W) If m—a=—x/§, then mtﬁ isequal to

(A) O (B) 643 ©) -643 (D) -33
327x327-323x323
V) 327+323 Isequal to
(A) 650 (B) 327 (C) 323 (D) 4
(Vi) 8m*—n’isequal to:
(A) (2m—=n)(4m?—2mn + n?) (B) (2m—n)(4m?+2mn +n?)
(©) (2m—n)(4m?—4mn + n?) (D) 2Mm—n)(4m? +4mn + n?)

467 x467x467+533x533%x533 . At
MI) 467467 — 467x 533+ 533x 533 'SELA 1O

(A) 66 (B) 198 (C) 1000 (D) 3000
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(viii) The HCF of 36a’b? and 90ah*is

(A) 368%0? (B) 18a°h?

(C) 90a%* (D) 180&°b*
(iX) TheLCM of x*—1andx*—x —2is

(A) (x*-1) (x-2) (B) (x*-1) (x+2)

(C) (x-1)2(x+2) (D) (x+1)*(x-2)
(X) Which of thefollowing isnot arational expression?

(A) V33 ®) X+%

x—+/3
(©) 8/x +6,ly @»X+J§
. Find each of thefollowing products:
(i) (@ +a)(a"—&) (i) x+y+2)(x-y +2)
(iii) (2x + 3y) (2x + 3y) (iv) (3a—5b)(3a—5b)
(V) (5x + 2y) (25x2—10xy +4y?) (vi) (2x —5y) (4x2+ 10xy + 25y?)
5 4

(vii) (a+ Zj(a+ g} (viii) (222 + 3)(22>-5)
(i) 99 x 99 x 99 (x) 103 x 103 x 103
(xi) (@a+b-5) (a+b-6) (xii) (2x +72) (2x +52)

. Ifx=a—-bandy =b-—c, show that

(a—c)(a+tc—2b)=x2—y?

. Findthevaueof 64x®—125z%if 4x —5z =16 and xz = 12.

. Fectorise:
(i) X7 y® + x2y2 (i) 3a®h—243a®
(iii) 3a8 + 12 a'b? + 12 &2b? (iv) & —8ab® + 16 b°
(V) 3x*+12y* (vi)x®+14x4+81
(vii) x>+ 16x + 63 (viii) x2=12x + 27
(iX) 7x%+ xy —6y? (x) 5x>—8x —4
(xi) x6—729y* (xii) 1252° + 64b°

. Findthe HCF of

(i) x*—x®and x*—x’

Mathematics Secondary Course

MODULE - 1
Algebra

Notes

133




MODULE - 1
Algebra

Notes

Special Productsand Factorization

(i) 30(x?—3x + 2) and 50(x? —2x + 1)
7. FindtheLCM of

() x*+y*andx?—y?

(i) x*+ x%y2 +y*and x> + xy +y?

8. Performtheindicated operation:

X+1 1
+

0) (x-1? x+1

2x2+2x—7_ x—1

ii
0 X24+X—-6 x-2
. x—1x3x+1
(i) X—-2 x’-4
. X?’-1 x%*-4x-5
(iv) — 5
X“=25 X“+4x-5
9. Smaifv: 2 4 8
- MY ST Akl @ +1 at+1
Hint: - 2 = 4 ; bi tt d
[Hint: a1 arl a?_qnowcombinenextterman soonj
X+1 Xx=-1 _
10.1f m=—— and n=——findm2+n2—mn.
-1 X+1

A
ANSWERS TO CHECK YOUR PROGRESS

4.1
1. (i) 25%x%+20xy +Y? (i) x2—6x +9 (i) &0? + 2abcd + P
x* 2 2 1.1
V) 4x>— 2 S +Sx+1 iy —Zz+=
(iv) 4x2—20xy + by (V) 53 (vi) 7 3%
. .2, 25
(vii) & —25 (viii) x?y?—1 (ix) X +EX+1
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4 4 2 . i
(x) 9%X "X -1 (xi) 6x2+ 13xy +6y?  (xii) 21x?+ 8xy —5y?
2. (i)40x? (i) 26 +18 (iii) 2(a8x? + b?y?) (iv) 32p°c? Notes
3. (i) 10404 (i) 11664 (iii) 4761 (iv) 996004
(v) 6384 (vi) 22451 (vii)89964  (viii) 249936
(ix) 11445 (x) 5621 (xi) 8930 (xii) 989028
4.2
1. (i) 27x3+ 36x2%y + 36xy? + 64y® (i) p*—3p?qr + 3pg’re—gr?
ab® b’ a® ab
3 2b @ v . ___+ab2_b3
(i) a”+a’b+ 3 +27 (iv) 7 3
(v) a—6+1a“b2 + 20+ B (vi) LY —ga“b3x6y2 +4a’b°x’y* —8b%y°
8 2 3 27 27 3
2. (i)512 (i) 1728 (iii) 5832 (iv) 12167 (v) 148877
(vi) 110592(vii) 357911 (viii) 328509 (ix) 912663  (x) 970299
3. (i))8xe+y? (i) x*-8 (i) x3+1
1
(iv) 8y3—2726 (V) 64x3+ 27y3 (vi) 27x° - 3 y?
4. ()100  (ii)1115
5. (i) 15616 (ii 21027
. () (i) 125
6. (i) 120x2+250  (ii) 1000y (iii) 19x3—19y?® (iv) —117x®*-126
7. (i) 1000 (i) 444
4.3
1.5x(2y —32) 2. abc (c—b)
3. 3p(2p —5q +9) 4.(b-c) (&—-b)
5. (4x —y)? (8ax —2ay — h) 6. X (X +Y) (X2—Xxy +Vy?)
7.25(2 + 5p) (2—5p) 8. (L+16y*) (1+4y?) (1+2y) (1-2y)
9.(5x+1) (1-x) 10. (& + bc+ ab + ac) (&2 + bc—ab —ac)
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11. 5x+6y—-1) (bx—6y—1) 12.(7x-y+1)(7x-y-1)
13. (M + 7)? 14. (2x — 1)
2 3_AN\2
Notes 15. (6a+ 5) 16. (x3—4)

17. (@ + 72+ 1) (&+3a+ (@ —-3a+1)

18. (2& + 6ab + 9b?)(2a2 — 6ab + 9b?)

19. (X2 +2x + 2)(x2—2x + 2)

20. (322 + 5a+4)(3& —5a+4)  21.(i)40(ii) 57200

4.4

1. (a+6b) (&¢—6ab+ 36b%) 2.(a-7) (&+ 7a+49)

3. (x+4y)d 4. (2x—3y)?

5 (2x-5y)? 6. (4k — 3)®

7. (92 —2) (81x* + 18x2 + 4) 8.x2(L+Yy?) (L—y2+Yy9)

9. 2a(2&? —3b?) (4e° + 6ath? + 9b%) 10.(3b—a—1) (?+3ab+3b+ & +a+l)

11. (2a—3b + 4c)(4a + 9b? — 6ab —8ac + 12bc + 16 2
12. (4x —2y +1)(16x? + 8xy —4x + 4y>— 4y + 1)

4.5

1. (x+3)(x+8) 2. (Xx—=06y) (x—9y) 3. (x+3)(2x-1)

4.2(x—=2y)(3x +y) 5 (2x*+1) (x+1) (x-1) 6. (X + 15y) (x—2y)

7.(x+2)(2x+7) 8. (2y—3)(5y-2) 9.(x—-1) (2x+1)

10. (12—-m) (m+9) 11. (2a—b-6)(2a—b+5) 12.(9y—-7)(5x +vY)

4.6

1. (i) 3xy? (i) 12y3x® (i) (x+1)? (iv)x+2 (V) 6(x +2)
(vi) (x +5)? (vii) (2x=5)? (viii))x*=1  (ixX)x-y (x)6(x—1)

2. (i) 75¢3y? (ii) 240x3y* (i) (x=1) (x+1)°

(iV)X2+4x+4 (V) 72(x+22(x*—2x+4)  (vi) (x+ DA x+5)°
(vii) (x—4) (x + 4)%(2x-5)3 (vii)x*=1 (X)) x=D)(x+1)(x>*+x+1)
(X) 18(x—1)(x—2)(x—3)
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2.
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Algebra
1. (i), (i), i), (v), (vii) and (viii)
Notes

27 22X+ 2X—=T o 2XP42

) X—2 (i) X*+x-6 (i) x3—x%—x+1

) 4x? +5x+28 W 2X i) 2x*+8

x3 +4x? —16x + 64 X+3 X2 —4

o 2xX3+3x%-1 .. 5

(vii) X3+ 2X%+X+2 (vii) 6x°

. X—6 L SX LoxP=1

. 2=X X242 o2+l

(iv) 2 _x (V) X —4 (vi) (X2+2)2

B x*—15x +16 o 1-x

(vii) 2(x® +3x2 -9x - 27) (vl 1+X

()2 (i) 6 (iii) 2 (iv) 110 (V) 8415

(vi)115  (vii)0 (viii) 18 (ix) £5 (x) 14

. XX+l .. BIx+9

) X% —x-1 1) X®+x*+x%+1 (i) 2X—6

W) 5x% +7x—6 v X3+ x%+x+1 i) x3+1

5x% +32x +12 x3—2x?+2x-1 2X

Lo x-1 .. X—6

(vii) il (wviii) ol

ox-1 . a-1 oXP+2x-1 _ 1

0 X2 +2 (i) 3a (”I)f (V) x*+1
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x+1 L Bx?—11x+3 o1
O ) —ox_5 DR
. X+6 2x? +11x +5 .
M52 Ve (W1

A
ANSWERS TO TERMINAL EXERCISE

1
2.

10.

()C (DA (i)D (VA (WD (i)B (ii)C (ii)B (A (X)C

(i) a&m—a (i) x2=y2+4x+4  (iii) 4x2+ 12xy + 9y?

(iv) 922 — 30ab + 25b? (v) 125x3 + 8y° (vi) 8x3—125y?

(vii) @° + g—éa+l (viii)4z*—4z2-15  (ix) 970299

(x) 1092727 (xi) &+ 2ab—11a+ 30 (xii) 4x%+ 24xz + 3522
15616

(i) X7y8(1 + x5y*4) (ii) 3ab(a—3b) (a+ 3b) (&2 + 9?)

(iii) 3a2(et + 2b?)? (iv) (22 —4b%?

(V) 3(x2+ 2xy + 2y?) (Vi) (x*=2x2+9)(x* + 2x2 + 9)

(vii) (X +9)(x +7) (viii) (x—=3)(x—9)

(ix) (x +y)(7x —6y) (x) (x=2) (5x +2)

(xi) (x=3y) (X + 3y)(x*—3xy + 9y?) (x*+ 3xy + 9y?)
(xii) (522 + 4b?)(25a — 208207 + 16br)

(i) ¥(1=X) (i) 10(x~ 1)

(i) (x*=y?) (x*=xy +y? (i) x* + x2y2 +y*

. 2x2 42 X+2

0 x3—x?—x+1 (i) X+3

i 3x?-2x-1 W) X2 —=2x+1
x3+2x%—4x -8 x2—10x + 25
16

a®-1

x*+14x2% +1

x*—2x2+1
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