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QUADRATIC EQUATIONS

Inthislesson, youwill study about quadratic equations. You will learnto identify quadratic
equationsfrom acollection of given equationsand writethemin standard form. Youwill
asolearnto solvequadrati c equationsand trand ate and solveword problemsusing quadratic
equations.

After studying thislesson, youwill beableto

e identify a quadratic equation from a given collection of equations,
e write quadratic equations in standard form;
e solvequadratic equationsby (i) factorization and (ii) using the quadratic formula;

e solve word problems using quadratic equations.

EXPECTED BACKGROUND KNOWLEDGE

e Polynomids
e Zeroesof apolynomia
e Linear equationsandtheir solutions

e Factorisation of apolynomia

6.1 QUADRATIC EQUATIONS

You aredready familiar with apolynomial of degreetwo. A polynomial of degreetwois
called aquadratic polynomid. When aquadratic polynomia isequated to zero, itiscalled
aquadratic equation. Inthislesson, youwill learn about quadratic equationsin one
variable only. Let us consider some examplesto identify aquadratic equation from a
collection of equations
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Example6.1: Which of thefollowing equations are quadratic equations?
() 3x?2=5 (i x?+2x+3=0
(i) x3+1=3x? (iv)(x+1) (x+3)=2x+1
Notes
1 5
V) X+>=5 V) x2+/x +1=0

Solution:

(i) Itisaquadratic equation since 3x*>=5 canbewrittenas3x*—5=0and 3x*-5 isa
quadratic polynomial.

(i) x2+2x+3=0isaquadratic equation asx?+ 2x + 3, isapolynomial of degree 2.

(iii) x*+ 1 = 3x? can be written asx®*—3x? + 1 = 0. LHS isnot a quadratic polynomial
since highest exponent of x is3. So, theequation isnot aquadr atic equation.

(iv) (x+1) (x +3) =2x + 1lisaquadratic equation, since(x + 1) (x + 3) =2x + 1 can be
writtenas

X°+4x+3=2x+1
o X2+2x+2=0

Now, LHSisapolynomial of degree2, hence(x + 1) (x + 3) =2x + 1lisaquadratic
equation.

1 5
(v) X +; =5 isnot aquadratic equation.

However, it can be reduced to quadratic equation as shown bel ow:

1 5
X+—=—
X 2
2
or X +1—§,x¢0
X

or 2(x*+1)=5x,x=#0

or 2x2-5x+2=0,x%0

(Vi) x2++/x +1=0 is not a quadratic equation as x2 4 ./x +1 IS not a quadratic
polynomia (Why?)
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CHECK YOUR PROGRESS 6.1

1. Which of thefollowing equationsare quadratic equations?

(i) 3x*+5=x3+x (i) J3X2+5x+2=0
’+1 5
(i) By + 1) By -1) =y +1 (iv)xx++1:E

(V) 3x+2x?=5x -4

6.2 STANDARD FORM OF A QUADRATIC EQUATION

A quadratic equation of theformax?+ bx + c=0, a>0wherea, b, c, are constantsand
x isavariableiscaled aquadratic equation inthe standard form. Every quadratic equation
can dwaysbewritteninthe standard form.

Example6.2: Which of thefollowing quadratic equationsarein standard form? Those
which arenot in standard form, expressthem in standard form.

()2+3x+5x2=0 (i) 3x2=bx+2=0
(iii) 7y?=5y =2y +3 (iv)(z+1)(z+2=3z+1

Solution: (i) Itisnot inthe standard form. Itsstandard formis5x2+3x +2=0

(i) Itisinstandardform

(iii) Itisnotinthestandard form. It can bewritten as
7y?—5y =2y +3
or 7y?-5y—-2y—-3=0
or 7y?—7y—-3=0
whichisnow inthestandard form.
(iv) Itisnot standard form. It can berewritten as
z+1)(z+2)=3z+1
or 22+3z2+2=3z+1
or 22+3z2-3z2+2-1=0
or 22+1=0
orz2+0z+1=0

whichisnow inthestandard form.
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CHECK YOUR PROGRESS 6.2

1. Which of thefollowing quadratic equationsarein standard form? Those, which are
not in standard form, rewritethem in standard form:

()3y2—2=y+1 (i) 5-3x—2x2=0
(i) 3t —=1) (3t+1) =0 (iv) 5—x = 3%

6.3 SOLUTION OF A QUADRATIC EQUATION

You have learnt about the zeroes of apolynomial. A zero of apolynomial isthat red
number, whichwhen substituted for the variable makesthevaueof thepolynomia zero. In
case of aquadratic equation, the value of the variable for which LHS and RHS of the
equation becomeequa iscalled aroot or solution of the quadratic equation. You havea so
learnt that if ocisazero of apolynomia p(x), then (x —o) isafactor fo p(x) and conversely,
if (x—o) isafactor of apolynomial, then o isazero of the polynomia. Youwill usethese
resultsinfinding the solution of aquadratic equation. Therearetwo a gebraic methodsfor
finding the solution of aquadratic equation. Theseare (i) Factor Method and (ii) Using the
Quadratic Formula.

Factor M ethod

Let usnow learnto find the solutions of aquadratic equation by factorizing it into linear
factors. Themethod isillustrated through examples.

Example6.3: Solvetheequation (x—4)(x +3) =0
Solution: Since, (x —4)(x + 3) =0, therefore,
dther x—-4=0, or x+3=0
or X=4 or X=-3
Therefore, x =4 and x = — 3 are solutions of the equation.
Example 6.4: Solvethe equation 6x2 + 7x —3 =0 by factorisation.
Solution: Given6x?+ 7x—-3=0
By breaking middleterm, we get
6x2+9x —2x—3=0[since, 6 x (-3)=—18and—18=9x (-2) and9-2=7]
or MX(2x+3)-1(2x+3)=0
or (2x+3)(3x-1)=0
Thisgives2x+3=00r3x—-1=0

x=_2 =t
or > or 3
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3 1
Therefore, X = 5 and X = 3 are solutions of the given equation.

Example6.5: Solvex?+2x+1=0
Solution: Wehave  x*+2x+1=0
or (x+1)?=0
or x+1=0
whichgives x=-1
Therefore, x =—1istheonly solution.

Note: In Examples6.3 and 6.4, you saw that equationshad two distinct solutions. However,
in Example 6.5, you got only one solution. We say that it hastwo solutionsand theseare
coincident.

CHECK YOUR PROGRESS 6.3

1. Solvethefollowing equationsusing factor method.

(H(2x+3)(x+2)=0 (i) x*+3x—-18=0
(ii1) 3x>—4x—-7=0 (iv) x?—5x-6=0
(V) 25x>-10x+1=0 (vi)4x2—8x+3=0

QuadraticFormula

Now youwill learnto find aformulato find the solution of aquadratic equation. For this,
wewill rewritethe general quadratic equation ax? + bx + ¢ =0 by completing the square.

Wehaveax?+bx+c=0

Multiplying both sides by '4a to makethe coefficient of x2 aperfect square, of an even
number, we get

422x2 + dabx + 4dac =0
or (2ax)? + 2(2ax)b + (b)? +4ac=b?  [adding b?to both sides)
or (2ax)? + 2(2ax)b + (b)> = b* — 4ac

o (2ax+b) = {t\/ b? —46\(:}2
or 2ax +b=+/b”* —4ac
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_—bxvb’-4ac

2a

or X

Thisgivestwo solutions of the quadratic equation ax?+ bx + ¢ = 0. The solutions (roots)
ae

—b++/b*—4ac ad —b—+/b*-4ac

2a 2a

Here, the expression (b? — 4ac), denoted by D, is called Discriminant, because it
determinesthe number of solutionsor nature of roots of aquadratic equation.

For aquadratic equation ax®>+ bx + c=0, a= 0, if

—b++/b* - 4ac

(i) D=b?>-4ac>0,theequation hastworeal distinct roots, which are 28

—b-+b?—4ac

2a

and

-b
(i) D=b?—4ac=0,thenequation hastwo real equal roots, each equal to oa

(iii) D = b?—4ac < 0, the equation will not have any real root, since square root of a
negativerea number isnot areal number.

Thus, aquadratic equation will have at the most two roots.

Example6.6: Without determining theroots, comment on the nature (number of solutions)
of rootsof thefollowing equations:

() 3x2—5x—-2=0
(i)2x2+x+1=0
(i) x*+2x+1=0

Solution: (i) Thegiven equationis3x?—5x —2=0. Comparingit withax?+bx + c=0,
wegeta=3,b=—5andc=-2.

NowD=b2—4ac  =(-52-4x3x(-2)
=25+24=49
Since, D >0, theequation hastwo real distinct roots.
(i) Comparingtheequation2x?+x+1=0withax?+bx+c=0,
wegeta=2,b=1c=1
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NowD=bh*-4ac=(1)?-4%x2x1=1-8=-7
Since, D = b?—-4ac < 0, the equation does not have any real root.
iii) Comparing theequationx?+ 2x + 1 =0withax?+bx + ¢ =0,
Notes| (1) Comparingtheeq

wegeta=1,b=2c=1
Now D=b?—4ac=(2)2-4x1x1=0
Since, D =0, the equation hastwo equal roots.
Example6.7: Using quadratic formula, find theroots of the equation 6x>—19x + 15=0
Solution: Comparing thegiven equationwithax?+bx+c=0
Weget,a=6,b=-19,c=15
Now D=b?—4dac =(-19)2—4x6x 15
=361-360=1

Therefore, rootsaregiven by

X

_ —btyb?-dac 19441 19+1
2a

12 12
% rootsare 215 g 19-1_3
foolsare =5 =3 12 2
5 3
Thus, thetwo rootsare§ and >

Example6.8: Find the value of m sothat the equation 3x? + mx —5= 0 hasequal roots.
Solution: Comparing the given equation with ax?+bx +c=0
Wehave,a=3,b=m,c=-5
For equal roots
D=b’—4ac =0
o m—4x3x(-5)=0

or m?=60
Thisgives m=+2./15

Hence, form= +2./15, theequation will have equal roots.
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CHECK YOUR PROGRESS 6.4

1. Without determining theroots, comment on nature of roots of following equations:

2.

w

()3x2=7x+2=0 (i) 4x2=12x+9=0 (iii) 25x2+20x +4=0
(iv)x2=x+1

Solvethefollowing equationsusing quadratic formula

(hy?-14y-12=0 (i) x>=5x=0 (iii)x>=15x +50=0
Find theva ue of m so that thefollowing equations have equa roots:

() 2x*—mx+1=0 (iymx2+3x-5=0

(iii) 3x*—6x+m=0 (iv)2x2+mx—-1=0

6.4 WORD PROBLEMS

Wewill now solve some problemswhichinvolvethe use of quadratic equations.

Example6.9: Thesum of squaresof two consecutive odd natural numbersis74. Findthe
numbers.

Solution: Let two consecutive odd natural numbersbex and x + 2. Since, sum of their
squaresis 74. we have

X2+ (xX+2)2=74
or X2+ X2+4AX+4=T74
or 2X2+4x—-70=0
or x?+2x-35=0
or X2+ 7x—-5x-35=0
or X(X+7)=5x+7)=0
or x+7)(x=-5=0
Thereforex+7=00rx—-5=0

or X==70rx=5

Now, X can not be negative asit isanatural number. Hencex =5

So, thenumbersare5and 7.

Example6.10: Thesum of theareas of two squarefieldsis468 m?. If thedifference of
their perimeter is24 m, find the sides of thetwo squares.

Solution: Let thesidesof the bigger square bex and that of the smaller squarebey.
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Hence, perimeter of bigger square=4x
and perimeter of smaller square= 4y
Therefore, Ax -4y =24

or X—-y=6

or X=Y+6 (D)
Also, since sum of areas of two squaresis468 m?
Therefore, X2+Y2=468 ..o (2
Subgtituting value of x from (1) into (2), weget

(y + 6)2 + y2 = 468

or y?+ 12y + 36 + y? = 468

or 2y?+ 12y —-432=0

or y?+6y—216=0

y= -6++4/36+864 —6++/900

Therefore =
2 2
_ —6%30
or y="—">
-6+30 -6-30
Therefore, y= or

2 2
or y=120r-18
Since, side of square can not be negative, soy =12
Therefore, X=y+6=12+6=18

Hence, sides of squaresare18 mand 12 m.

Example6.11: Theproduct of digitsof atwo digit number is12. When 9isadded to the
number, thedigitsinterchangetheir places. Determinethe number.

Solution: Letthedigit at ten'splace bex

anddigit at unit'splacebey
Therefore, number =10x +y
When digitsareinterchanged, the number becomes 10y + x
Therefore 10x +y +9=10y + X
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or 10x—x+y—-10y=-9
or X -9y =-9
or X—-y=-1
or x=y-1 (1) Notes
Also, product of digitsis12
Hence, Xy =12 (2
Subgtituting value of x from (1) into (2), weget
(y-Dy=12

or y2—y—-12=0

o (y-4((y+3=0
Hence, y=4ory=-3
Since, digit can not be negative, y =4
Hence x=y—-1=4-1=3
Therefore, the number is34.

4
Example6.12: Thesum of two natural numbersis12. If sum of their reciprocalsis 9

find the numbers.
Solution: Let one number bex
Therefore, other number =12 —x

4
Since, sum of their reciprocalsis§ , Weget

i L =ﬂ,x¢0,12—x¢0
X 9

or x(12-x) 9

12 4
or 12x—x> 9
or 12:9=12x— 2

or 27 =12x — x?
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or X2—=12x+27=0
or x=3)(x=9) =0

ltgivesx=30rx=9

When first number x is 3, other number is12 —3 =9 and whenfirst number x is9, other
numberis12—-9=3.

Therefore, therequired numbersare 3and 9.

CHECK YOUR PROGRESS 6.5

1.

The sum of the squares of two consecutive even natural numbersis 164. Find the
numbers.

Thelength of arectangular gardenis7 mmorethanitsbreadth. If areaof the garden
is144 m?, find thelength and breadth of the garden.

Thesum of digitsof atwo digit number is13. If sum of their squaresis 89, find the
number.

Thedigit at ten's place of atwo digit number is2 morethan twicethedigit at unit's
place. If product of digitsis 24, find thetwo digit number.

3
Thesum of two numbersis15. If sumof their reciprocalsis 10 find thetwo numbers.

w

Anequation of theformax?+bx +c=0,a#0and a, b, carerea numbersiscalled
aquadratic equation in standard form.

Thevalue(s) of the variablewhich satisfy aquadratic equation are called it rootsor
solutions.

The zerosof aquadratic polynomial aretheroots or solutions of the corresponding
quadratic equation.

If you can factorise ax? + bx + ¢ =0, a= 0, into product of linear factors, then the
roots of the quadratic equation ax® + bx + ¢ = 0, can be obtained by equating each
factor to zero.

Roots of the quadratic equation ax? + bx + ¢ =0, a= 0 aregiven by

—b++/b*-4ac

2a
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b?>—4aciscalled discriminant of the quadratic equation. ax?+bx +c=0,a=0ltis
usually denoted by D.

(i) If D >0, thenthe quadratic equation hastwo real unequal (distinct) roots.
(i) If D =0, then the quadratic equation hastwo equal (coincident) roots.
(iii) If D <0, then the quadratic equation hasno real root.

E‘J TERMINAL EXERCISE

1. Which of thefollowing are quadratic equations?

(i) y(vBy-3)=0 (i1) 52 ~3/x +8=0

1 .

(iii) 3X—;=5 (iV) X(2x +5) =x?>+5x +7
Solvethefollowing equationsby factorisation method:

(i) x=8)(x+4)=13 (i) 3y>—7y=0

(i) x2+3x—-18=0 (iv)6x?+x—-15=0

Find the value of mfor which 5x2—3x + m =0 hasequal roots.
Find thevalue of mfor whichx?—mx —1=0hasequa roots.
Solvethefollowing quadratic equationsusing quadratic formula
(i) 6x2—=19x +15=0 (i) x*+x-=1=0
(i) 2L +x=2x? (iv) 2x*—x—-6=0
Thesidesof aright angled trianglearex —1, x and x + 1. Find the value of x and hence
thesidesof thetriangle.
the sum of squares of two consecutive odd integersis290. Find theintegers.

Thehypotenuse of aright angled triangleis 13 cm. If thedifference of remaining two
sidesis7 cm, find theremaining two sides.

Thesum of theareas of two squaresis41 cm?. If the sum of their perimetersis 36 cm,
find the sides of thetwo squares.

10. A right angledisoscelestriangleisinscribed inacircleof radius5 cm. Find thesidesof

thetriangle.
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A
ANSWERS TO CHECK YOUR PROGRESS

6.1

1. (i), (iii), (v)

6.2

1. (i) No,3y?~y—-3=0
(iii) No, 62 +t—1=0

Notes

6.3

1. (i)g, -2 (i) 3,—6
: 11
(iv)2,3 (v) s

6.4

1. (i) Tworedl digtinct roots
(i) Twored equa roots
(iii) Twored equa roots
(iv) Noreal roots

2. () 7+4/37 (ii)0,5
9

3. () +242 (i 55

6.5

1. 8,10 2.16m, 9m

4. 83 (v) 5,10

(il) No, 2x* + 2x—5=0
(iv) No, 3x*+x-5=0

(iii)%, -1

(Vi)

N w
N

(iii) 5,10

(ii)3 (iv) Fornovalueof m

3. 85,58

A
ANSWERS TO TERMINAL EXERCISE

1. (), (iv)

. 7
2. (8,4 (@i O, 3

182

.3 5
(iii) 3,—6 (iv) 573
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5.

6. 3,
7. 11,130r-13,-11
8.
9

. 5cm,4cm

Algebra

9
20

For novalueof m

Notes

_1+.45
2

35 7 3
053 (i) (i) 5.3 V) 25

5

5cm, 12cm

10. 5,/2 cm, 5,/2 cm,10cm
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