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Algebra

Notes

ARITHMETIC PROGRESSIONS

Inyour daily lifeyou must have observed that in nature, many thingsfollow patternssuch
as petals of flowers, the holes of ahoney-comb, the spiralson apine appleetc. Inthis
lesson, you will study one special type of number pattern called Arithmetic Progression
(AP). Youwill alsolearntofind genera term and the sumof first ntermsof an arithmetic
progression.

After studying thislesson, youwill beableto

e identify arithmetic progression from a given list of numbers;
e determine the general term of an arithmetic progression,;

e find the sum of first n terms of an arithmetic progression.

PREVIOUS BACKGROUND KNOWLEDGE

e Knowledgeof number system
e Operationson number system

7.1 SOME NUMBER PATTERNS

L et usconsider someexamples.

(i) RitadepositsT 1000inabank at thesimpleinterest of 10% per annum. Theamount
at theend of first, second, third and fourth years, in rupeeswill berespectively

1100, 1200, 1300, 1400

Do you observe any pattern?You can seethat amount increasesevery year by afixed
amount of ¥ 100.
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Arithmetic Progressions

(i) Thenumber of unit squaresinasquarewithsides1, 2, 3, 4, ... unitsarerespectively
1,4,9 16, ...

[l

Canyou seeany patterninthelist of these numbers?You can observethat
1=12,4=22,9=3%16=4% ..

i.e., theseare squaresof natural numbers.
Now consider somemorelistsof numbersandtry to recogniseapatternif possible:

1,3,57,9.... (1)
2,4,6,8, 10 ... @)
1,4,7,10,13 .... ©)
5,3, 1,1, —3... (4
1,3,9, 27,81, ... (5)
2,3,5,7,11, 13... (6)

You can observethat numbersinthelist (1) are odd natural numbers. Thefirst number is
1, second number is 3, third number is 5, etc. All these numbersfollow a pattern. The
patternisthat al these numbers, except thefirst isobtained by adding 2 to its previous
number.

Inlists(2), (3) and (4), each number except thefirst isobtained by adding 2, 3, and -2
respectively toits previousnumber.

In(5), each number, except thefirst isobtained by multiplying 3toitspreviousnumber. In
thelist (6), you can seethat it isthelist of primenumbersand itisnot possibleto giveany
ruletill date, which givesthe next prime number.

Thenumbersinalist aregeneraly denoted by
a,a, a, ., a, .
ottt ..t

which arerespectively calledfirst, second, third and nth termin thelist of numbers. We
sometimes call each of theselistsas sequenceor pattern of numbers.

7.2 ARITHMETIC PROGRESSION

You have seen different typeof patterns. Some patternsfollow definite mathematical rules
to generate next termin the pattern. You will now study one particular type of pattern of
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numbers.Recdl thefollowing patterns.

1,3,5,7,9, ... Q)
2,4,6,8, 10, .... @
1, 4,7, 10, 13,... 3)

You haveobservedthat in (1) and (2), each term except first isobtained by adding 2toits
previousnumber (term). In (3), each term except first isobtained by adding 3toitsprevious
term. The numbersappearing in anumber pattern are called itsterms. Asalready stated
thesetermsare usually denoted by

a,a,a, .. a, ..
ottty et .. ElC

n'*

Thesuffix denotesthe position of theterminthe pattern. Thus, a ort_denotes*n’thterm
of the pattern.

A particular type of patterninwhich each term except thefirst isobtained by adding a
fixed number (positive or negative) to the previoustermiscalled anArithmetic Progression
(A.P). Thefirgt termisusudly denoted by ‘a’ and the common differenceisdenoted by d.
Thus, standard form of an Arithmetic Progressionwould be:

aa+d a+2d a+3d, ...

Example7.1: Inthefollowing list of numbers, find which areArithmetic Progressions. In
caseof AP, find their respectivefirst termsand common differences.

0) 27,12 17,22, ....
(i) 4,0,—4,-8,-12....
(i) 3,7,12,18,25 ...
(iv) 2, 6, 18, 54, 162 ...
Solution:
(i) Itisanarithmeticprogression (AP).
Since7-2=5,12-7=517-12=5and22-17=5

Thus, each term except first isobtained by adding 5to itspreviousterm. Hence, first
terma=2 and common differenced =5.

(i) Weobservethat
0-4=—-4,-4-0=-4,-8—(4)=—4,-12—(-8)=—4
Thus, itisanAPwithfirstterma=4

and common differenced =—4.
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(iii) Youcanseethatinthelist
3,7,12, 18, 25, ...
71-3=4,12-7=5,18-12=6,25-18=7
Thus, difference of two consecutivetermsisnot thesame. Hence, itisnot anAP. Notes

(iv) Inthelist of numbers
2, 6,18, 54, 162, ...
6-2=4,18-6=12

Therefore, differenceof two consecutivetermsisnot the same. Hence, itisnot anAP.

CHECK YOUR PROGRESS 7.1

Whichof thefollowingareAP?If they areinAR, find their first termsand common differences:
1. -5,-1,3,7,11, ...

6,7,809,10, ..

1,4,6,7,6,4, ...

-6,-3,0,3,6,9, ...

7.3 GENERAL (nth) TERM OF AN AP

Let usconsider anAPwhosefirsttermis*a’ and common differencein’d’. Let usdenote
thetermsof APast ,t,,t,,....t ,wheret denotesthenthtermof theAP. Sincefirst term
isa, second termisobtained by adding dtoai.e., a+d, thethird termwill be obtained by
adding ‘d’ toa+d. So, thirdterm will be (a+d) + d=a+ 2d and soon.

El A

Withthis
Firstterm,t, =a za+(1-1)d
Second term, t,=a+d —a+((2-1)d
Thirdterm,t, =a+ 2d =a+(3-1)d
Fourthterm,t, =a+3d —a+(4-1)d

Canyou seeany pattern?\We observethat eachtermisa+ (term number —1) d. What will
be 10thterm, say:

t,=a+(10-1)d=a+9d
Canyou now say “what will bethenth term or genera term?”’

Clearlyt =a+(n-1)d
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Example7.2: Find the 15th and nth termsof the AP
16,11,6,1,-4,-9, ...
Solution: Herea=16andd=11-16=-5

Notes Thus, t. =a+(15-1)d=a+ 14d

15
=16 + 14(-5) = 16— 70

Therefore, 15thtermi.e, t  =—54

Now t =a+(n-1)d
=16+ (n—1)x (-5)=16-5n+5
=21-5n

Thus, nthterm, i.e.,t ==21-5n

Example7.3: Thefirst term of anAPis—3and 12th termis41. Determinethe common
difference.

Solution: Letfirst term of APbeaand commong differencebed.
Therefore, t,=a+(12-1)d=41

or —-3+11d=41 [Sincea=-3]
or 11d=44
or d=4

Therefore, common differenceis4.

Example 7.4: Thecommon difference of an APis5 and 10th term is43. Find itsfirst

term.
Solution: Wehave:
t,=a+(10-1)d
So, 43=a+9x5 [Sinced=5]
or 43=a+45
Hence, a=-2

Therefore, first termis—2.
Example7.5: Thefirsttermof anAPis—2 and 11thtermis18. Find its 15thterm.
Solution: Tofind 15thterm, you need tofind d.

Now t ,=a+(11-1)d

188 Mathematics Secondary Course




MODULE - 1

Algebra
So, 18=-2+10d
or 10d = 20
or d=2
Now t.=a+ 14d Notes
=—2+14%x2=26

Therefore, t,.=26.

Example7.6: If ptimesthe pth term of an APisequal to gtimesthegthterm, provethat
its(p + g)thtermiszero, provided p# Q.

Solution: Wehave:

t,=a+(p-1)d
t,= a+(g-1)d
Since pt,=aft, therefore,
pla+ (p—1)d] = q[a+ (q-1)d]
o pa+p(p-1)d-ga-qg(q-1)d=0
o (p-ga+(EP-g)d-pd+qd=0
o (p-ga+(P’-g)d-(p-)d=0
o (p-ga+t(p-q)(p+gd-(p-gd=0
o (p—q)[at(ptgd-d =0
or at(p+qd-d=0 [asp—-q=0]
or at(p+gq-1)d=0
Since, LHSisnothing but (p + g)thterm, therefore,
t =0

p+q

CHECK YOUR PROGRESS 7.2

1
2.
3.

Thefirst term of an APis4 and common differenceis—3, findits 12th term.
Thefirstterm of an APis2 and 9thtermis 26, find thecommon difference.

The 12th term of anAPis—28 and 18th termis—46. Find itsfirst term and common
difference.

Whichterm of theAPS5, 2,1, ....is—227?
If the pth, gthand rthtermsof anAParex, y and z respectively, provethat:

x(@-n+y(r-p)+z(p-0q)=0
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74 SUM OF FIRST n TERMS OF AN AP

Carl Friedrich Gauss, the great German mathematician, wasin elementary school, when
histeacher asked the classto find the sum of first 100 natural numbers. Whiletherest of
the classwas struggling with the problem, Gauss found the answer within no time. How
Gaussgot theanswer? Probably, hedid asfollows:

S=1+2+3+..+99+100 @)

Writing these numbersin reverse order, we get

S=100+99+98+..+2+1 )

Adding (1) and (2), term by term, we get

25=101+101+ 101 + ... + 101 + 101 (100 times)
=100 x 101

~100x101

orS= 5 = 5050

We shall usethe samemethod to find thesum of first ‘n’ termsof an AP,

Thefirst‘n’ termsof anAPare

aatda+t+2d ..,at+(n-2)da+(n-21)d
L et usdenotethesum of ntermsby S . Therefore,

S =a+(a+d)+(a+2d)+..+[a+(n-2)d] +[a+ (n—-1)d] 3
Writing thesetermsin reverse order, we get

S =[a+(n-1d +[a+(n-2)d] +..+(a+d)+a 4

We now add (3) and (4), term by term. We can seethat the sum of any termin (3) and the
corresponding termin (4) is2a+ (n—1)d. We get

2S =[2a+(n—1)d] +[2a+ (n—1)d] +...+[2a+ (n—1)d] +[2a+ (n—1)d] , ntimes
or 2S =n[2a+ (n—1)d]

orSn:2[2a+(n—1)d],

which givesgenera formulafor finding thesum of first* n’ termsof anAP.

Thiscan berewritten as
n
S=5 [a+{a+ (n—1)d}]

n
:E(a+tn), [asn"termt =a+ (n—1)d]
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Sometimes, nthtermisnamed aslast term andisdenoted by ‘I’. Thus:

s =+
= 2+ @

Example7.7: Findthesum of thefirst 12 termsof thefollowing AP
(i) 11, 16, 21, 26 ....
(i) — 151, — 148, — 145, — 142
Solution: (i) ThegivenAPis
11, 16, 21, 26 ....
Here, a=11,d=16—-11=5andn=12.

You know that sum of first ntermsof anAPisgiven by

s.= g[2a+ (n=1)d

12
Therefore, S,= > [2x11+(12-1)5]

=6[22+55] =6 x 77 = 462
Hence, required sumis462.
(i) ThegivenAPis
— 151, — 148, — 145, - 142
Here, =-151,d=-148—-(-151) =3and n=12.
Weknow that

n
S = 5 [2a+ (n—1)d]
Hence, sum of first 12 termsis
12
S,= ?[2 x (—151) + (12-1)3]

= 6[— 302 + 33] = 6 x (—269)
=-1614
Therefore, required sumis—1614.
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Example 7.8: How may termsof theAP 2,4, 6, 8, 10 .... are needed to get sum 210?
Solution: ForthegivenAP, a=2,d=2and S =210.
Wehave S = =[2a+(n—1)d]
Notes ' 2

n
or 21O:E[Z><2+(n—1)2]

or 420 =n[2n + 2]
or 420=2n*+2n
or 2n?+2n-420=0
or n?+n-210=0
or N+ 15n—-14n-210=0
or n(n+15)-14(n+15)=0
or (n+15(n-14)=0
or n=-150orn=14
Since, n cannot be negative, so, n=14
Therefore, first 14 terms are needed to get the sum 210.
Example7.9: Findthefollowingsum
2+5+8+11+...+59
Solution: Here2,5, 8,11, ...aeinAPanda=2,d=3andt =59.
Tofindthesum, you need to find thevalueof n.
Now, t =a+(n-1)d
So, 59=2+(n-1)3
or 59=3n-1
or 60=3n
Therefore, n=20

n
Now, S = 5 [2a+ (n—1)d]

20
or S, = 7[2><2+(20—1)3]
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or S,, = 10[4 + 57] =610
Therefore, required sumis610.

Example7.10: Findthesumof al natural numbersbetween 1 and 1000whicharedivisble
by 7.

Solution: Here, thefirst number whichisdivisibleby 7is7 andlast number, whichis
divisbleby 7is994. Therefore, thetermsto be added are

7,14, 21, ...., 994
Hee a=7,d=7,t =994
Now t =a+(n-1)d
or 994 =7+ (n-1)7
or 994 ="7n
Thisgivesn=142.

Now, S, =g[a+l]

= % [7+994] = 71x1001

=71071
Therefore, required sumis71071.

Example7.11: Thesum of first threetermsof an APis36 and their product is1620. Find
theAP.

Solution: We cantakethreetermsof theAPasa, a+ dand a+ 2d. However, the product
will berather difficult and solving thetwo equationss multaneoul sy will betimeconsuming.
Theedegant way isto assumethefirst threetermsasa—d, aand a+ d, so that the sum of
threetermsbecomes 3a

Let first threetermsof theAPba—d,aanda+d
Therefore, a—d+a+a+d=36
or 3a = 36,
whichgives a=12
Now, since product is 1620, we have:
(a—d)a(a+d)=1620
or (12-d) 12 (12 + d) = 1620
or 122 —d* =135
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or 144 — d? = 135
or d*=9
Therefore, d=3o0r-3
If d=3, thenumbersare12-3,12and 12+ 3
i.e. 9,12, 15(Sincea=12)
If d=-3, thenumbersarel5, 12 and 9
Therefore, thefirst threetermsof theAP 9, 12, 15and 15, 12,9
satisfy the given conditions.

CHECK YOUR PROGRESS 7.3

1.

Findthesum of first 15 termsof thefollowing APs:

()11,6,1,—-4,-9...

(i) 7,12,17, 22, 27 ...

How many terms of theAP 25, 28, 31, 34, .... are needed to give the sum 1070?
Find thefollowing sum:

1+4+7+10+....+118

Find thesum of al natural numbersupto 100 which aredivisbleby 3.

Thesum of any three consecutivetermsof anAPis21 and their productis231. Find
thethreetermsof theAP.

Of thel, a,n,dand S, determinethe onesthat are missing for each of thefollowing
arithmetic progression

()a=-2,d=5,S =568,
(i)l =8n=85=-20
(iii) a=—3030, | =— 1530, n =5

wIiN

(iv)d==,1=10,n=20

[CR 5 b o

A progressioninwhich eachterm, except thefirst, isobtained by adding aconstant to
theprevioustermiscaledan AP,

Thefirst term of an APisdenoted by aand common difference by d.
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e The'n’thtermof anAPisgivenbyt =a+(n-1)d.

n
e Thesumof first ntermsof anAPisgivenby S = B [2a+ (n—1)d]

e Thesumof anAPwhosefirsttermisaandlast termis| and number of termsisnis Notes

n
givenby S = E(a+ 1

E‘J TERMINAL EXERCISE

1. Whichof thefollowing patternsare arithmetic progressions?

()2,5,8,12,15, ....
(ii)-3,0,3,6,9.....
(i) 1,2,4,8, 16, .....
2. Writethenthterm of each of thefollowing arithmetic progressions:
(i) 509,13,17, ...

(i—7,-11,-15,-19
3. Thefourthterm of anAPisequd tothreetimesitsfirst term and seventh term exceeds
twicethethirdterm by 1. Find thefirst term and common difference.

4. Thebthterm of an APis 23 and 12th term is 37. Find the first term and common
difference.

5. Theanglesof atrianglearein AP. If thesmallest angleisone-third thelargest angle,
findtheanglesof thetriangle.

6. Whichtermof AP
(i) 100, 95, 90, 85, ....,is—25?

7. Thenthtermof anAPisgivenbyt =a+bn. ShowthatitisanAP. Finditsfirstterm
and common difference.

8. If 7timesthe 7th term of an APisequal to 11 timesthe 11th term, show that the 18th
termiszero.

9. Eachtermof anAPwhosefirst termisaand common differenceisd, isdoubled. Isthe
resulting pattern an AP?If so, find itsfirst termand common difference.

10. If k + 2, 4k — 6 and 3k — 2 are three consecutive terms of an AP, find k.
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11. How many termsof theAP:

() 1,4,7,10, .... are needed to get the sum 715?

(i) -10,-7,-4,-1, ..... are needed to get the sum 1047
12. Find thesum of first 100 odd natural numbers.

13. Inan AP, a= 2 and sum of thefirst fivetermsisone-fourth the sum of the next five
terms. Show that its20thtermis—12.

5
[Hint: If APisa, a+d,a+2d, ..., then S, = 5 [a+ (a+4d)]

Inthenext fiveterms, thefirsttermisa+ 5d andlast termisa+ 9d.
14. If sumof first ntermsof anAPis2n + 3r?, find rthtermof theA.P.[Hintt =S —S ]
15. Findthesum of al 3-digit numberswhich leavetheremainder 1, when divided by 4.
[Hint: Firstterm =101, last term = 997]

)
ANSWERS TO CHECK YOUR PROGRESS

7.1

1. a=-5,d=4
2. a=6,d=1
3. NotanAP

4. a=-6,d=3

1. -29 2. 3 3.5 -3 4. 10" term

1. (i)—360 (ii) 630
2. 20

3. 2380
4. 1689

5 3,7 110r11,7,3

6. (i)n=16,1=73 (iya=-3,d=3

. 3 220
(iif) d =375, § =-11400 (ivia= —g,Sn=?
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ANSWERS TO TERMINAL EXERCISE
1. (i)
2. ()t=4n+1 (i)t = —4n-3 Notes
3. 3,2
4. 15,2
5. 30°, 60°, 90°
6. (i) 26"term (i) 25" term
7. a+b,b
9. Yes, firstterm=2a, common difference=2d
10. 3 11. (i) 22 terms (i) 13terms
12. 10,000 14.6r-1 15. 123525
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Mathematics

Practice Work-Algebra

Maximum Marks: 25 Time : 45 Minutes

Instructions:

1. Answer all the questions on a separate sheet of paper.
2. Give the following informations on your answer sheet
Name
Enrolment number
Subject
Topic of practice work
Address

3. Getyour practice work checked by the subject teacher at your study centre so that
you get positive feedback about your performance.

Do not send practice work to National Institute of Open Schooling

1. The value of a if (x —a) is a factor of x®* —ax’ + x*—ax*+ 3x—a+2,is 1
Aa=1
B)a=-1
(C)a=2
(D)a=-2
1
2. Thereciprocal of W is 1

(A) (‘ %jz
(3
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(©) (-5/3)*

3 -2
D) (g)

Notes
3. InanA.P, the sum of three numbersis 15 and their product is45. Then the three
numbersare 1

(A) 1,3, 15
(B) 2,4,9
() 1,5,9
(D)0,5,9

x-1 1
. 2y——
4. Ify X+1,then y 2y isequal to 1

3x?-10x-3

(A) 2(x? —1)

3x% —10x+1
x?2 -1

(B)

3x?+10x+3

©) 2(x*~1)

3x* —10x+3

D) g1

4x*-25

5. Thelowest form of theexpresson ————— = is
PO e+ 11x =15

2X-5
X+3

(A)

2X+5
X+3

(B)

2X-5
X-3

(®)
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D 2X—-5
©) xX-3

7 -3 8 -11 7 X
, Y «[8) (1.
Find x, so that (8) (7j (8) : 2
Find threeirrational numbersbetween /3 and /8. 2
The HCF of two polynomialsis (x—2) and their LCM isx* + 2x3—8x — 16. If one of
the polynomidsisx®—8, find the other polynomial. 2

. . .90

Thesum of anumber anditsreciprocal is = find the number. 2

10. Thelength of arectangleis5 cmlessthantwiceitsbreadth. If the perimeter is110 cm,

find theareaof therectangle. 2

11. Show that thesum of an APwhosefirst termisa, thesecondtermisb and thelast term

(a+c)b+c-2a)
2(b—a)

isc,isequa to 4

12. Had Ajay scored 10 more marksin histest out of 30 marks, 9 times these marks

would have been the square of hisactual marks. How many marksdid heget inthe
test? 6
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It is a common saying by elders keep your expenditure, less than your income. The
latent meaning of this is to save something for difficult times. You must have seen
birds and animals saving eatables for rainy season, in their nests or caves. Taking
the lead from this, the students have been told about the importance and need of
savingsin this module

Many Indian mathematicians have worked on the topic of commercial Mathematics.
Yodoksu (370 B.C.) worked on fractions and ratio and proportion. In the reigns of
Ashoka and Chandragupta, there is a description of levying taxes. There is a
description of many mathematicians working on practice and proportion (like
Aryabhatt, Mahavira, Brahmgupta, Sridharacharya). In 900 A.D., Bakhshali
Manuscript was discovered which had a number of problems on Commercial
mathematics.

To keep your savings safeisanother tough task. Banksand other financial institutions
keep the money of their customers and on the expiry of the period pay extra money,
called interest, in addition to the money deposited. This encourages citizensto save
and keep the money safe. Thisis why calculation of interest on depositsin banksis
included for teaching.

The Government provides a number of facilities to the citizens. For that they levy
certain taxes on citizens. One of these taxes is sales tax to which the learners are
introduced in this “ module. Financial transactions about buying and selling are
generally donefor profit. Dueto greater supply of goods or sub-standard goods they
are to be sold on loss. The learners are, therefore, introduced to percentage and
profit and loss. Sometimes we have to buy articles on instalments because of non-
availability of adequate funds. Dueto thisthe students aretaught to calculate interest
when they buy articles on instalment plan. Sometimes when we are not ableto return
loaned money on time, the financer starts charging interest on interest also, which is
called compound interest. Due to this the study of compound interest has been
included in this module. The formulae of compound interest is also used in finding
increase or decreasein prices of things. Thisisalso taught under “ Appreciation and
Depreciation” of value.
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