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15

o`Ùko`Ùko`Ùko`Ùk

?kM+h dh lqbZ dh uksd ds iFk ij /;ku nhft, ftl ij og xfreku gS] ¼fp= 15. 1 nsf[k,½
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iqu% ml oØ ij /;ku nhft, tks fuEu izdkj ls vuqjsf[kr gksrk gS% ,d dhy xkM+dj fdlh
fuf'pr yEckbZ dh ,d jLlh dk ,d fljk blls ,slk cka/ksa fd ;g mlds pkjksa vksj ?kwe lds]

vkSj fQj èkkxs ds nwljs fljs ls isafly cka/ksaA rc isafly dks dhy ds pkjksa vksj ,slk ?kqek,a fd jLlh
ruh jgs ¼fp= 15.2 nsf[k,½A

fu%lUnsg] mi;qZDr mnkgj.kksa ds vuqjsf[kr oØ ,d gh vkÑfr ds gSa vkSj bl izdkj ds oØ dks
oÙ̀koÙ̀koÙ̀koÙ̀k dgrs gSaA

isafly dh uksd rFkk fcUnq] ftl ij dhy xM+h gS] ds chp dh nwjh dks òÙk dk v/kZO;kl
¼f=T;k½ dgrs gSaA

mi;qZDr mnkgj.kksa ds vuqjsf[kr oØ dh ppkZ ge vkSj foLrkj ls djsaxsA

    mís'; mís'; mís'; mís';

bl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs%bl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs%bl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs%bl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs%

• fn, gq, dsUnz rFkk f=T;k }kjk o`Ùk dk lehdj.k Kkr djuk(

fp= fp= fp= fp= 15. 1

fp= fp= fp= fp= 15. 2
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• fn, x, izfrcU/kksa ds vUrxZr o`Ùk dk nks pjksa esa f}?kkr O;kid lehdj.k vfHkO;Dr djuk(

• o`Ùk dk dsUnz ,oa f=T;k Kkr djuk tc bldk lehdj.k O;kid :i esa fn;k gS(

• o`Ùk dk lehdj.k Kkr djuk] tks

(i) rhu valjs[k fcUnqvksa ls gksdj tkrk gS] (ii) nks fn, gq, fcUnqvksa gksdj tkrk gS vkSj fdlh
,d v{k dks Li'kZ djrk gS

  iwoZKkuiwoZKkuiwoZKkuiwoZKku

• o`Ùk ls lEcfU/kr in vkSj vo/kkj.kk,asA

• nks fcUnqvksa ds chp dh nwjh tc muds funsZ'kakd fn, gq, gSaA

• fofHkUu :iksa esa ljy js[kk dk lehdj.kA

  15.1 o`Ùk dh ifjHkk"kko`Ùk dh ifjHkk"kko`Ùk dh ifjHkk"kko`Ùk dh ifjHkk"kk

,d oÙ̀k ml fcUnq dk fcUnqiFk gS tks ry esa bl izdkj pyrk gS fd mldh mlh ry esa ,d fuf'pr
fcUnq ls nwjh lnSo vpj jgrh gSA fuf'pr fcUnq o`Ùk dk dsUnz dgykrk gS] vkSj vpj nwjh dks òÙk
dh f=T;k dgrs gSaA

  15.2 o`Ùk dk lehdj.ko`Ùk dk lehdj.ko`Ùk dk lehdj.ko`Ùk dk lehdj.k

D;k ge oÙ̀k dk xf.krh; lehdj.k Kkr dj ldrs gSa\

vkb,] vusd fn, gq, izfrcU/kksa ds vUrxZr fdlh oÙ̀k dk lehdj.k Kkr djus dk iz;kl djsaA

15.2.1 tc dsUnz ds funsZ'kkad vkSj f=T;k fn, gq, gSa%tc dsUnz ds funsZ'kkad vkSj f=T;k fn, gq, gSa%tc dsUnz ds funsZ'kkad vkSj f=T;k fn, gq, gSa%tc dsUnz ds funsZ'kkad vkSj f=T;k fn, gq, gSa%

eku yhft,] o`Ùk dk dsUnz C rFkk f=T;k 'a' gSA ekuk
dsUnz ds funsZ'kkad (h, k) fn, gSaA

o`Ùk ij dksbZ fcUnq P(x, y) ysa vkSj CM rFkk PN,

X −v{k ij yEc [khpsaA iqu%] PN  ij CL yEc [khpsaA
gesa izkIr gksrk gS%

hxOMONMNCL −=−==

rFkk PL PN LN PN CM y k= − = − = −

ledks.k f=Hkqt CLP esa] CL2 + PL2 = CP2

⇒ 222
)()( akyhx =−+−          ...(1)

fn, gq, izfrcU/k ds vUrxZr ;gh oÙ̀k dk vHkh"V
lehdj.k gSA oÙ̀k ds bl :i dks o`Ùk dk ekud :iekud :iekud :iekud :i
dgrs gSaA

fp= 15-3fp= 15-3fp= 15-3fp= 15-3
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O
M N

x

P( )x, y

LC

( , )h  k
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foykser% foykser% foykser% foykser% ;fn (1)  dks larq"V djrk gqvk ry ij dksbZ fcUnq (x, y) gS] rks og  (h, k) ls ‘a’ nwjh
ij gksxkA blfy, ;g fcanq o`Ùk ij gksxkA

D;k gksrk gS tc]D;k gksrk gS tc]D;k gksrk gS tc]D;k gksrk gS tc]

(i)    o`Ùk ewy fcUnq ls gksdj tkrk gS\

(ii)  o`Ùk ewy fcUnq ls gksdj ugha tkrk gS] vkSj dsUnz x-v{k ij gS\

(iii)  o`Ùk ewy fcUnq ls gksdj tkrk gS vkSj x-v{k mldk ,d O;kl gS\

(iv)  ewy fcUnq] o`Ùk dk dsUnz gS\

(v)   o`Ùk x-v{k dks Li'kZ djrk gS\

(vi)  o`Ùk y-v{k dks Li'kZ djrk gS\

(vii) o`Ùk nksuksa v{kksa dks Li'kZ djrk gS\

;gka] ge mi;qZDr iz'uksa dk mÙkj ,d&,d djds Kkr djus dk iz;Ru djsaxsA

(i) bl fLFkfr esa]  (0, 0), lehdj.k (1) dks larq"V djrk gSA bl izdkj gesa izkIr gksrk gS%

222
akh =+

vr% lehdj.k (1) dk :i

022
22

=−−+ kyhxyx   ...(2)

cu tkrk gSA

(ii) bl fLFkfr esa k = 0  gSA

vr% lehdj.k (1) dk :i

222
)( ayhx =+−    ...(3)

cu tkrk gSA

xx′

C

y′

y

O

y′

y

O
x′ x

C

(iii)  bl fLFkfr esa]  k = 0 rFkk h a= ±  (fp= 15.4 nsf[k,)

fp= 15-4fp= 15-4fp= 15-4fp= 15-4
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vr% lehdj.k (1) dk :i 02
22

=±+ axyx ...(4)

(iv)  bl fLFkfr esa] h = 0 = k gS]

vr% lehdj.k (1) dk :i 222
ayx =+ ...(5)

gks tkrk gSA

(v)  bl fLFkfr esa] k = a gS ¼fp= 15.5 nsf[k,½]

vr% lehdj.k (1) dk :i 022
222

=+−−+ hayhxyx cu tkrk gSA ...(6)

a

C

y

y′

x′ x
O h

(vi)  bl fLFkfr esa  h = a gS]

         vr%] lehdj.k (1) dk :i 022
222

=+−−+ kkyaxyx ...(7)

    gks tkrk gS

(vii)  bl fLFkfr esa  h = k = a gS ¼nsf[k, fp= 15.6½

        vr%] lehdj.k (1) dk :i 022
222

=+−−+ aayaxyx ...(8)

    gks tkrk gS

C

y

y′

x′ x
O

fp= 15-5fp= 15-5fp= 15-5fp= 15-5

fp= 15-6fp= 15-6fp= 15-6fp= 15-6
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mnkgj.k mnkgj.k mnkgj.k mnkgj.k 15.1. ml o`Ùk dk lehdj.k Kkr dhft,] ftldk dsUnz (3, −4) rFkk f=T;k 6 gSA

gy %gy %gy %gy %   lehdj.k (1) ds inkas ls rqyuk djus ij gesa izkIr gksrk gS%

h = 3, k = – 4 rFkk a = 6

∴
222

6)4()3( =++− yx  ;k 01186
22

=−+−+ yxyx

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 15.2.      o`Ùk 4)1()1(
22

=−++ yx  dk dsUnz vkSj f=T;k Kkr dhft,A

gy% gy% gy% gy%  fn, gq, lehdj.k dh rqyuk 222
)()( akyhx =−+− ls djus ij gesa izkIr gksrk gS%

– h = 1, –k = –1, a2 = 4

∴    h = –1, k = 1, a = 2

blfy,] fn, gq, o`Ùk dk dsUnz (–1,1) rFkk f=T;k 2 gSA

15.3  o`Ùk dk O;kid lehdj.ko`Ùk dk O;kid lehdj.ko`Ùk dk O;kid lehdj.ko`Ùk dk O;kid lehdj.k

ge tkurs gS fd dsUnz (h, k) rFkk f=T;k r okys o`Ùk dk ekud lehdj.k
222

)()( rkyhx =−+− gSA

vkb,] ge fuEu lehdj.k ij fopkj djsa
2 2

2 2 0x y gx fy c+ + + + = ... (1)

¼1½ dks ge fuEu izdkj ls Hkh fy[k ldrs gSa%
2 2 2 2 2 2

( 2 ) ( 2 )x gx g y fy f g f c+ + + + + = + −

vZFkkr ~ ( )
2

2 2 2 2
( ) ( )x g y f g f c+ + + = + −

vZFkkr~  [ ] [ ] ( )
2

2 2 2 2
( ) ( )x g y f g f c− − + − − = + − ... (2)

vZFkkr~  2 2 2
( ) ( )x h y k r− + − =

tgka 2 2
, ,h g k f r g f c= − = − = + −

mi;ZqDr ;g n'kkZrk gS fd fn;k x;k lehdj.k ,d o`Ùk dks fu#fir djrk gS ftldk dsUnz (–

g, –f)  rFkk f=T;k = 2 2
g f c+ −  gSA

15.3.1  izfrcU/k] ftuds vUrxZr nks pjksa okyk O;kid f}?kkr lehdj.k ,dizfrcU/k] ftuds vUrxZr nks pjksa okyk O;kid f}?kkr lehdj.k ,dizfrcU/k] ftuds vUrxZr nks pjksa okyk O;kid f}?kkr lehdj.k ,dizfrcU/k] ftuds vUrxZr nks pjksa okyk O;kid f}?kkr lehdj.k ,d
o`Ùk dks fu:fir djrk gSAo`Ùk dks fu:fir djrk gSAo`Ùk dks fu:fir djrk gSAo`Ùk dks fu:fir djrk gSA

eku yhft, fd lehdj.k 2 2
2 2 0x y gx fy c+ + + + =  gSA

(i) ;g x, y  esa f}?kkr lehdj.k gS] ftlesa inksa x2  vkSj y2 ds xq.kkad leku gSaA

(ii)  blesa x y dk dksbZ in ugha gSaA

  fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%  iz'uksa dks gy djus esa] ge  x2 vkSj y2 dk xq.kkad ,d ysrs gSaA
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 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 15.3.     oÙ̀k 01936604545
22

=++−+ yxyx dk dsUnz rFkk f=T;k Kkr dhft,A

gy%gy%gy%gy% fn;k gqvk lehdj.k]  45 ls Hkkx djds fuEu izdkj fy[kk tk ldrk gS]

0
45

19

5

4

3

422
=++−+ yxyx

bldh rqyuk lehdj.k

2 2
2 2 0x y gx fy c+ + + + =

ls djus ij gesa izkIr gksrk gS%

2 2
,

3 5
g f= − =  rFkk 

19

45
c =

bl izdkj fn, x, o`Ùk dk dsUnz  







−

5

2
,

3

2
 rFkk f=T;k  

15

4122
=−+ cfg  gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 15.4.  bl o`Ùk dk lehdj.k Kkr dhft, tks fcnaqvksa (1, 0), (0, – 6) rFkk (3, 4) ls

gksdj tkrk gSA

gy%gy%gy%gy%  eku yhft, fd òÙk dk lehdj.k

2 2
2 2 0x y gx fy c+ + + + = ...(1)

gSA

pwafd o`Ùk rhu fn, gq, fcUnqvksa ls gksdj tkrk gS blfy, os lehdj.k (1) dks larq"V djsaxsA vr%

rFkk

1 2 0 (2)

36 12 0 (3)

25 6 8 0 (4)

g c

f c

g f c

+ + =

− + =

+ + + =

L

L

L

(3) esa ls (2) rFkk (4) esa ls (3) dks ?kVkus ij] gesa izkIr gksrk gS%

2 12 35

6 20 11

g f

g f

+ =

+ =• • • •

bl lehdj.kksa dks  g  rFkk f ds fy, gy djus ij gesa izkIr gksrk gS% 
8

47
,

4

71
=−= fg

(2) esa  g dk eku j[kus ij] ge izkIr djrs gSa% 
2

69
=c

g, f  rFkk c ds bu ekuksa dks (1) esa j[kus ij o`Ùk dk vHkh"V lehdj.k gS%

01384714244
22

=++−+ yxyx

 mnkgj.k  mnkgj.k  mnkgj.k  mnkgj.k 15.5. mu o`Ùkksa ds lehdj.k Kkr dhft, tks x- v{k dks Li'kZ djrs gSa] vkSj fcUnqvksa

(1,–2) rFkk (3, –4) ls gksdj tkrs gSA
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gy%gy%gy%gy% pwafd o`Ùk x-v{k dks Li'kZ djrs gSa bl fy, òÙk ds ekud :i esa k = a ¼ifj.kke 6 nsf[k,½
j[kus ij] izkIr gksrk gSA

022
222

=+−−+ hayhxyx ... (1)

pwafd ¼1½ fcUnq (1, –2) ls gksdj tkrk gS]

2
2 4 5 0h h a∴ − + + = ... (2)

o`Ùk fcUnq (3, – 4) ls gksdj Hkh tkrk gS]

2
6 8 25 0h h a∴ − + + = ...(3)

(2) vkSj (3) ls ‘a’ dk foyksiu djus ij ge izkIr djrs gSaA

2
2 15 0

3 5.

h h

h or h

⇒ + − =

= = −

(3) ls a ds laxr eku Øe'k%  – 2 rFkk –10 gSaA h rFkk a ds eku (1) esa j[kus ij] ge izkIr djrs gSaA

0946
22

=++−+ yxyx ... (4)

rFkk 0252010
22

=++++ yxyx ... (5)

(4) rFkk (5) o`Ùk vHkh"V lehdj.k gSaA

     ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 15.1

1. ml o`Ùk dk lehdj.k Kkr dhft,] ftldk

(a) dsUnz (0, 0) rFkk f=T;k 3 gSA (b) dsUnz (– 2,3) rFkk f=T;k 4 gSA

2. o`Ùk dk dsUnz rFkk f=T;k Kkr dhft,%

(a) 63
22

=−++ yxyx (b) 063244
22

=−+−+ yxyx

3. ml oÙ̀k dk lehdj.k Kkr dhft, tks fcUnqvksa  (0,  2) (2, 0)  rFkk (0,  0) ls gksdj tkrk gSA

4. ml o`Ùk dk lehdj.k Kkr dhft, tks y-v{k dks Li'kZ djrk gS rFkk fcUnqvksa  (–1, 2) vkSj
(–2,1) ls gksdj tkrk gSA

• o`Ùk dk ekud :io`Ùk dk ekud :io`Ùk dk ekud :io`Ùk dk ekud :i

(x −h)2  +  (y −k)2  =  a2  dsUnz (h, k) rFkk f=T;k a gSA

C

A1

% + vkb;s nksgjk,¡
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mÙkjekyk

• o`Ùk dk O;kid lehdj.k  022
22

=++++ cfygxyx  gSA

bldk dsUnz  (–g, –f) rFkk f=T;k = cfg −+
22

        lgk;d osclkbV  lgk;d osclkbV  lgk;d osclkbV  lgk;d osclkbV

• www.purplemath.com/modules/circle2.htm

• www.purplemath.com/modules/circle.htm

• https://www.youtube.com/watch?v=U2-4fWtYt7I

1. o`Ùk dk lehdj.k Kkr dhft, ftldk dsUnz (4, −6) rFkk f=T;k 7 gSA

2. o`Ùk 064
22

=−++ yxyx  dk dsUnz vkSj f=T;k Kkr dhft,A

3. ml òÙk dk lehdj.k Kkr dhft, tks fcUnqvksa (1,0), (–1,0) rFkk (0,1) ls gksdj tkrk gSA

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 15.1

1. (a) 9
22

=+ yx (b) 0364
22

=−−++ yxyx

2. (a) 
2

37
;1,

2

3








− (b) 

8

109
;

8

3
,

4

1








−

3. 022
22

=−−+ yxyx 4. 0122
22

=+−++ yxyx

vkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsa

1. 03128
22

=++−+ yxyx 2. Centre ( −2, 3); Radius = 13

3. .1
22

=+ yx

lgk;d osclkbV

vkb, vH;kl djsa


	Lesson-15

