MODULE - VI
Algebra-Il

INVERSE OF A MATRIX AND ITS

Notes

APPLICATIONS

Let us Consider an Example:

Abhinav spends Rs. 120 in buying 2 pens and 5 note books whereas Shantanu spends Rs.
100 in buying 4 pens and 3 note books.We will try to find the cost of one pen and the cost of
one note book using matrices.

Let the cost of 1 pen be Rs. x and the cost of 1 note book be Rs. y. Then the above information
can be written in matrix form as:

Lab- b

This can bewrittenas AX =B

25 N X 4B 20
= L] = an =
where A 43 y 100

X
Our aimisto find X= MYB

Inorder to find X, we need to find a matrix p-1sothat X= p1B
This matrix A'is called the inverse of the matrix A.

In this lesson, we will try to find the existence of such matrices.We will also learn to solve a
system of linear equations using matrix method.

%)) FRESIES

After studying this lesson, you will be able to :

° define a minor and a cofactor of an element of a matrix;

° find minor and cofactor of an element of a matrix;
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find the adjoint of a matrix;

° define and identify singular and non-singular matrices;

o find the inverse of a matrix, if it exists;

° represent system of linear equations in the matrix form AX = B; and
° solve a system of linear equations by matrix method.

° Concept of a determinant.

° Determinant of a matrix.

o Matrix with its determinant of value 0.

° Transpose of a matrix.

o Minors and Cofactors of an element of a matrix.

22.1 DETERMINANT OF A SQUARE MATRIX

We have already learnt that with each square matrix, a determinant is associated. For any given

2 5
matrix, say A = 43

2 5
its determinant will be |, 3‘ . Itis denoted by |A|.
1 3 1
Similarly, forthematrix A = |2 4 5}, the corresponding determinant is
1 -1 7
1 3 1
|Al=2 4 5
1 -1 7

Asquare matrix A is said to be singular if its determinant is zero, i.e. |A| = 0

Asquare matrix A is said to be non-singular if its determinant is non-zero, i.e. |A| # 0

=)o) 278 Determine whether matrix A is singular or non-singular where
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5 3 1 2 3

(a)A=M_4 _ZB ) A=llo 1 2

1 4 1
_ |A|—_6 -3
Solution: (a) Here, |[A = 4 9

= (-6)(2) — (4)(-3)
=-12+12=0

Therefore, the given matrix A is a singular matrix.

(b)

= _7+4-3=_640

Therefore, the given matrix is non-singular.

=ENo) 78 Find the value of x for which the following matrix is singular:

1 -2 3
A=ll1 2 1
x 2 =3
Solution: Here,
1 -2 3
A=1 2 1
X 2 =3
2 1 1 1 1 2
2 —3+2‘x —3‘+3x 2‘
=1(-6-2) +2(-3-x) +3(2-2x)
=—-8-6-2x+6-6X
=—-8-8x

:1‘
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Determinants

MODULE - Vi Since the matrix A is singular, we have |A| = 0
Algebra-Il
|A| =-8-8x=0
or x=-1
Thus, the required value of xis—1.
Notes

1 6
eI PPEE Given A = MS 28. Show that | Al = |A’|, where A’ denotes the

transpose of the matrix.
Solution: Here, A Lo
olution: Here, A =
3 2
o 1 3
Thisgives A" =
6 2
6
Now, A= ‘3 2‘ —1x2-3x6=-16 (1)
A "t J 1x2-3x6--16
= = X — X = —
and 6 2 -.(2)

From (1) and (2), we find that |A| = | A'|

22.2 MINORS AND COFACTORS OF THE ELEMENTS OF
SQUARE MATRIX

Consider a matrix
33

The determinant of the matrix obtained by deleting the ith row and jth
column of A, is called the minor of a,and is denotes by M, .

Cofactor C; of a; is defined as

Cij = (_:I-)i+j Mij

a; &,

For example, M, = Minorofa,, =
83 8y

and C,, = Cofactor of a,,
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= (—1)2 : M,, = (—1)5 M., M., a, a, 9
2 5
='¢1o] PPN Find the minors and the cofactors of the elements of matrix A= 6 3
Notes

2 5
Solution: For matrix A, |A| = M6 35 =6-30=-24

M,, (minorof2)=3; C, = (-1)"* M, = (-1)* M, =3
M,, (minor of5)=6; C, = (-1)** M, = (-1)° M,= -6
M,, (minorof6) =5; C,, = (-1)** M,, = (-1)*M,,= -5

M,, (minorof3)=2; C,, = (-1)**M,, = (-1)* M,,=2

SE ol WV Find the minors and the cofactors of the elements of matrix

-1 3 6
A=)l2 5 -2
4 1 3

S M. =
Solution: Here, Vi1 ‘1 3

‘ —15+2=17,C, = (-)*' M, =17

2 -2

M. =, ‘ =6+8=14;C, = (-1)"* M, = -14

2
. j ~2-20--18;C, = (- M,, - 18

3 . 2+1
M21: 1 3:9_6:3’ C21:(_1) MZl:_3
—1 6 2+2
I\/l22 = 4 3 :(—3—24) = _27’ sz = (_1) M22 =-27
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Algebra-|l M, = ‘ g =112 =18 Cy = (-7 M, =13
My, = ‘3 6| _ (-6-30)=-36; C,, = (-1)*'M,, =36
31715 21 - v 31 T 31—
Notes
-1 6 3+2
M,, = s o =(2-12) = -10; C,, = (-1)™" M,, =10
and My, = ‘_2 ;‘ =(-5-6)=-11,C,, = (_1)3+3 Mg =-11
r1
WX CHECK YOUR PROGRESS 22.1
1. Find the value of the determinant of following matrices:
4 5
0 6
_ B=|-1 O
@ A= M 8 (b)
2 5 2 1
2. Determine whether the following matrix are singular or non-singular.
3 9 1 -1 2
(@ A:M9 68 (b) Q=2 3 1
4 5 -1
3. Find the minors of the following matrices:
3 - 0 6
a A= b B=
o af A v oefd
4. (@ Find the minors of the elements of the 2" row of matrix
1 3
A=|-1 0 4
-2 -3 1
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(b) Find the minors of the elements of the 3 row of matrix

2 -1 3
A=ll5 4 1
-2 0 -3
5. Find the cofactors of the elements of each the following matrices:
@ A 3 -2 ) 5 0 4
a = =
9 7 -5 6
6. (@) Find the cofactors of elements of the 2™ row of matrix
2 0 1
A=J-1 3
4 1 -2

(b) Find the cofactors of the elements of the 1st row of matrix

2 -1 5
A=ll6 4 -2
5 -3 0

2 3 -2 3 .
7. If A= and B = , verify that
[0 ool
@  [A=|Afand [B]=[B[ () [AB[=|A[|B|=[BA
22.3 ADJOINT OF A SQUARE MATRIX

21‘

2 1 )
Let A= be a matrix. Then |A| =
5 7 5 7

Let M, and C, be the minor and cofactor of a, respectively. Then
M, = |7| =7,C, = (-)** |7| =7
M, = |5| =5,C, = (-1)*? |5| =-5

M,, = |1| =LCy = (_1)2+l |1| =-1
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MODULE - VI rer
Algebra-I] My, =[2 =2, C, = (1) 2| = 2
We replace each element of A by its cofactor and get
o M7 55 "
Notes -1 2

The transpose of the matrix B of cofactors obtained in (1) above is

B’—M7 - 2
=15 (2

The matrix B’ obtained above is called the adjoint of matrix A. It is denoted by Adj A.

Thus, adjoint of a given matrix is the transpose of the matrix whose elements are
the cofactors of the elements of the given matrix.

Working Rule: To find the Adj A of a matrix A:
(a) replace eachelement of A by its cofactor and obtain the matrix of
cofactors; and

(b) take the transpose of the marix of cofactors, obtained in (a).

= Elo] VAN Find the adjoint of

-4 5
A =
I
4 5
2 -3

Solution: Here, |A| =‘ ‘ Let Aij be the cofactor of the element a;

Then, A= (DM (-3)=-3 A, =(-D* (5)=-5

A, =(-D"2=-2 A, =(-D)*"(-4)=-4

We replace each element of A by its cofactor to obtain its matrix of cofators as

M—s _2 .
. (1)

m MATHEMATICS



Transpose of matrix in (1) is Adj A. MODULE - V1
Algebra-Il
, -3 -5
Thus, Adj A =
-2 4
b2 Notes
SEEPPNA Find the adjoint of A=1-3 4 1
5 2 -
Solution: Here,
1 -1 2
A= |-3 4 1
5 2 -1

Let Aij be the cofactor of the element a of W

114 1 1+2_3 1
Then Au=(-D") _]J=(—4—2)=—6; A, = (-9 _]J=—(3—5)=2
- 1“3_3 H_ 6 —20) =—26 — (-D* 2| _ 1-4)=3
As=(D"  =(-6-20)=-26; A =1 ©/=(-1-4)=
—1”12—110—11 —12+3l_—25—7
Ao = (D77 = (110 =115 Ag=(-D7 [=~(2+5)=-
= (1> 2—18—9 _ |t 2—16—7
Au= (D™ = (1-8)=-9; A, =(-D* | [[=-+6)=-
3+31 -
and A =(-1) 3 4]1=(4—3):1

Replacing the elements of A by their cofactors, we get the matrix of cofactors as

-6 2 -26 -6 3 -9
-9 -7 1 -26 -7 1

If Ais any square matrix of order n, then A(AdjA) = (AdjA) A=Al

where In is the unit matrix of order n.
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A 2 4
(1)  Consider A=} | 4

2 4
NOTes | Then [Al=|_; g or|Al=2x3-(-1) x (4) =10

Here, A11:3; A =LA =-4 and A22:2

3 -4
Therefore, AdjA=

1 2
2 43 4] [10 0 1 0
Now, A (AdjA)= 1 311 2 - 0 10 =10 0 1 :|A|I2
3 5 7
2  Consider, A= 2 3 1
1 1 2

Then, |A| =3(-6-1) -5(4-1) +7(2+3) = -1
Here, A = -7;A,= -3;A =5

A= -3A=-1A=2

A, =26, A=11 A= 19

-7 -3 26
Therefore, AdjA= So-tA
5 2 -19

3 5 U7 -3 26

Now (A)(AdjA)= (2 3 | -1 H
1 1 2 5 2 -19

-1 0 O 100
40 -1 0 =(-1) 010 = Al
0 0 - 0 01
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- 8 26§ 43 5 7 Algebra-Il
Ao, (AdjayA =|3 -1 11g §2 -3 1
5 2 190 f1 1 2
-1 0 O 1 00
_ _ Notes
0 -1 0do(qyf0 1 Ooja
0 0 -1 0 01

Note : If Ais a singular matrix, i.e. |A|=0, then A(AdjA)=0

Q
WX CHECK YOUR PROGRESS 22.2

1. Find adjoint of the following matrices:

MZ _ Ma b Mcow sina
@3 6 ®) N ¢ © N _sina cosa

2. Find adjoint of the following matrices :

1 2 i i
(a)Mﬁ 1B(b)mi iB

Also verify ineach case that A(Adj A) = (AdjA) A=|A]L,.
3. Verify that
A(AdjA) = (AdjA) A=|A| I, where Alis given by

6 8 -1 2 7 9
() 0 5 4 (b) 0 -1 2
-3 2 0 3 -7 4
cosa —sSina O 4 -6
© sinaa cosa O (d) -1 -1 1
0 0 1 -4 11 -1
22.4 INVERSE OF A MATRIX

a b
Consider a matrix A= M C dB. We will find, if possible, a matrix
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B

Xy
UV suchthat AB=BA=1

|

ax +bu ay+hbv 10
cx+du cy+avl o 1

On comparing both sides, we get

@

0]

=

ax + bu=21lay + bv=0
cx +du=0 cy +dv=1

Solving for x, y, u and v, we get

d -b —C a

X = Y U= V=
ad —bc ad —bc ad —bc ad —bc

a b
provided ad —bc #0, i.e., 20

c d
d —b
_ ad—bc ad-bc)
ThUS, B —C a )
ad —bc ad—bcj

a1 Md b
or “ad-bcll-c a

It may be verified that BA= 1.
It may be noted from above that, we have been able to find a matrix.
1 d -b 1 ..
=— - —Adj A
ad —bc M—c a H |A . (1)

This matrix B, is called the inverse of A and is denoted by A™.

For a given matrix A, if there exists a matrix B such that AB = BA =1, then B is
called the multiplicative inverse of A. We write this as B= A™.

MATHEMATICS



Note: Observethatifad — bc = 0, i.e., |A| =0, the R.H.S. of (1) does not exist and
B (=A*) is not defined. This is the reason why we need the matrix Ato be non-singular
in order that A possesses multiplicative inverse. Hence only non-singular matrices possess
multiplicative inverse. Also B is non-singular and A=B™.

SEllo) [PRR Find the inverse of the matrix
4 5
A=l -3
4 5
Solution : A=

2 -3

Therefore, |A| = -12 -10 = -22 £0

~.Aisnon-singular. It means A has an inverse. i.e. A exists.

-3 -5
Now, AdjA =

-2 4
3>
Aflziade:i S |22 2
A 2|2 4] |1 2
11 11

Note : Verify that AA* = A*A =1

=Elo) GPAE Find the inverse of matrix

3 2 2

A=J1 -1 6

5 4 -5
3 2 2

Solution : Here, A=fl -1 6
5 4 -5

|Al= 3(5 -24) -2(-5 -30) -2(4+5)
= 3(-19) -2(-35) -2(9)
= -57+70-18
= -5=%0

A~ Lexists.
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MODULE - VI Let Ai]. be the cofactor of the element a.
Algebra-Il Then
-1 6
— _11+1 :5_24:_19
A= (D", _5‘ |
Notes 1 6
— _1 1+2 - _ _5_30 :35
A = (D7 | _5‘ ( ) =35,
1 —
— _1 1+3 :4_5: 9
As = (D j |
2 -2
= (-1 = —(-10+8) =2
A =D, _5‘ ( )
3 —
Aﬂ:(—l)2+2 5 ‘ =-15+10=-5,
3 2
:_12+3 :_12_102_2
Ay = (-1) c 4‘ ( )
2 -2
A, = (D) 6‘:12—2=1o,
—_(_ 3+23 _2 _ _
A =(-1) =—(18+2)=-20
32 1 6
3 2
and A, = (-1 1 —JJ =-3-2=-5
-19 35 9 -19 2 10
Matrix of cofactors = S 2 . Hence AdjA= 3 -5 20
10 -20 -5 9 -2 _5
9 2
1 L -19 2 10 5 5
: A1=W.Adj A:_5 35 -5 -—200 =|-7 1 4
9 -2 -5 2 2z
L 5 5 |

MATHEMATICS



Note : Verify that AA = AAT=1, MODULE - VI
Algebra-Il
1 0 -2 1
(i) (AB) ! ([iBTA™ (i) Is(AB) ' =B 'A™'? Notes

1 Ogy2 1
Solution : (i) Here, AB = 2 _ 0o -

-2+0 1+0 -2 1
“Na+0 2427 -4 3
2

Bl =,

j:—6+4 =_220.

Thus, (AB)™ exists.
Let us denote AB by C;

Let C, be the cofactor of the element C; of|C|.
Then, C=(-1)"@3)=3 C,,
C

(-1 ()= -1

C=(-1)"(-4)=4 =(-1)"?(-2)= -2
3 -1
Hence, Adj (C) = 4 2
-3 1
3 -1 |= =
cl=%Adj(c)=i2[4 2} 2 2
] B B 2 1
S 1
cl=@B)'=|2 2
(AB) o

(i)  TofindB™A™, firstwe will find g-t.
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-2 1 -2 1
Now. B= 0 - - Bl = 0 - =2-0=2=0

B exists.
Let B;; be the cofactor of the element bij of |B]

then B, =(-1)(-1)=-1 B, =(-12(1)=-1
B,=(-1)*(0)=0and B, =(-12?(-2)= -2

_ -1 -1
Hence, Adj B= 0 -2

o2t
Bl_i.Aij=%M =| 2 2
Bl -2 o 1

1 0
Also, A= MZ lH Therefore, |A|= ) —JJ =1-0=-1 =£0

Therefore, At exists.
Let A; be the cofactor of the element a, of |A|

then A, =(-1)"(-1)=-1 A, =(-1)*1(0)=0
A,= ()" (@)=-2and A =(-1*?(1)=1

_ -1 0
Hence, Adj A= 2 1

10§ |2 o
:>Al=iAde:_l1M B—M B

A 2 1) 2 -1
- 1 i 0] 14041 ) = 1
Thus, =| 2 2|, MK 2=l 2 2
0 -1 0-2 0+1| |-2 1

(i) From (i) and (ii), we find that

1
(AB)il:BilAil:= 2 2
-2 1

1,-1

Hecne, (AB) '=B ‘A

MATHEMATICS
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@4 CHECK YOUR PROGRESS 22.3 gebra

1. Find, if possible, the inverse of each of the following matrices:
@ M; 28 © M:; _248 © Mi _OLB Notes
2. Find, if possible, the inverse of each of the following matrices :
1 0 2 3 -1 2
@ 2 1 3 (b) 5 2 4
4 1 2 1 -3 -2

Verifythat o-1a = AA~t = | for (a) and (b).

1 2 3 2 -1 0
3. If A= |0 14 and B= 1 4 3 ,verifythat(AB)‘lzB‘lA‘1
3 1 5 3 0 -2
1 -2 3
4, Find (A" if A= 0 -14
-2 2 1

. b+c c-a b-a
c-b c+a a-b

5. If A= and B =9
b-c a-c a+b

011
1 01
1 10
showthat oga! isadiagonal matrix.

cosx -sinx O
6.  Ifo(x)=|sinx cosx 0D, showthat [¢(x)] =¢(-x).
0 0 1

1 tanx AA COS2X —sin2x
T MASE gy g [ Showthat ~flsin2x  cos2x
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a b
8 If A= MC 1+bc , show that aA "' =(a2+ bc + 1) 1 —aA
a
-1 2
9 fa=ft 1 ,show that A "= A2
0 1
-8 1 4
10. If A= g 4 47 ,showthat A™ = A’
1 -8 4

22.5 SOLUTION OF A SYSTEM OF LINEAR EQUATIONS

In earlier classes, you have learnt how to solve linear equations in two or three unknowns
(simultaneous equations). In solving such systems of equations, you used the process of elimination
of variables. When the number of variables invovled is large, such elimination process becomes
tedious.

You have already learnt an alternative method, called Cramer’s Rule for solving such systems of
linear equations.

We will now illustrate another method called the matrix method, which can be used to solve the
system of equations in large number of unknowns. For simplicity the illustrations will be for
system of equations in two or three unknowns.

22.5.1 MATRIX METHOD

In this method, we first express the given system of equation in the matrix form AX = B, where
A is called the co-efficient matrix.

For example, if the given system of equationisa x +b,y=c and a,x + b,y =c,, we express
them in the matrix equation formas:

Mal b, MX _Mcl
a2 b2 y - CZ

al bl X Cl
Here, A= a, bz , X= y and B = c,

If the given system of equationsisa x+ b, y+c z=d,a,x+b,y+c,z=d,and
a,X+b.y+c,z=d,thenthis system is expressed in the matrix equation form as:

m MATHEMATICS



a, b cpkxyg hd,

a, bz CElYE = d2

a, b, c\z d,

a b ¢ X d,
Where, A = a, b, ¢ X = y and B= d,

a, b, c z d,

Before proceding to find the solution, we check whether the coefficient matrix A is non-singular
or not.

Note: If Ais singular, then |A|=0. Hence, A does not exist and so, this method does not
work.

Mai b, MX Mcl
Consider equation AX = B, where A = X = and B =
q a2 b2 y CZ

When |A] 0, i.e. whena b,_a b # 0, we multiply the equation AX = B with A* on both side
and get

AY(AX) = A'B
=  (ATA)X=AB
=  IX=AB  (--AlA=I)
= X=A1B
Since A" = ;M " _blj we get
ab,—-ab\-a, a

bz C, _bl C,
X B 1 bz(;l_blc2 _ a1b2_a2b1
y - a1b2 - azbl —a,C, +a,G, M
a bz —a, bl

b,c, —bg, a,c, —a,c,
Hence, x = ap, —ab, and y= ap, —ab,

MATHEMATICS
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MODULE - VI | RSETSP2EEN Using matrix method, solve the given system of linear equations.
Algebra-Il
4x -3y =11
X+7y=-1

Solution: This system can be expressed in the matrix equation formas

A
SO A B« P

S0, (i) reduces to
AX=B (iii)
A=l _]=28+9=37%0
Now, |Al ‘3 73‘
Since |A| =0, At exists.

Now, on multiplying the equation AX = B with A* on both sides, we get
Al (AX) =A'B
(A1 AX = A'B

Le. IX=A'B
X=A'B

1 )
Hence, X= W (Adj A) B

IR
yR L I

So, x=2,y= — lisunique solution of the system of equations.

=)ol MM VA Solve the following system of equations, using matrix method.

X+2y+3z2=14
X—-2y+z=0
2X+3y—-z=5

MATHEMATICS




Solution : The given equations expressed in the matrix equation formas:

1 2 3H X 14
1 -2 1 =10 .
y ()
2 3 -1z 5
which is in the form AX =B, where
1 2 3 X 14
a=it 2 1R x={YR andB=||°
2 3 - z 5
X=A"B ... (ii)
Here, |A|=1(2-3) -2(-1-2)+3(3+4)
=26%0
Alexists.
-1 11 8
Also, Adj A=|3 -7 2
7 1 -4
. x=A"1g=1 adiAB
Hence, from (ii), we have | '64 )
-1 11 8yul4 . 26 1 X
X=—I3 -7 2 oU =—=—1IB2D = lI2 y
26 26 or,
7 1 495 78 3 Z

Thus, x=1, y =2 and z = 3 is the solution of the given system of equations.

22.6 CRITERION FOR CONSISTENCY OF A SYSTEM OF

EQUATIONS

Let AX =B be asystem of two or three linear equations.

Then, we have the following criteria

MODULE - VI
Algebra-Il
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® If|A |0, then the system of equations is consistent and has a unique
solution, given by X=A"B.

2 If |A| = 0, then the system may or may not be consistent and if
consistent, it does not have a unique solution. If in addition,

(@) (AdjA) B = O, then the system is inconsistent.

(b) (AdjA) B =0, then the system is consistent and has infinitely
many solutions.

Note : These criteria are true for a system of'n' equations in 'n' variables as well.

We now, verify these with the help of the examples and find their solutions wherever possible.
S5x+7y=1
@ ox_3y-3

5

0 i
5 _3 Here, the matrix

This system is consistent and has a unique solution, because

amons ) fHH-13

ie. AX =B e ()

S 7 X 1
where, A= o g X= y and B = 3

Here, |A|=5x(-3) -2x7=-15-14=-29%0

-1 1 1 43 -7
andA T =—AdA=—r0 ... (ii)

Clae P

From (i), wehave X = A™'B

24
X 1 -3 - 7diad |29
ie., vl -29[l2 sl [ 138 [From(i)and ii)]
29
24 -13. . . . .
Thus, x= 5 ,andy= g I the unigue solution of the given system of equations.

MATHEMATICS



3x+ 2y =7 MODULE -V

Algebra-ll
() 6x+4y=8 g

In the matrix form the system can be written as

Fii

or, AX=B
3 2 X 7
where A= 6 4 , X= y and B = 8
Here, |A|=3 x4 -6 x2=12-12=0
_ 4 -6
AdjA= 6 3
_ 4 6|7 B -20 40
Also, (AdjA)B = 6 3 11817]-18

Thus, the given system of equations is inconsistent.

X-y=7
©  g9x_3y=21

In the matrix form the system can be written as

G -1

or, AX =B, where

S R R

3 -
Here, |A|= =3 x (-3) -9x(-1) =-949=0
9 -3

_ -3 1
AdjA= 9 3
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-3 17
Algebra-Il Also, (AdjA)B= {_9 3} {21}:

o

=0

0

The given system has an infinite number of solutions.

Let us now consider another system of linear equations, where |A| =0 and (AdjA) B O.

Notesf Consider the following system of equations
X+2y+z=5
2x+y+2z= -1
X-3y+z=6

In matrix equation form, the above system of equations can be written as

1 2 1fix 5
2 1 2P0yl =\
1 -3 1( |z 6
e AX =B
1 X 5
where A= 12 , X = Y2 and B=
-3 1 z 6
1 2 1
Now, A= 1 =9 (<C,=C)
1 31
7 -5 3 5
. _§6ro 0 0 . .
Also, (AdjA)B= [Verify (Adj A) yourself]
-7 5 -3
58
= 0 0
-58
Since |A|=0and (AdjA) B =0,
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z
58
1 0 Notes
=0 which is undefined.
-58

The given system of linear equation will have no solution.

Thus, we find that if |A| = 0 and (Adj A) B = O then the system of equations will have no
solution.

We can summarise the above findings as:
(1)  If|Al=0and (Adj A) B = O then the system of equations will have a non-
zero, unique solution.

(i) If|A|=0and (AdjA) B =0, then the system of equations will have trivial
solutions.

(i) If|JA]=0and (AdjA) B = O, then the system of equations will have infinitely
many solutions.

(iv) If|A] =0 and (Adj A) B = O, then the system of equations will have no
solution Inconsistent.

Q
\&"' § CHECK YOUR PROGRESS 22.4

1. Solve the following system of equations, using the matrix inversion method:

(@ 2x+3y=4 b)) x+y=7
X-2y=5 3x-7y=11

2. Solve the following system of equations using matrix inversion method:

@ X+2y+2=3 (b) 2Xx+3y+z=13
2X—-y+3z=5 3X+2y—-z2=12
X+y—z=7 X+Yy+2z=5

(© —X+2y+52=2 (d) 2X+y—-2=2
2x—-3y+z=15 X+2y-3z=-1
-X+y+z=-3 5x—y-2z=-1
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Determine whether the following system of equations are consistent or not. 1f consistent, find
the solution:
@ 2x—-3y =5 (b) 2x—-3y =5
X+y=7 4x -6y =10
(©) 3X+y+22=3
—2y-1=17

X+15y+3z=11

X

&

R

743

LET US SUM UP

. a
Thus, if A= M
a

A square matrix is said to be non-singular if its corresponding determinant is non-zero.

The determinant of the matrix A obtained by deleting the i row and j"" column of A, is
called the minor of a; It is usually denoted by M,

The cofactor of a, is definedas C,=(-1)" M,

Adjoint of a matrix A is the transpose of the matrix whose elements are the cofactors of
the elements of the determinat of given matrix. It is usually denoted by Adj A.

If A is any square matrix of order n, then
A (AdjA) = (AdjA) A= |A I where_isthe unit matrix of order n.

For a given non-singular square matrix A, if there exists a non-singular square matrix B
such that AB =BA =1, then B is called the multiplicative inverse of A. Itiswrittenas B
= AL

Only non-singular square matrices have multiplicative inverse.

If a,x+ b,y=c, anda,x + b,y = c,, then we can express the system in the matrix
equation formas

|

a,

1

2
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o A system of equations, given by AX = B, is said to be consistent and has a unique
solution, if|A] #0.

o A system of equations, given by AX = B, is said to be inconsistent, if |A| = 0 and
(AdjA)B =0.
. A system of equations, given by AX = B, is said be be consistent and has infinitely

many solutions, if |A| =0, and (Adj A) B =0.

e\ SUPPORTIVE WEB SITES

http:/Amnww.mathsisfun.com/algebra/matrix-inverse.html

http:/Avww.sosmath.com/matrix/coding/coding.html

Sl TERMINAL EXERCISE
1. Find |A], if
1 2 3 13 4
@ A=-3 -1 0 ) A=[7 5 0
2 5 4 1 2

2. Find the adjoint of A, if

-2 3 7 1 -1 5
@) A=jl-1 4 5 (b) A=
-1 0 1 -2

Also, verify that A(Adj A) = |AJl, = (Adj A) A, for (a) and (b)

3. Find A%, if exists, when

3 6 2 1 3 -5
(2) 7 9 ® N3 5 © s 2

Also, verify that (A")= (A?)’, for (a), (b) and (c)

MODULE - VI
Algebra-Il

Notes

MATHEMATICS m



MODULE - VI | 4.
Algebra-Il

Notesf 5.

6.

7.

100

Find the inverse of the matrix A, if

10 0 12 0
@ A=l3 3 00 @® A=lo 3 -
5 2 - 10 2

Solve, using matrix inversion method, the following systems of linear equations

X+2y =4 6Xx+4y =2
@) _ (b) _
2X+35y =9 9x+6y =3
2x+y+z =1
3 X—-y+z=4
© XTI d 2x+y-3z=0
3y-5z =9 X+y+z=2
X+y—-2z=-1
(e) 3X—-2y+z=3
2X+y-2=0

Solve, using matrix inversion method

10 =4, E_E_FE =1, §+g_@
y z

2,8,10 _3
X z X y 2 X

3
+—+
y

Find the value of A for which the following system of equation becomes consistent

2x-3y+4=0
5x-2y-1=0
21x-8y+ A4 =0

MATHEMATICS
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CHECK YOUR PROGRESS 22.1
(a) -12 (b) 10 2.

@ M, =11;M,=7;M,, =1

o 0k~ w -

@C,=1,C,=-8,C, =-2
CHECK YOUR PROGRESS22.2

6 1
@  Js 2

1 -2
2 @ M_ﬁ 18 ®)

CHECK YOUR PROGRESS 22.3

=

(b)
1 _2 2
5 5 5
_8 6 _1
2. @ 5 5 58 (v
2 1 _1
5 5 5
9 -8 -2
s @a=g8 7 2
5 4 -1
CHECK YOUR PROGRESS 22.4
1 X—§ y—__6
. (@) 7 7
2 @ = y=—s.z=
' 11’ 11

€)] M, =4 M, =7;M, =-1;M,,

(@) singular

=3

(@C,=7,C,=-9,C,,=2,C,=3

d -b cosa
(0) -Cc a © sina

————————— =

(b) non-singular
(b)M,=5/M,=2;M, =6;M,,=0
(b) M, =-13; M,,=-13; M,, = 13
(b)C,=6,C,=5;C,,=-4,C,=0
(byC,=-6,C,=10;C_ =2

—-Sina
COSx

_4 2
10 10 0 1
3 11 @ 1q
10 10
_1 1 1
3 3 3
1 1 1
12 3 12
7 _1 _11
24 3 24
(b Xx=6,y=1
() x=2,y=3,2=0
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3 (@ Consistent; X = @ y = g
. , - :
(c)  Inconsistent
Notes
TERMINAL EXERCISE
L@ - () 24
4 -3 -13
4 -3 -5
_1 1
18 6
@ fz _1 (b)
6 12
1 0 O
1
-1 = 0
4 (@) 3 (b)
2 _
3 3
S (a) X = 2, y = 1
1 3
X = 1, = —, 7l =——
(© y 5 2
© YT TS

d x=1y=212=2

(b) Consistent; infinitely many solutions

1 8 -7
-13 13 13
5 1 4
5 _1 1 5
T 7 14
_§ 2 (C) _2 _i
T 7 14
3 4 -1
2 1 2
1 1 1
4 2 4
3 1 3
4 2 4
1 3
b X = k, :——_k
®) Y 2 2
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