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2

laca/ ,oa iQyu–I

gekjs nSfud thou esa gesa fofHkUu izdkj ds laca/ ns[kus dks feyrs gSa tSls HkkbZ vkSj cgu] firk vkSj
iq=kh] vè;kid vkSj fo|kFkhZ bR;kfnA xf.kr esa Hkh gesa cgqr ls laca/ feyrs gSa tSls la[;k m la[;k
n ls cM+h gS] js[kk l, js[kk m ij yEcor~ gS bR;kfnA laca/ dh vo/kj.kk dks xf.krh; :i esa LFkkfir
fd;k tk pqdk gSA 'kCn ^^iQyu (function)" dks yhcuht (Leibnitz) us 1694 esa ifjfpr djk;kA
iQyu dks ,d fo'ks"k izdkj ds laca/ ds :i esa ifjHkkf"kr fd;k x;k gSA izLrqr ikB esa ge leqPp;ksa
ds dkfrZ; xq.ku] nks leqPp;ksa ds chp laca/] ,d laca/ dk iQyu gksus dh fLFkfr;ka] fofHkUu izdkj
ds iQyu vkSj muds xq.kksa dh ppkZ djsaxsA

     mís';
� nks leqPp;ksa ds dkrhZ; xq.ku dks ifjHkkf"kr djukA

� laca/ rFkk iQyu dks ifjHkf"kr djuk rFkk mnkgj.k nsukA

� iQyu dk izkUr rFkk ifjlj Kkr djukA

� iQyuksa ds vkjs[k [khapukA

� le rFkk fo"ke iQyuksa ds mnkgj.k nsdj mUgsa ifjHkkf"kr djukA

� ;g crkuk fd iQyu fo"ke gS] le gS ;k buessa ls dksbZ ughaA

� iQyuksa ds mnkgj.k tSls |X|, [X] iQyu] cgqin iQyu] y?kq x.kdh; iQyu vkSj rFkk pj
?kkrkadh (exponential) iQyu] crkdj mUgsa ifjHkkf"kr djukA

� okLrfod iQyuksa dk ;ksx] ?kVk] xq.kk ,oa HkkxiQy Kkr djukA

iwoZ Kku
� Øfer ;qXe dh vo/kj.kk

2.1 nks leqPp;ksa dk dkrhZ; xq.ku
nks leqPp;ksa A rFkk B ij fopkj dhft, tgk¡ A = {1, 2}, B = {3, 4, 5}.

A vkSj B osQ lHkh Øfer ;qXeksa dk leqPp; {(1,3), (1,4), (1,5), (2,3), (2,4), (2,5)} gSA

bl leqPp; dks A × B }kjk fu#fir fd;k tkrk gS rFkk ;g leqPp;ksa A rFkk B dk dkrhZ; xq.ku
dgykrk gSA vFkkZr A × B = {(1, 3), (1, 4), (1, 5), (2, 3), (2, 4), (2, 5)}

leqPp;ksa B rFkk A osQ dkrhZ; xq.ku dks B A×  ls fu#fir djrs gSaA Åij fn, x, mnkgj.k esa
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B A {(3,1), (3, 2), (4,1), (4, 2), (5,1), (5, 2)}× =  Li"Vr% A B B A× ≠ ×

leqPp; fuekZ.k :i esa

A×B = {(a,b) : a A b B∈ ∈vkjS }, B×A = {(b,a) : b B a A∈ ∈vkjS }

fVIi.kh%

;fn A = φ  ;k B = φ  ;k A, B = φ  rc A B B A× = × = φ

mnkgj.k 2.1.  eku yhft, fd A {a, b, c},=  B {d, e},=  C {a, d}=

Kkr dhft, (i) A×B    (ii) B×A (iii) A×( B C∪ ) (iv) (A C) B∩ ×

(v) (A B) C∩ × (vi) A (B C)× − .

gy % (i)   A×B ={(a, d),(a, e), (b, d), (b, e), (c, d), (c, e)}.

(ii) B×A = {(d, a),(d, b), (d, c), (e, a) (e, b),(e, c)}.

(iii)      A = {a, b, c}, B C∪ ={a,d,e}.

∴ A × ( B C∪ ) = {(a, a),(a, d),(a, e),(b, a),(b, d),(b, e), (c, a),(c, d),(c, e)}.

(iv) A C∩ = {a},  B={d, e}     ∴  ( A C∩ )×B={(a, d), (a, e)}

(v) A B∩ = φ , c={a,d},          ∴  (A B) c∩ × = φ

(vi) A = {a,b,c}, B C {e}− =   ∴  A (B C) {(a,e), (b,e), (c,e)}× − = .

2-1-1 nks ifjfer leqPp;ksa ds dkrhZ; xq.ku esa vo;oksa dh la[;k

eku yhft, A rFkk B nks leqPp; gSa tks fjDr ugha gSaA ge tkurs gSa fd A × B =

{(a, b); a ∈ A rFkk b ∈ B} rc nks ifjfer leqPp;ksa A rFkk B ds dkrhZ; xq.ku esa vo;oksa
dh la[;k vFkkZr~  n(A × B) = n(A). n(B)

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 2.2.  ekuk fd A = {1, 2, 3} rFkk B = {x, y} gS] n'kkZb, fd n(A × B) = n(A).

n(B)

gygygygy : ;gk¡ n(A) = 3, n(B) = 2

∴ A × B = {(1, x), (2, x), (3, x), (1, y), (2, y), (3, y)}

n(A × B) = n(A) . n(B)

6 = 3 × 2

6 = 6

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 2.3.  ;fn n(A) = 5, n(B) = 4, n(A × B) Kkr dhft,A

gygygygy : ge tkurs gSa fd n(A × B) = n(A) × n(B), n(A × B) = 5 × 4 = 20

2-1-2 okLrfod la[;kvksa R dk Lo;a ls R × R × R rd dkrhZ; xq.ku

Øfer f=dØfer f=dØfer f=dØfer f=d A × A × A = {(a, b, c) : a, b, c ∈ A} (a, b, c) Øfer f=d dgykrk gSA

dkrhZ; xq.ku R × R leqPp; R × R = {(x, y) : x, y ∈ R} dks fu:fir djrk gS tks f}foe
lery esa lHkh fcUnqvks a ds funsZ'kkadks a dks fu:fir djrs gSa rFkk dkrhZ; xq.ku
R × R × R leqPp; R × R × R = {(x, y, z) : x, y, z ∈ R} tks f=foe vUrfj{k esa lHkh fcUnqvksa
ds funsZ'kkadksa dks fu:fir djrs gSaA
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mnkgj.kmnkgj.kmnkgj.kmnkgj.k 2.4.  ;fn A = {1, 2} gS, rks leqPp; A × A × A Kkr dhft,A

gygygygy : A × A × A = {(1, 1, 1), (1, 1, 2), (1, 2, 1), (1, 2, 2)

(2, 1, 1), (2, 1, 2), (2, 2, 1), (2, 2, 2)}

 2.2  laca/
fuEufyf[kr leqPp;ksa ij fopkj dhft, %

A {= eksgu] lksgu] MsfoM] djhe} rFkk B {= jhVk] eSjh] iQkfrek}

eku yhft, eksgu vkSj lksgu] jhVk osQ nks HkkbZ gS] MsfoM] eSjh dk HkkbZ gS vkSj djhe] iQkfrek dk
HkkbZ gSA ;fn ge A vkSj B osQ vo;oksa osQ chp ,d laca/ R ¶HkkbZ gŞ  dks ifjHkkf"kr djsa rks Li"V
gS fd eksgu R jhVk] lksgu R jhVk] MsfoM R eSjh] djhe R iQkfrekA nks ukeksa osQ chp ls R dks gVkus
ij bUgsa Øfer ;qXeksa osQ :i esa bl izdkj ls fy[kk tk ldrk gS tSlsµ(eksgu] jhVk)] (lksgu] jhVk)]
(MsfoM] eSjh)] (djhe] iQkfrek)

Åij nh xbZ lwpuk dks ge leqPp; R osQ Øfer ;qXeksa osQ :i esa Hkh fy[k ldrs gSa] tSlsµ

R {= (eksgu] jhVk)] (lksgu] jhVk)] (MsfoM] eSjh)] (djhe] iQkfrek)}

Li"Vr% R A B⊆ ×  vFkkZr R {(a, b) : a A,b B aRb}= ∈ ∈ rFkk

;fn A vkSj B nks leqPp; gSa rc A ls B dk laca/ R, A B×  dk ,d mileqPp; gSA

;fn (i) R ,= φ  R ,d fjDr laca/ dgykrk gSA
(ii) R A B,= ×  R ,d le"Vh; laca/ dgykrk gSA

(iii) ;fn R, A ls A dk laca/ gS ] rks ;g A ij laca/ dks ifjHkkf"kr djrk gSA

(iv) R {(a, a) a A},= ∀ ∈ rRled iQyu dgykrk gSA

2-2-1 laca/ ds izkUr rFkk ifjlj

nks leqPp;ksa esa laca/ R osQ Øfer ;qXeksa osQ lHkh izFke vo;oksa osQ leqPp; dks laca/ R dk izkUr
dgrs gSa vkSj f}rh; vo;oksa osQ leqPp; dks laca/ R dk ifjlj dgrs gSaA

Åij fn, x, mnkgj.k esa izkUr = {eksgu] lksgu] MsfoM] djhe}, ifjlj = {jhVk] eSjh] iQkfrek}

mnkgj.k 2.5.  fn;k gS % A {2, 4, 5, 6, 7},=  B {2, 3}=

A vkSj B osQ chp laca/ dks R ls bl izdkj n'kkZ;k x;k gS fd R = {(a, b) : a A, b B∈ ∈  vkSj
a, b dk xq.kt gS}

Kkr dhft, %  (i) R dks jksLVj :i esa  (ii) R dk izkUr  (iii) R dk ifjlj  (iv) R dk vkjs[k }kjk izn'kZu

gy % (i) R {(2, 2), (4, 2), (6, 2), (6, 3)}=

(ii) izkUr {2, 4, 6}=    (iii) ifjlj {2, 3}=

(iv)
2

4

5

7
6

A

2

3

B

R

fp=k 2.1



26

  laca/ ,oa iQyu-I

xf.kr

ekWM~;wy - I

leqPp;]
laca/ ,oa
iQyu

fVIi.kh

mnkgj.k 2.6.  ;fn R, A dk B ls ,d laca/ ¶ls cM+k gŞ  ls n'kkZ;k tk,]

tgk¡ A {1, 2, 3, 4, 5}= vkSj B {1, 2, 6}= ] rks

Kkr dhft, (i) R dks jksLVj :i esa  (ii) R dk izkUr (iii) R dk ifjlj

gy % (i) R {(2,1) (3,1), (3, 2), (4,1), (4, 2), (5,1), (5, 2)}=

        (ii) izkUr {2, 3, 4, 5}=  (iii) ifjlj {1, 2}=

2-2-2 lEcU/ dk lgizkar

;fn R, A ls B esa ,d lEcU/k gS rc B, lEcU/k R dk lgizkUr dgykrk gSA

mnkgj.k ds fy,] eku yhft, A = {1, 3, 4, 5, 7} vkSj B = {2, 4, 6, 8} gS ,oa R,

A ls B rd] ^ls ,d de* dk lEcU/k] rc R = {(1, 2), (3, 4), (5, 6), (7, 8)}

blfy, R dk lgizkar = {2, 4, 6, 8}

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 2.7. eku yhft, A = {1, 2, 3, 4, 5, 6} gS rks A ls A esa R = {(x, y) : y =

x + 1} }kjk ,d lEcU/k ifjHkkf"kr dhft, rFkk R ds izkar] ifjlj ,oa lgizkar fyf[k,A

gygygygy : R = {(1, 2), (2, 3), (3, 4), (4, 5), (5, 6)}

R dk izkar = {1, 2, 3, 4, 5}

R dk ifjlj = {2, 3, 4, 5, 6} rFkk R dk lgizkar = {1, 2, 3, 4, 5, 6}

  ns[ksa vkius fdruk lh[kk 2.1

1. ;fn A {4, 5, 6, 7},=  B {8, 9},=  C {10}=

lR;kfir dhft, fd A (B C) (A B) (A C)× − = × − ×

2. ;fn U ,d le"Vh; leqPp; vkSj A rFkk B blosQ mileqPp; gksa tgk¡ U {1, 2, 3, 4, 5}=

A {1, 3, 5},=  B {x : x=  ,d vHkkT; la[;k gSA}, rksA B×′ ′  Kkr dhft,A

3. ;fn A {4, 6, 8,10},=  B {2, 3, 4, 5}=  rFkk R leqPp; A A dk B ls laca/ n'kkZrk gS tgk¡

R = {(a, b) : a A, b B∈ ∈  vkSj b, a dk xq.kt gS}

Kkr dhft, % (i) R dks jksLVj :i esa  (ii) R dk izkUr  (iii) R dk ifjlj

4. R= {(x,y) : 4x y 12, x, y N+ = ∈ } }kjk ifjHkkf"kr N dk N ls] ,d lac/ gSA Kkr
dhft, (i) R dks jksLVj :i esa (ii) R dk izkUr (iii) R dk ifjlj

5. ;fn R, N ij ifjHkkf"kr ,d laca/ gS tgka R = { 2(x, x ) : x  15 ls NksVh vHkkT; la[;k gS}]

rks Kkr dhft, % (i) R dks jksLVj :i esa  (ii) R dk izkUr  (iii) R dk ifjlj

6. ;fn R okLrfod la[;kvksa ds leqPp; ij laca/ gS vkSj R={(x,y) : 2 2x y 0+ = } ls

ifjHkkf"kr fd;k x;k gS] rks

Kkr dhft, % (i) R dks jksLVj :i esa (ii) R dk izkUr  (iii) R dk ifjlj
7. ;fn (x + 1, y – 2) = (3, 1) gS] rks x rFkk y ds eku Kkr dhft,A

8. ;fn A = {–1, 1} gS] rks A × A × A Kkr dhft,A



xf.kr 27

laca/ ,oa iQyu-I

ekWM~;wy - I

leqPp;]
laca/ ,oa
iQyu

fVIi.kh

9. ;fn A × B = {(a, x), (a, y), (b, x), (b, y)} gS] rks A rFkk B Kkr dhft,A

10. ;fn n(A) = 6 rFkk n(B) = 3 gS, rc n(A × B) Kkr dhft,A

2-3 iQyu dh ifjHkk"kk

leqPp;ksa A = {a, b, c, d} rFkk B = {1, 2, 3, 4} ij ifjHkkf"kr

lEcU/ f : {(a, 1), (b, 2), (c, 3), (d, 5)} ij fopkj dhft,A bl lEcU/ esa vki ns[krsa gSa fd A ds
izR;sd vo;o dk  B esa ,d vf}rh; izfrfcEc gSA ;g lEcU/ f leqPp; A dk B ls gS tgka A dk
izR;sd vo;o B ds ,d vf}rh; vo;o ls lEcfU/r gksrk gS] A ls B ij iQyu dgykrk gSA ge
ns[krs gSa fd iQyu esa fdUghsa nks Øfer ;qXeksa dk igyk vo;o leku ugha gksrkA

ge ;g Hkh ns[krs gSa fd B esa ,d ,slk vo;o 4 gS, ftldk A esa dksbZ Hkh iwoZ izfrfcEc ugha gSA bl
izdkj ;gka%

(i)  leqPp; B dks lgizkUr dgrs gSaA  (ii) leqPp; {1, 2, 3, 5}dks ifjlj dgrs gSaA

mi;qZDr ls ge bl fu"d"kZ ij igqaprs gS fd ifjlj] lgizkUr dk mileqPp; gksrk gSA izrhd :i

esa ;g iQyu bl izdkj Hkh fy[kk tk ldrk gSA  f : A B→  ;k f
A B→

2-3-1 okLrfod pj ds okLrfod eku iQyu

,d ,sls Qyu dks ftldk ifjlj okLrfod la[;kvksa dk leqPp; ;k mldk dksbZ mileqPp;
gks] okLrfod eku Qyu dgrs gSaA ;fn okLrfod pj okys fdlh okLrfod eku Qyu dk
izkar Hkh okLrfod la[;kvksa dk leqPp; vFkok mldk dksbZ mileqPp; gks rks bls okLrfod
Qyu dgrs gSaA

eku yhft, fd R lHkh okLrfod la[;kvksa dk leqPp; gS rFkk X ,oa Y, R ds nks ¼fjDr
ugha½ mileqPp; gSa] rc fu;e ‘f’ tks fd izR;sd x ∈ X ls Y ds ,d vf}rh; y dk lacaèk
tksM+rk gS] okLrfod pj dk okLrfod eku Qyu ;k ,d lk/kkj.k okLrfod Qyu dgykrk
gS rFkk bls ge  f : X → Y fy[krs gSaA

,d okLrfod Qyu ‘f’ ,d ,slk fu;e gS ftlesa izR;sd lEHko okLrfod la[;k x, ,d

vf}rh; okLrfod la[;k f(x) ls lEcfU/kr gSA

mnkgj.k 2.8.  fuEufyf[kr esa ls dkSu&dkSu ls A ls B ij iQyu gaSA muds izkUr rFkk ifjlj fyf[k,A
;fn og iQyu u gks rks dkj.k crkb,A

(a) { }(1, 2), (3, 7), (4, 6), (8,1)− − , { }A 1, 3, 4, 8= ,  { }B 2, 7, 6,1, 2= − −

(b) { }(1, 0), (1 1), (2, 3), (4,10)− , { }A 1, 2, 4= , { }B 0, 1, 3,10= −

(c) { }(a, b), (b, c), (c, b), (d, c) , { }A a, b, c, d, e= , { }B b, c=

(d) { }(2, 4), (3, 9), (4,16), (5, 25), (6, 36 , { }A 2, 3, 4, 5, 6= , { }B 4, 9,16, 25, 36=

(e) { }(1, 1), (2, 2), (3, 3), (4, 4), (5, 5)− − − − − , { }A 0,1, 2, 3, 4, 5= , { }B 1, 2, 3, 4, 5= − − − − −

(f)
1 3 1

sin , , cos , , tan , , cot , 3
6 2 6 2 6 63

  π π π π     
      
       

,

a 1

b 2

c 3

d 5

4

f

A B

fp= 2-2fp= 2-2fp= 2-2fp= 2-2
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{ }A sin , cos , tan , cot
6 6 6 6

π π π π
=  

1 3 1
B , , , 3 ,1

2 2 3

 
=  
 

(g) { }(a, b), (a, 2), (b, 3), (b, 4) , { } { }A a, b , B b, 2, 3, 4= =

gy %  (a) ;g iQyu gSA izkUr = { }1, 3, 4, 8 , ifjlj { }2, 7, 6,1= − −

(b) ;g iQyu ugha gS D;ksafd izFke nks Øfer ;qXeksa ds igys vo;o leku gSaA

(c) ;g iQyu ugha gSA izkUr = { }a, b, c, d A≠ , ifjlj = { }b, c

(d) ;g iQyu gSA izkUr { }2, 3, 4, 5, 6= , ifjlj { }4, 9,16, 25, 36=

(e) ;g iQyu ugha gSA izkUr { }1, 2, 3, 4, 5 A= ≠ , ifjlj { }1, 2, 3, 4, 5= − − − − −

(f) ;g iQyu gSA izkUr { }sin , cos , tan , cot
6 6 6 6

π π π π
= , ifjlj 

1 3 1
, , , 3

2 2 3

 
=  
 

(g) ;g iQyu ugha gS D;ksafd izFke nks Øfer ;qXeksa ds igys vo;o rFkk vfUre nks Øfer ;qXeksa
ds Hkh igys vo;o leku gSA

mnkgj.k 2.9.  crkb, fd fuEufyf[kr lEcU/ iQyu gSa vFkok ughaA
(a) (b)

a

A

x

B

b y

c z

f

      

a

A

x

B

b y

c z

f

fp=k 2.3  fp=k 2.4

(c)          (d)

1

A

2

B

2 4

3 6

f

    

1

A

1

B

2

–1 4

f

fp=k 2.5  fp=k 2.6

gyµ

(a) ‘f’ iQyu ugha gS] D;ksafd A ds vo;o ‘b’ dk B eas izfrfcEc ugha gSA

(b) ‘f’ iQyu ugha gS D;ksafd A ds vo;o c dk B eas vf}rh; izfrfcEc ugha gSA

(c) ‘f’ ,d iQyu gS D;ksafd A osQ izR;sd vo;o dk B eas vf}rh; izfrfcEc gSA

(d) ‘f’ ,d iQyu gS D;kasfd A osQ izR;sd vo;o dk B esa vf}rh; izfrfcEc gSA
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mnkgj.k 2.10. fuEufyf[kr lEcU/ tks fd R R→  gS esa ls dkSu&dkSu ls iQyu gSaA

(a) y 3x 2= + (b) y x 3< + (c) 2y 2x 1= +

gyµ (a) y 3x 2= +  ;gk¡ izR;sd vo;o x R∈  osQ laxr ,d vf}rh; vo;o y R∈  gSA

∴ ;g iQyu gSA

(b) y x 3< +  x osQ fdlh Hkh eku osQ fy, gesa y osQ ,d ls vf/d eku izkIr gksrs gSaA

∴ ;g ,d iQyu ugha gSA

(c) 2y 2x 1= + x osQ fdlh Hkh okLrfod eku osQ fy, gesa y dk ,d vf}rh; eku izkIr gksrk gSA

∴ ;g ,d iQyu gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 2.11.  eku yhft, fd N izkdr̀ la[;kvksa dk leqPp; gSA f : N → N, f(x)

= 2x + 1 }kjk ifjHkkf"kr ,d okLrfod eku Qyu gSA bl ifjHkk"kk dk iz;ksx djds f(1),

f(2), f(3), f(4) Kkr dhft,A
gygygygy : f(x) = 2x + 1, f(1) =2 × 1 + 1 = 2 + 1 = 3, f(2) = 2 × 2 + 1 = 4 + 1 = 5,

f(3) = 2 × 3 + 1 = 6 + 1 = 7, f(4) = 2 × 4 + 1 = 8 + 1 = 9

  ns[ksa vkius fdruk lh[kk 2.2

1. fuEufyf[kr esa dkSu ls lEcU/ A ls B ij iQyu gS\

(a) { }(1, 2), (3, 7), (4, 6), (8,11) ,− − { }A 1,3,4,8= , { }B 2, 7, 6,11= − −

(b) { }(1, 0), (1, 1), (2, 3), (4,10) ,− { }A 1, 2, 4= , { }B 1, 0, 1, 3,10= −

(c){ }(a, 2), (b, 3), (c, 2), (d, 3) , { }A a, b, c, d= , { }B 2, 3=

(d) { }(1,1), (1, 2), (2, 3), ( 3, 4) ,− { }A 1, 2, 3= − , { }B 1, 2, 3, 4=

(e)
1 1 1

2, , 3, , ...., 10, ,
2 3 10

      
      
      

{ }A 1, 2, 3, 4= , { }
1 1 1

B , , ...,
2 3 11

=

(f) ( ) ( ) ( ) ( ){ }1,1 , 1,1 , 2, 4 , 2, 4 ,− − { }A 0,1, 1, 2, 2= − − , { }B 1, 4=

2. fuEufyf[kr esa dkSu&dkSu ls lEcU/ iQyu dks n'kkZrs gSa \
(a) (b)

a

A

x

B

b y

c z

a

b

c

d

A

1

2

3

B

fp=k 2.7      fp=k 2.8

(c) (d)
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a

b

c

2

3

4

5

A B

a

b

c

2

3

4

5

A B

fp=k 2.9       fp=k 2.10

3. fuEufyf[kr laca/ tks fd R R→  ij ifjHkkf"kr gS] esa dkSu&dkSu ls iQyu gSa \

(a) y 2x 1= +  (b) y x 3> +  (c) y 3x 1< + 2(d) y x 1= +

4. fuEufyf[kr iQyuksa osQ izkUr rFkk ifjlj fyf[k, %

(a) ( ) ( ) ( ){ }2, 2 , 5, 1 , 3, 5− (b) 
1 1 1

3, , 2, , 1,
2 2 2

      
− − −      

      

(c) ( ) ( ) ( ) ( ){ }1,1 , 0, 0 , 2, 2 , 1, 1− − , (d) {(nhid, 16), (lanhi, 28), (jktu, 24) }

5. fuEufyf[kr iQyuksa osQ izkUr rFkk ifjlj fyf[k, %
(a) (b)

A B

4

5

6

1

2

3

A B

1

4

1

2

3

     fp=k 2.11 fp=k 2.12

(c) (d)

 

A B

1

2

3

1

2

3

A B

Gagan

Ram

Salil

7

8

9

5

6

fp=k 2.13 fp=k 2.14

(e)  

a

b

c

d

A B

2

4

fp=k 2.15
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2-3-1 izkUr rFkk ifjlj ds oqQN vkSj mnkgj.k

vkb,] oqQN ,sls iQyuksa ij fopkj djsa tks osQoy okLrfod la[;kvksa osQ leqPp; ds fdlh mi
leqPp; ij gh ifjHkkf"kr gSaA

mnkgj.k 2.12.  fuEufyf[kr iQyuksa osQ izkUr Kkr dhft,µ

(a) 
1

y
x

=  (b) 
1

y
x 2

=

−
(c) 

1
y

(x 2)(x 3)
=

+ −

gy %  (a) iQyu 
1

y
x

=  dk o.kZu fuEu Øfer ;qXeksa osQ leqPp; }kjk fd;k tk ldrk gSA

( ) ( )
1 1

......., 2, , 1, 1 , 1,1 2, , ....
2 2

    
− − − −    

    

;gk¡ ge ns[k ldrs gSa fd 'kwU; ds vfrfjDr x osQ lHkh okLrfod eku lEHko gaS D;ksafd laxr

izfrfcEc vFkkZr 
1

0
 ifjHkkf"kr ugha gSA

∴ izkUr = R {0}− [0 osQ vfrfjDr lHkh okLrfod la[;kvksa dk leqPp;]

 fVIi.kh%

 ;gk¡ ifjlj = R {0}−

(b) x osQ lHkh okLrfod eku 2 osQ vfrfjDr lEHko gS D;ksafd laxr izfrfcEc vFkkZr 
1

(2 2)−
 dk

vfLrRo ugha gSA ∴ izkUr = R {2}−

(c) x 2= −  rFkk x 3=  osQ fy, y dk eku laHko ugha gSA ∴ izkUr R { 2, 3}= − −

mnkgj.k 2.13.  fuEufyf[kr iQyuksa osQ izkUr Kkr dhft,µ

(a) y x 2= + −  (b)   ( ) ( )y 2 x 4 x= + − +

gy % (a) iQyu y x 2= + −  ij fopkj dhft,A

y osQ okLrfod eku gksus osQ fy, vko';d gS fd (x 2) 0− ≥  vFkkZr x 2≥

∴ iQyu ds izkUr osQ fy, os lHkh okLrfod la[;k,¡ gksaxh tks 2 vFkok 2 ls cMh gksaA

(b) y (2 x)(4 x)= + − +

y osQ okLrfod eku gksus osQ fy, (2 x) (4 x) 0− + ≥  vko';d gSA ;g gesa nks fLFkfr;ksa esa izkIr gksxkA

fLFkfr I : (2 x) 0− ≥  rFkk (4 x) 0+ ≥

⇒ x 2≤  rFkk x 4≥ −

∴ izkUr x osQ ,sls okLrfod eku gksaxs fd 4 x 2− ≤ ≤  fLFkfr II : 2 x 0− ≤  rFkk 4 x 0+ ≤

⇒ 2 x≤  rFkk x 4≤ −
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ijUrq x dk ,slk okLrfod eku lEHko ugha gS tks 2 osQ cjkcj ;k 2 ;s cM+k gks rFkk – 4 ls de vFkok
blosQ cjkcj gksA

∴ nksuksa fLFkfr;kas ls izkUr 4 x 2 x R= − ≤ ≤ ∀ ∈

mnkgj.k 2.14.  iQyu ( )f x y 2x 1,= = +  osQ fy, ifjlj Kkr dhft, tc

izkUr { }3, 2, 1, 0,1, 2, 3= − − −

gy % x osQ fn, gq, ekuksa osQ fy, ge izkIr djrs gSa %

( ) ( )f 3 2 3 1 5− = − + = − ,  ( ) ( )f 2 2 2 1 3− = − + = − , ( ) ( )f 1 2 1 1 1− = − + = − ,

( ) ( )f 0 2 0 1 1= + = , ( ) ( )f 1 2 1 1 3= + = , ( ) ( )f 2 2 2 1 5= + = ,  ( ) ( )f 3 2 3 1 7= + =

fn, gq, iQyu dks Øfer ;qXeksa osQ leqPp; osQ :i esa Hkh fy[kk tk ldrk gS

vFkkZr ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }3, 5 , 2, 3 , 1, 1 , 0,1 1, 3 , 2, 5 3, 7− − − − − −

∴ ifjlj { }5, 3, 1,1, 3, 5, 7= − − −

mnkgj.k 2.15.   ;fn ( )f x x 3, 0 x 4= + ≤ ≤  gks] rks bl dk ifjlj Kkr dhft,A

gy % ;gk¡ 0 x 4≤ ≤

vFkok 0 3 x 3 4 3+ ≤ + ≤ +

vFkok ( )3 f x 7≤ ≤

∴ ifjlj = ( ) ( ){ }f x : 3 f x 7≤ ≤

mnkgj.k 2.16.   ;fn ( ) 2f x x , 3 x 3= − ≤ ≤  gks] rks bl dk ifjlj Kkr dhft,A

gy % fn;k gS] 3 x 3− ≤ ≤  vFkok 20 x 9≤ ≤  ;k ( )0 f x 9≤ ≤  [D;ksafd 2x  ½.ksrj

gksrk gS]

∴ ifjlj = ( ) ( ){ }f x : 0 f x 9≤ ≤

   ns[ksa vkius fdruk lh[kk 2.3

1. fuEufyf[kr iQyuksa osQ izkUr Kkr dhft,µ tcfd x R,∈

(a) (i) y = 2x (ii) y = 9x + 3 (iii) 2y x 5= +

(b) (i)
1

y
3x 1

=

−

(ii) 
( ) ( )

1
y

4x 1 x 5
=

+ −

(iii) 
( ) ( )

1
y

x 3 x 5
=

− −

(iv) 
( ) ( )

1
y

3 x x 5
=

− −

(c) (i) y 6 x= − (ii) y 7 x= + (iii) y 3x 5= +
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(d) (i)  ( ) ( )y 3 x x 5= − −              (ii)  ( ) ( )y x 3 x 5= − +

(iii) 
( ) ( )

1
y

3 x 7 x
=

+ +

                  (iv) 
( ) ( )

1
y

x 3 7 x
=

− +

2. uhps nh x;h izR;sd fLFkfr ds fy, fn, gq, izkUr osQ fy, ifjlj Kkr dhft,µ

(a) (i)  ( )f x 3x 10= + , { }x 1, 5, 7, 1, 2∈ − −

(ii)  ( ) 2f x 2x 1= + , { }x 3, 2, 4, 0∈ −

(iii) ( ) 2f x x x 2= − + , { }x 1, 2, 3, 4, 5∈

(b) (i)  ( )f x x 2= − , 0 x 4≤ ≤ (ii) ( )f x 3x 4= + , 1 x 2− ≤ ≤

(c) (i) ( ) 2f x x= , 5 x 5− ≤ ≤ (ii) ( )f x 2x= , 3 x 3− ≤ ≤

(iii) ( ) 2f x x 1= + , 2 x 2− ≤ ≤ (iv) ( )f x x= , 0 x 25≤ ≤

(d) (i) ( )f x x 5= + , x R∈ (ii) ( )f x 2x 3= − , x R∈

(iii) ( ) 3f x x= , x R∈ (iv) ( )
1

f x
x

= , { }x : x 0<

(v) ( )
1

f x
x 2

=

−

, { }x : x 1≤ (vi) ( )
1

f x
3x 2

=

−

, { }x : x 0≤

(vii) ( )
2

f x
x

= , { }x : x 0> (viii) ( )
x

f x
x 5

=

+

, { }x : x 5≠ −

2.4 iQyu dk xzkiQ osQ :i esa fu:i.k
pw¡fd iQyu Øfer ;qXeksa }kjk iznf'kZr fd;k tk ldrk gSA

vr% iQyu dk xzkiQh; izn'kZu lnSo lEHko gSA mnkgj.kkFkZ] vkb, 2y x=  ij fopkj djsaµ
2y x=

x 0 1 1 2 2 3 3 4 4

y 0 1 1 4 4 9 9 16 16

− − − −

–1–2–3–4 1 2 3 4

(1, 1)

(2, 4)

(3, 9)

(4, 16)(–4, 16)

(–3, 9)

(–2, 4)

(–1, 1)
X

Y′

X′

Y

fp=k 2.16
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D;k ;g ,d iQyu iznf'kZr djrk gS\

gk¡] ;g ,d iQyu iznf'kZr djrk gS D;ksafd x osQ izR;sd eku osQ fy, y dk ,d vf}rh; eku gSA

vkb, vc lehdj.k 2 2x y 25+ =  ij fopkj djsaA

2 2x y 25+ =

   
x 0 0 3 3 4 4 5 5 3 3 4 4

y 5 5 4 4 3 3 0 0 4 4 3 3

− − − − −

− − − − −

–1–2–3–4–5

–5

–4

–3

–2

–1

1

2

3

4

5

1 2 3 4 5

Y

XX′

Y′

(0, 5)

(3, 4)

(4, 3)

(5, 0)

(4, –3)

(3, –4)

(0, –5)

(–3, –4)

(–4, –3)

(–5, 0)

(–4, 3)

(–3, 4)

O

fp=k 2.17

;g xzkiQ ,d oÙ̀k iznf'kZr djrk gS\  D;k ;g ,d iQyu iznf'kZr djrk gS\

ugha] ;g iQyu iznf'kZr ugha djrk gS D;ksafd x osQ ,d (leku) eku osQ fy, y dk vf}rh; eku ugha
gSA

   ns[ksa vkius fdruk lh[kk 2.4

1. (i) D;k ;g xzkiQ ,d iQyu iznf'kZr djrk gSA

XX′

Y′

Y

O

fp=k 2.18

(ii) D;k ;g xzkiQ ,d iQyu iznf'kZr djrk gSA
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O

Y

Y′

XX′

fp=k 2.19

2. fuEufyf[kr iQyuksa esa ls izR;sd dk xzkiQ [khafp, %

(a) 2y 3x=      (b)  2y x= − (c)  2y x 2= −

(d) 2y 5 x= −  (e) 2y 2x 1= + (f) 2y 1 2x= −

3. uhps fn, x, xzkiQksa esa ls dkSu&dkSu iQyu dks iznf'kZr djrs gSa %

(a)
y

x

y′

x′

(b) y

x

y′

x′

fp=k 2.20     fp=k 2.21

(c) y

x

y′

x′

(d)       y

x

y′

x′

              fp=k 2.22              fp=k 2.23

(e)

x

y

x′

y′

   fp=k 2.24
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laosQr% ;fn y v{k osQ lekUrj dksbZ js[kk xzkiQ dks ,d ls vf/d ¯cnqvksa ij dkVs] rks xzkiQ iQyu
iznf'kZr ugha djrkA

2.5 oqQN fo'ks"k iQyu

2.5.1  ,dfn"V (Monotonic) iQyu

eku yhft, fd F : A B→  ,d iQyu gS rc f, vUrjky (a, b)  esa ,dfn"V dgyk,xk ;fn og
bl vUrjky esa o/Zeku (increasing) ;k ßkleku (Decreasing) gksA vUrjky (a, b)  esa] iQyu osQ

oèkZeku osQ fy, ( ) ( ) ( )1 2 1 2 1 2x x F x F x x x a, b< ⇒ < ∀ ∈

vkSj vUrjky (a, b) esa] iQyu osQ ßkleku dss fy,

( ) ( ) ( )1 2 1 2 1 2x x F x F x x x a, b< ⇒ > ∀ ∈

,d iQyu iwjs izkUr eas ,dfn"V ugha gks ldrk ijUrq fofHkUu vUrjkyksa esa gks ldrk gSA

iQyu F : R R→ ] tks 2f (x) x=  }kjk ifjHkkf"kr gS] ij fopkj dhft,A

[ ]1 2x , x 0,∀ ∈ ∞ ( ) ( )1 2 1 2x x F x F x< ⇒ <

⇒ F vUrjky [0, ]∞  esa ,dfn"V gSA

[Q bl vUrjky esa iQyu o/Zeku gSA]

ijUrq ( )1 2x , x , 0∀ ∈ −∞  ( ) ( )1 2 1 2x x F x F x< ⇒ >

⇒ f vUrjky [ , 0]−∞  esa ,dfn"V gSA  (Q   bl vUrjky esa iQyu ßkleku gSA)

vxj ge iwjs izkUr dh ckr djsa rks ;g iQyu R ij ,dfn"V ugha gSA ijUrq ;g vUrjky ( ,0)−∞  vkSj
(0, )∞  ij ,dfn"V gSA

iqu% iQyu F : R R→  ij fopkj dhft, tks ( ) 3f x x=  }kjk ifjHkkf"kr gSA Li"Vr% 1 2x x∀ ∈

izkUr

( ) ( )1 2 1 2x x F x F x< ⇒ <

∴ fn;k gqvk iQyu R ij vFkkZr iwjs izkUr ij ,dfn"V gSA

2.5.2 le iQyu

,d iQyu dks le iQyu dgk tkrk gS ;fn izkUr ds izR;sd x osQ fy, ( ) ( )F x F x− =

mnkgj.kkFkZ] fuEufyf[kr esa ls izR;sd iQyu ,d le iQyu gS

(i) ;fn ( ) 2F x x= , rc ( ) ( ) ( )
2 2F x x x F x− = − = =

(ii) ;fn ( )F x cos x= ] rc ( ) ( ) ( )F x cos x cos x F x− = − = =

(iii) ;fn ( )F x x=  ] rc ( ) ( )F x x x F x− = − = =
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O
X′ X

Y′

Y

fp=k 2.25

bl leiQyu (ekikad iQyu) dk xzkiQh; izn'kZu Åij fp=k esa n'kkZ;k x;k gSA

izs{k.k % xzkiQ y-v{k osQ lkis{k lefer gSA

2.5.3 fo"ke iQyu

,d iQyu dks fo"ke iQyu dgk tkrk gS ;fn izR;sd x osQ fy, ( ) ( )f x f x− = −

mnkgj.kkFkZ]

(i) ;fn ( ) 3f x x=

rks ( ) ( ) ( )
3 3f x x x f x− = − = − = −

(ii) ;fn ( )f x sin x=

rks ( ) ( ) ( )f x sin x sin x f x− = − = − = −

fo"ke iQyu y x=  dk xzkiQ fp=k 15.46 esa fn;k x;k gSA
izs{k.k % xzkiQ ewy fcUnq osQ lkis{k lefer gSA

2.5.4  lksiku iQyu ;k egÙke iw.kk±d iQyu

( ) [ ]f x x= tks fd ,slk lcls cM+k iw.kk±d gS] tks x ls NksVk vFkok blosQ cjkcj gksA bl izdkj ls

ifjHkkf"kr iQyu dks egÙke iw.kk±d iQyu (Greatest Integer function) ;k lksiku iQyu dgrs gSaA
blosQ xzkiQ esa lksiku gksrs gSaA

vkb, iQyu [ ]y x , x R= ∈  dk xzkiQ [khapsa

[ ]x 1, 1 x 2= ≤ <

[ ]x 2, 2 x 3= ≤ <

[ ]x 3, 3 x 4= ≤ <

[ ]x 0, 0 x 1= ≤ <

[ ]x 1, 1 x 0= − − ≤ <

[ ]x 2, 2 x 1= − − ≤ < −

fp=k 2.26

fp=k 2.27

y

x

y′

x′

(– , – )x y

( , )x y

O

X
1 2 3 4

 –1

 –2

Y′

X′

Y

3

2

1

–1–2–3

 –3
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� lksiku iQyu dk izkUr okLrfod la[;kvksa dk leqPp; gksrk gSA

� lksiku iQyu dk ifjlj iw.kk±dksa dk leqPp; gksrk gSA

2.5.5 cgqin iQyu

cgqin :i esa ifjHkkf"kr iQyu cgqin iQyu dgykrk gSA mnkgj.kkFkZ

(i)  ( ) 2f x 3x 4x 2= − −  (ii) ( ) 3 2f x x 5x x 5= − − + (iii) ( ) 3f x x=

lHkh cgqin iQyu gSaA

 fVIi.kh%

 f (x) K= osQ :i okys iQyu dks vpj iQyu dgrs gSa tgk¡ K ,d vpj gSA

2.5.6  ifjes; iQyu

( )
( )

( )

g x
f x

h x
=  osQ :i okys iQyu dks ifjes; iQyu dgrs gSa tgk¡ g(x)  rFkk h(x)  cgqin gSa

vkSj ( )h x 0≠  mnkgj.kkFkZ] ( )

2x 4
f x , x 1

x 1

−
= ≠ −

+

 ,d ifjes; iQyu gSA

2.5.7 izfrykse iQyu

1
y

x
=  osQ :i okys iQyu dks izfrykse iQyu dgrs gSa tgk¡ x 0≠

2.5.8  pj ?kkrkadh iQyu

 fLol xf.krK fy;ksukMZ vk;yj Leonhard Euler us la[;k ‘e’ dks vuUr Js.kh osQ :i esa voxr

djk;kA okLro esa 
1 1 1 1

e 1 ..... .....
1 2 3 n

= + + + + + + ...(1)

;g fofnr gS fd bldh vuUr Js.kh dk ;ksx ,d ifjfer lhek dh vksj tkrk gS (vFkkZr ;g Js.kh
vfHklkjh gSA) vkSj blfy, ;g ,d /ukRed okLrfod la[;k gS ftls ‘e’ ls fu:fir fd;k tkrk
gSA ;g la[;k e ,d vchth; vifjes; la[;k gS vkSj bldk eku 2 rFkk 3 osQ chp esa gksrk gSA vc

uhps nh x;h vuUr Js.kh ij fopkj dhft,%  
2 3 nx x x x

1 ..... .....
1 2 3 n

+ + + + + +

;g n'kkZ;k tk ldrk gS fd bl vuUr Js.kh  dk ;ksx ,d ifjfer lhek dh vksj tkrk gS ftls ge

xe  ls izn£'kr djrs gSaA vr% 
2 3 n

x
x x x x

e 1 ..... .....
1 2 3 n

= + + + + + +          ......(2)

;g pj ?kkrkadh izes; dgykrh gS vkSj vuUr Js.kh, pj ?kkrkadh Js.kh dgykrh gSA ge vklkuh ls ns[k
ldrs gSa fd (2) esa x = 1 j[kus ij gesa (1) izkIr gksrk gSA

iQyu ( ) xf x e= tgk¡ x ,d okLrfod la[;k gS] pj ?kkrkadh iQyu dgykrk gSA

pj ?kkrkadh iQyu xy e= dk xzkiQ fuEufyf[kr rF;ksa ij fopkj djus ds i'pkr izkIr fd;k tkrk gSA
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(i) tSls&tSls x c<+rk gS] y dk eku cM+h rsth ls c<+rk gS vkSj tc x  ?kVrk gS rks y dk eku 0 osQ
lfUudV igq¡prk gSA

(ii) ;|fi x osQ fdlh Hkh eku osQ fy,] xe 0≠  dksbZ x-vUr[k.M ugha gksrk gSA

(iii) D;ksafd 0e 1= vkSj e 0≠  y-vUr[k.M 1 gSA

(iv) rkfydk esa fn, gq, fof'k"V fcUnq xe osQ xzkiQ dks [khapus esa ekxZ&n'kZu djrs gSaA

x −3 −2 −1 0 1 2 3

xy e= 0.04 0.13 0.36 1.00 2.71 7.38 20.08

y e = x

X
54321O–1–2–3

–3

–2

–1

1

2

3

4

5

6

Y

X′

Y′

fp=k 2.28

;fn ge e ls vyx gVdj vk/kj] eku yhft, ‘a’ ysa] gesa pj ?kkrkadh iQyu
2f (x) a ,=  izkIr gksxk ;fn a 0,<  rFkk a 1≠ gks

mnkgj.kkFkZ] ge a 2= ;k a 3=  ys ldrs gSa vkSj iQyuksa xy 2= [nsf[k, fp=k 15.49] rFkk xy 3=

[nsf[k, fp=k 15.50]  osQ xzkiQ dks izkIr djrs gSaA fp=k 15.51 esa x xe ,2  rFkk x3 ds vkys[k (xzkiQ) ,d
lkFk fn[kk, x, gSaA

y = 2x

X
54321O–1–2–3

–2

–1

1

2

3

4

5

6

Y

Y′

X′

fp=k 2.29
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y = 3x

X
54321O–1–2–3

–2

–1

1

2

3

4

5

6

Y

–3

X′

Y′

       

y = 3x

X
54321O–1–2–3

–2

–1

1

2

3

4

5

6

Y

–3

y e = x

y = 2x

X′

Y′

fp=k 2.30             fp=k 2.31

2.5.9 y?kq x.kdh; iQyu

vc iQyu xy e= .....(3)

ij iqu% fopkj dhft,A

ge bls leku :i esa ,sls Hkh fy[k ldrs gSa

ex log y=

bl izdkj ey log x=   xy e=  dk

izfrykse iQyu gSA .....(4)

;fn ;g ‘e’ gS rks y?kq dk vk/kj ugha fy[krs gS vkSj

bl izdkj elog x dks lkekU;r% log x  osQ :i esa

fy[kk tkrk gSA D;ksafd xy e=  vkSj y log x=  izfrykse

iQyu gSaA vkSj muosQ xzkiQ js[kk y x=  osQ lkis{k
lefer gSaA

y log x=  dk xzkiQ js[kk y x=  ls izfrfcfEcr djosQ
xy e=  ls izkIr gks ldrk gSA

fVIi.kh%

fo|kFkhZ ?kkrkad osQ fu;eksa dks iqu% Lej.k dj ldrs gSa tks mUgksaus fiNyh d{kkvksa esa i<+s FksA

;fn a 0,>  vkSj m rFkk n ifjes; la[;k,¡ gksa rks

m n m na a a +⋅ = , m n m na a a −÷ = , ( )
nm mna a=

, 0a 1=

fp=k 2.32

X
54321O–1–2–3

–2

–1

1

2

3

4

5

6

Y

–3

y e = x

y x = 

y e x = log

X′

Y′
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laxr y?kq x.kd osQ fu;e gSa %

( )
a a alog mn log m log n= + ,  a a a

m
log log m log n

n

 
= − 

 

( )n
a alog m n log m= , 

a
b

a

log m
log m

log b
=

;k b a blog m log m log a= ;gka a, b > 0, a 1, b 1.≠ ≠

2.5.10 rRled QyurRled QyurRled QyurRled Qyu

eku yhft, R okLrfod la[;kvksa dk leqPp; gSA izR;sd x ∈R ds fy, y = f(x) = x }kjk
ifjHkkf"kr okLrfod eku Qyu f : R → R gSA bl izdkj ds Qyu dks rRled Qyu dgrs gSaA

;gk¡ f ds ifjlj rFkk izkar R gSA

bldk vkys[k ,d ljy js[kk gksrh gSA ;g js[kk ewyfcUnq ls gksdj tkrh gSA

8

6

4

2

0

2 4 6 8–2–4–6–8

–6

–4

–2

–8

Y′

XX′

Y

f x x( ) = 

fp=k 2.33

2.5.11 vpj Qyuvpj Qyuvpj Qyuvpj Qyu

izR;sd x ∈R ds fy, y = f(x) = c tgk¡ c ,d vpj gS }kjk ifjHkkf"kr ,d okLrfod eku
Qyu f : R → R gSA

;gk¡ f dk izkar R ,oa ifjlj {c} gS

f dk vkys[k x-v{k ds lekUrj ,d js[kk gSA

mnkgj.k ds fy, f(x) = 4 izR;sd x ∈R gS] rc bldk vkys[k bl izdkj n'kkZ;k tkrk gSA
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Y

6

4

2

–6 –4 –2 2 4 6

–2

–4

–6

Y′

X′ X

f x( ) = 4

0

fp=k 2.34

2.5.12 fpg~u fpg~u fpg~u fpg~u (Signum) QyuQyuQyuQyu

izR;sd x ∈R ds fy,

f(x) = 

1if 0

0, if 0

1, if 0

x

x

x

>


=


− <
}kjk ifjHkkf"kr Qyu f : R → R fpg~u (Signum) Qyu dgykrk gSA

fpg~u Qyu dk izkar R gSA ,oa ifjlj leqPp; {–1, 0, 1} gSA

fpg~u Qyu dk vkys[k uhps fn;k x;k gS %
Y

y = 1

X

–1

Y′

X′

y = –1

1

O

fp=k 2.35
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  ns[ksa vkius fdruk lh[kk 2.5

1. lgh dFkuksa ij fu'kku �  yxkb, %

(i) iQyu ( ) 4 2f x 2x 7x 9x= + + ,d le iQyu gSA

(ii) fo"ke iQyu y − v{k osQ lkis{k lefer gksrk gSA

(iii) ( ) 1 / 2 3 5f x x x x= − +  ,d cgqin iQyu gSA

(iv) lHkh x R∈ ds fy, ( )
x 3

f x
3 x

−
=

+

 ,d ifjes; iQyu gSA

(v) ( )
5

f x
3

=  ,d ifjes; iQyu gSA

(vi) ( )
1

f x
x

=  dk izkUr 0 osQ vfrfjDr lHkh okLrfod la[;kvksa dk leqPp; gSA

 (vii) lksiku iQyu u rks le gS u fo"ke

2. fuEufyf[kr esa ls dkSu ls iQyu le rFkk dkSu ls fo"ke iQyu gSaA

(a) ( )

2x 1
f x

x 1

−
=

+

(b)   ( )

2

2

x
f x

5 x
=

+

(c) ( )
2

1
f x

x 5
=

+

(d) ( )
3

2
f x

x
= (e)   ( )

2

x
f x

x 1
=

+

 (f)  ( )
5

f x
x 5

=

−

(g) ( )
x 3

f x
3 x

−
=

+

(h)  ( ) 3f x x x= −

3. iQyu y [x] 2= −  dk xzkiQ [khafp,A

4. fuEufyf[kr iQyuksa dk cgqin iQyu] ifjes; iQyu] izfrykse iQyu vFkok vpj iQyu esa
oxhZdj.k dhft, %

(a) 8 7 5y 3x 5x 8x= − +    (b)
2

3

x 2x
y

x 2x 3

+
=

− +

, 3x 2x 3 0− + ≠

(c)
2

3
y

x
= , x 0≠   (d)

2x 1
y 3 , x 0

x

+
= + ≠

(e)
1

y 1 , x 0
x

= − ≠   (f)
2x 5x 6

y , x 2
x 2

− +
= ≠

−

   (g) 
1

y
9

= .

 2-6 iQyuksa dk ;ksx] vUrj] xq.kk ,oa Hkkx

(i) nks okLrfod Qyuksa dk ;ksxnks okLrfod Qyuksa dk ;ksxnks okLrfod Qyuksa dk ;ksxnks okLrfod Qyuksa dk ;ksx %%%%

eku yhft, fd f : X → R rFkk g : X → R dksbZ nks okLrfod Qyu gSa tgk¡
X ⊂ R gS] rc ge lHkh x ∈ R ds fy, (f + g) : X → R bl izdkj ifjHkkf"kr djrs gSa %
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(f + g)(x) = f(x) + g(x), lHkh x ∈X

ekuk f(x) = x2, g(x) = 2x + 1, x ∈X

rc (f + g) (x) = f(x) + g(x) = x2 + 2x + 1

(ii) ,d okLrfod Qyu esa ls nwljs dks ?kVkuk,d okLrfod Qyu esa ls nwljs dks ?kVkuk,d okLrfod Qyu esa ls nwljs dks ?kVkuk,d okLrfod Qyu esa ls nwljs dks ?kVkuk

eku yhft, fd f : X → R rFkk g : X → R dksbZ nks okLrfod Qyu gSa tgk¡
X ⊂ R gS, rc ge (f – g) : X → R dks bl izdkj ifjHkkf"kr djrs gSaA

(f – g)x = f(x) – g(x), lHkh x ∈X ds fy,

ekuk f(x) = x2, g(x) = 2x + 1, x ∈X

(f – g) (x) = f(x) – g(x) = x2 – (2x + 1) = x2 – 2x – 1

(iii) nks okLrfod Qyuksa dk xq.kunks okLrfod Qyuksa dk xq.kunks okLrfod Qyuksa dk xq.kunks okLrfod Qyuksa dk xq.ku

nks okLrfod Qyuksa f : X → R rFkk g : X → R dk xq.kuQy ,d Qyu f . g : X →

R gS tks fuEu izdkj ls ifjHkkf"kr fd;k tkrk gS

(f g) (x) = f(x) . g(x) lHkh x ∈X ds fy,

ekuk f(x) = x2, g(x) = 2x + 1, x ∈X

rc  (f . g)(x) = f(x) . g(x) = x2 . (2x + 1) = 2x3 + x2

(iv) nks okLrfod Qyuksa dk HkkxQynks okLrfod Qyuksa dk HkkxQynks okLrfod Qyuksa dk HkkxQynks okLrfod Qyuksa dk HkkxQy

eku yhft, fd f rFkk g,  X → R }kjk ifjHkkf"kr nks okLrfod Qyu gSa] tgk¡

X ⊂ R gS. f ls g dk HkkxQy] ftls 
f

g
 ls fu:fir djrs gSa] ,d Qyu gS ftls fuEu

izdkj ls ifjHkkf"kr fd;k tkrk gS %

f
x

g

 
  

 =
( )

( )

f x

g x
, tgk¡ g(x) ≠ 0, x ∈ X

ekuk f (x)= x2, g(x) = 2x + 1

rc ( )
f

x
g

 
  

 =

2( ) 1
,

( ) 2 1 2

f x x
x

g x x

−

= ≠

+

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 2.17.  eku yhft, ( )f x x=  rFkk g(x) = x, _.ksÙkj okLrfod la[;kvksa ds fy,

ifjHkkf"kr nks Qyu gSa] rks (f + g)(x), (f – g)(x), (f g)(x) rFkk ( )
f

x
g

 
  

 Kkr dhft,A

gy gy gy gy : ;gk¡ gesa fn;k gqvk gS fd ( ) , ( )f x x g x x= =

rc (f + g)(x) = f(x) + g(x) = x x+

(f – g)(x) = f(x) –g(x) = x x−

(f g)(x) = f(x) . g(x) = 3 2.x x x=

( )
f

x
g

 
  

 =

1

2
( )

, 0
( )

f x x
x x

g x x

−

= = ≠
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      ns[ksa vkius fdruk lh[kk 2-6

1. ,d Qyu f(x) = 3x + 4 }kjk ifjHkkf"kr fd;k x;k gSA fuEufyf[kr dk eku Kkr dhft, %

(i) f(0) (ii) f(7) (iii) f(–3)

2. ekuk f, g : R → R Øe'k% f(x) = x + 1, g(x) = 2x – 3 ls ifjHkkf"kr fd, x, gSaA

(f + g), (f – g) (f g) rFkk 
f

g

 
  

 Kkr dhft,A

� nks leqPp;ksa A rFkk B dk dkrhZ; xq.ku mu lHkh Øfer ;qXeksa dk leqPp; gksrk gS tks A rFkk
B osQ vo;o gksrs gSaA bls A B×   ls izn£'kr djrs gSa] vFkkZr

( ){ }A B a, b : a A b B× = ∈ ∈vkjS .

� laca/ R, A B×  dk mileqPp; gksrk gS tgk¡ A  vkSj B leqPp; gS vFkkZr

( ){ }R A B a, b : a A b B aRb⊆ × = ∈ ∈vkjS vkjS

� iQyu ,d fo'ks"k izdkj dk lEcU/ gksrk gSA

� iQyu f : A B, A→  ls B ij laxrrk dk ,d fu;e gksrk gS rkfd A  dk izR;sd vo;o B osQ
,d vf}rh; vo;o ls lEc¼ gksA

� iQyu] Øfer ;qXeksa osQ leqPp; ls Hkh crk;k tk ldrk gSA

� eku yhft, fd f, A dk B ij ,d iQyu gS] rks

izkUr % iQyu ‘f’ osQ Øfer ;qXeksa osQ izFke vo;oksa dk leqPp; gksrk gSA

ifjlj % iQyu f osQ Øfer ;qXeksa osQ f}rh; vo;oksa dk leqPp; gksrk gSA

� iQyu dks ,d lehdj.k osQ :i esa Hkh fy[kk tk ldrk gSA tSls y f (x)=

tgk¡ x Lora=k pj gS vkSj ‘y’ vkfJr pj gSA

izkUr % Lora=k pj dk leqPp;

ifjlj % vkfJr pj dk leqPp;

� izR;sd lehdj.k iQyu fu:fir ugha djrkA

� mèokZ/j js[kk tk¡pµxzkiQ iQyu gS ;k ugha] dh tk¡p djus osQ fy, ge y-v{k osQ lekUrj ,d
js[kk [khaprs gSaA ;fn ;g js[kk xzkiQ dks ,d ls vf/d fcUnqvksa ij dkVrh gS rks xzkiQ iQyu
iznf'kZr ugha djrkA

� ,d iQyu ,d vUrjky esa ,dfn"V dgykrk gS ;fn og ml vUrjky esa ;k rks o/Zeku gks ;k
ßkleku gksA

C

A1

% + vkb;s nksgjk,¡
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� ,d iQyu le iQyu dgykrk gS ;fn ( ) ( )f x f x= −  vkSj fo"ke iQyu ;fn

( ) ( )f x f x ,− = −  tgk¡ x, x f− ∈ dk izkUrA
� f, g : X → R rFkk X ⊂ R, rc

(f + g)(x) = f(x) + g(x), (f – g)(x) = f(x) – g(x)

(f . g)x = f(x) . g(x), 
( )

( ) , ( ) 0
( )

f f x
x g x

g g x

 
= ≠  

� ,d okLrfod Qyu] okLrfod la[;kvksa dk leqPp; gksrk gS ;k buesa ls blds mileqPp;
blds izkar rFkk ifjlj nksuksa gSaA

       lgk;d osclkbZV

� http://www.bbc.co.uk/education/asguru/maths/13pure/02functions/06composite/

index.shtml

� http://en.wikipedia.org/wiki/functions

� http://en.wikipedia.org/wiki/relations

1. fn;k gS A {a, b, c},=  rFkk B {2, 3}= _ A A ls B ij osQ laca/ksa dh la[;k Kkr dhft,A

2. fn;k gS { }A 7, 8, 9 ,=  rFkk { }B 9,10,11 ,=  lR;kfir dhft, fd

(i) ( ) ( ) ( )A B C A B A C× ∩ = × ∩ × (ii) ( ) ( ) ( )A B C A B A C× ∪ = × ∪ ×

3. fuEufyf[kr esa ls dkSu ls lehdj.k iQyu iznf'kZr djrs gSaA izR;sd fLFkfr esa x R∈ gSA

(a) 
2x 3 4

y , x
4 5x 5

+
= ≠

−

(b)  
3

y , x 0
x

= ≠ (c) 
2

3
y , x 4, 4

x 16
= ≠ −

−

 (d) y x 1, x 1= − ≥ (e) 
2

1
y

x 1
=

+

(f) 2 2x y 25+ =

4. fuEufyf[kr iQyuksa osQ izkUr rFkk ifjlj fyf[k, %

( ) ( ) ( ) ( ) ( ){ }1f : 0,1 , 2, 3 , 4, 5 6, 7 , ........ 100,101

( ) ( ) ( ){ }2f : 2, 4 , 4,16 , 6, 36 ........− − −

( )3
1 1 1

f : 1,1 , , 1 , ,1 , 1 , ........
2 3 4

      
− −      

      

( ) ( ) ( ){ }4f : ........ 3, 0 , 1, 2 , 4, 1− −

( ) ( ) ( ) ( ) ( ) ( ){ }5f : ........ 3, 3 , 2, 2 , 1,1 0, 0 1,1 , 2, 2 , ........− − −

5. fuEufyf[kr iQyuksa osQ izkUr fyf[k, %

(a) ( ) 3f x x= (b) ( )
2

1
f x

x 1
=

−

vkb, vH;kl djsa
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(c) ( )f x 3x 1= + (d) ( )

( ) ( )

1
f x

x 1 x 6
=

+ +

(e) ( )

( ) ( )

1
f x

x 1 2x 5
=

− −

6. fuEufyf[kr iQyuksa osQ ifjlj fyf[k, %

(a) y 3x 2, x R= + ∈ (b) { }
1

y , x R 2
x 2,

= ∈ −

−

(c) { }
x 1

y , x 0, 2, 3, 5, 7, 9
x 1

−
= ∈

+

(d) 
2

y ,
x

=  x R+∈  (lHkh ½.ksrj okLrfod eku)

7. uhps fn, x, iQyuksa osQ xzkiQ [khafp, %

(a) 2y x 3, x R= + ∈ (b) { }
1

y , x R 2
x 2

= ∈ −

−

(c) { }
x 1

y , x 0, 2, 3, 5, 7, 9
x 1

−
= ∈

+

(d) 
1

y , x R
x

+= ∈ .

8. fuEufyf[kr esa dkSu&dkSu ls xzkiQ iQyu iznf'kZr djrs gSa %
(a) Y

X

Y′

X′

O

(b)  Y

X

Y′

X′

O

     fp=k 2.36                 fp=k 2.37

(c) Y

X

Y′

X′

O

(d) Y

X

Y′

X′

O

          fp=k 2.38          fp=k 2.39

(e)

Y′

X′ X

Y

O

(f)  

Y′

X′ X

Y

O

              fp=k 2.40          fp=k 2.41
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(g)

O
X

Y′

X′

Y (h) 

O
X

Y′

X′

Y

           fp=k 2.42                     fp=k 2.43

9. fuEufyf[kr iQyuksa esa dkSu ls ifjes; iQyu gSa \

(a) ( ) { }
2x 3

f x , x R 2
x 2

−
= ∈ − −

+

    (b) ( )
x

f x , x R
x

+
= ∈

(c) ( ) { }
2

x 2
f x , x R 2

x 4x 4

+
= ∈ − −

+ +

(d) y x, x R= ∈

10. fuEufyf[kr iQyuksa esa dkSu ls cgqin iQyu gS \

(a) ( ) 2f x x 3 x 2= + + (b)  ( ) ( )
2

f x x 2= +

(c) ( ) 3 4f x 3 x 2x x= − + − (d) ( )f x x x 5, x 0= + − ≥

(e) ( ) ( )2f x x 4, x 2, 2= − ∉ −

11. fuEufyf[kr iQyuksa esa dkSu ls le iQyu gS vkSj dkSu ls fo"ke iQyu gSa\

(a) ( ) [ ]2f x 9 x x 3, 3= − ∈ − (b)  ( )

2

2

x 1
f x

x 1

−
=

+

(c) ( )f x x= (d)  ( ) 5f x x x= −

(e)

O
X

Y′

X′

Y (f)

O
X

Y′

X′

Y

fp=k 2.44                   fp=k 2.45
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(g)

O
X

Y′

X′

Y

         fp=k 2.46

12. ekuk ,d Qyu f,  f(x) = 5x2 + 2, x ∈R ls ifjHkkf"kr gS

(i) f ds varxZr 3 dh izfrfcEc Kkr dhft,A

(ii) f(3) × f(2) Kkr dhft,A

(iii) x Kkr dhft, tcfd f(x) = 22

13. ekuk f(x) = x + 2 rFkk g(x) = 2x – 3 nks okLrfod Qyu gSaA fuEufyf[kr Qyuksa dks
Kkr dhft, %

(i) f + g (ii) f – g

(iii) f . g (iv)
f

g

14. ;fn f(x) = (2x + 5), g(x) = x2 – 1 nks okLrfod eku Qyu gSaA fuEufyf[kr Qyuksa
dks Kkr dhft, %

(i) f + g (ii) f – g (iii) f g

(iv)
f

g
(v)

g

f

ns[ksa vkius fdruk lh[kk 2.1

2. ( ) ( ) ( ) ( ){ }2,1 , 4,1 , 2, 4 , 4, 4 .

3. (i) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }R 4, 2 , 4, 4 , 6, 2 , 6, 3 , 8, 2 , 8, 4 , 10, 2 , 10, 5= .

(ii) R dk izkar] { }R 4, 6, 8,10= .

(iii) R dk ifjlj] { }R 2, 3, 4, 5= .

4. (i) ( ) ( ){ }R 1, 8 , 2, 4= .

(ii) R dk izkar] { }R 1, 2= ,

(iii) R dk ifjlj] { }{ }R 1, 2 8, 4=

mÙkjekyk
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5. (i) ( ) ( ) ( ) ( ) ( ) ( ){ }R 2, 4 , 3, 9 , 5, 25 , 7, 49 , 11,121 , 13,169=

      R dk izkar] { }R 2, 3, 5, 7,11,13= ,

      R dk ifjlj] { }R 4, 9, 25, 49,121,169= .

6. (i)  R dk izkar  = φ

(ii)  R dk izkar  = φ

(iii) R dk ifjlj = φ

7. x = 2, y = 3.

8. {(–1, –1, –1), (–1, –1, 1), (–1, 1, –1), (–1, 1, 1), (1, –1, –1), (1, –1, 1), (1, 1, –1), (1, 1, 1)}

9. A = {a, b}, B = {x, y}         10. 18

ns[ksa vkius fdruk lh[kk 2.2

1. (a), (c), (f)

2. (a), (b)

3. (a), (d)

4. (a) izkar { }2, 5, 3 ,=  ifjlj { }2, 1, 5= −

(b) izkar { }3, 2, 1= − − − , ifjlj { }
1

2
=

(c) izkar { }1, 0, 2, 1 ,= −  ifjlj { }1, 0, 2, 1= − ,

(d) izkar = {nhid] lanhi] jktu } ifjlj = {16, 28, 24}.

5. (a) izkar  = {1, 2, 3}, ifjlj = {4, 5, 6}, (b) izkar = {1, 2, 3}, ifjlj = {4}

(c) izkar = {1, 2, 3}, ifjlj = {1, 2, 3}, (d) izkar = {xxu] jke] lfyy} ifjlj = {8, 9, 5}.

(e) izkar = {a, b, c}, ifjlj = {2, 4}

ns[ksa vkius fdruk lh[kk 2.3

1. (a) (i) izkar  = okLrfod la[;kvksa dk leqPp;

(ii) izkar  = okLrfod la[;kvksa dk leqPp;

(iii) izkar  = okLrfod la[;kvksa dk leqPp;
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(b) (i) izkar  { }
1

R
3

= − (ii) izkar  { }
1

R , 5
4

= − −

(iii) izkar  { }R 3, 5= − (iv) izkar  { }R 3, 5= −

(c) (i) izkar  { }x R : x 6= ∈ ≤ , (ii) izkar  { }x R : x 7= ∈ ≥ −

(iii) izkar  { }
5

x : x R, x
3

= ∈ ≥ −

(d) (i) izkar  { }x : x R 3 x 5= ∈ ≤ ≤vkSj , (ii) izkar { }x : x R x 3, x 5= ∈ ≥ ≤ −

(iii) izkar { }x : x R x 3, x 7= ∈ ≥ − ≤ − , (iv) izkar  { }x : x R x 3, x 7= ∈ ≥ ≤ −

2. (a) (i) ifjlj { }13, 25, 31, 7, 4= , (ii) ifjlj { }19, 9, 33,1= ,  (iii) ifjlj { }2, 4, 8,14, 22=

(b) (i) ifjlj ( ) ( ){ }f x : 2 f x 2= − ≤ ≤  (ii) ifjlj ( ) ( ){ }f x : 1 f x 10= ≤ ≤

(c) (i)  ifjlj ( ) ( ){ }f x : 1 f x 25= ≤ ≤  (ii) ifjlj ( ) ( ){ }f x : 6 f x 6= − ≤ ≤

(iii) ifjlj ( ) ( ){ }f x : 1 f x 5= ≤ ≤   (iv) ifjlj ( ) ( ){ }f x : 0 f x 5= ≤ ≤

(d) (i)  ifjlj = R (ii) ifjlj = R

(iii) ifjlj = R (iv) ifjlj ( ) ( ){ }f x : f x 0= <

(v) ifjlj ( ) ( ){ }f x : 1 f x 0= − ≤ <

(vi)  ifjlj ( ) ( ){ }f x : 0.5 f x 0= ≤ <

(vii) ifjlj ( ) ( ){ }f x : f x 0= >

(viii) ifjlj : x 5= −  ds vfrfjDr ( )f x  ds lHkh ekuA

ns[ksa vkius fdruk lh[kk 2.4

1. (i) ugha    (ii) gk¡

2. (a)

O
X

Y′

X′

Y

(0, 0)

(b)  

O
X

Y′

X′

Y

(0, 0)

fp=k 2.47       fp=k 2.48
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(c) 

O
X

Y′

X′

Y

(0, –2)

(d)

O
X

Y′

X′

Y

(0, 0)

(0, 5)

fp=k 2.49 fp=k 2.50

(e)

O
X

Y′

X′

Y

(0, 0)

(0, 1)

(f)

O
X

Y′

X′

Y

(0, 1)

fp=k 2.51 fp=k 2.52

3. (c), (d) vkSj (e).

ns[ksa vkius fdruk lh[kk 2.5

1. v, vi, vii  lR; dFku gSaA (i), (ii), (iii), (iv)  vlR; dFku gSaA

2. (b), (c) le iQyu gSa rFkk (d), (e), (h) fo"ke iQyu gSaA

3.

–3

X
431–1–2

–1

–2

–4

1

2

3

4

Y

X′

Y′

2

      fp=k 2.53
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4. (a) cgqin iQyu (b) ifjes; iQyu (c) ifjes; iQyu (d) ifjes; iQyu

(e) ifjes; iQyu (f) ifjes; iQyu (g) vpj iQyu

ns[ksa vkius fdruk lh[kk 2.6

1. (i) 4 (ii) 25 (iii) –5

2. (f + g)x = 3x – 2 = 3x – 2, (f – g)x = 4 – x,

(f ⋅ g)x = 2x2 – x – 3, 
x +1 3

x = ,x
g 2x -3 2

f 
≠ 

 

vkb, vH;kl djsa

1. 62  vFkkZr~ 64

3. (a), (b), (c), (d), (e) iQyu gSaA

4. { }1f : 0, 2, 4, 6, ......100− =izkra , { }1, 3, 5, 7, ......101=ifjlj .

{ }2f : 2, 4, 6, ......− = − − −ikz ra , { }4,16, 36, ......=ifjlj .

{ }3
1 1 1

f : 1, , , , ......
2 3 4

− =izkra , { }1, 1= −ifjlj .

 { }4f : 3, 1, 4− = −izkar , { }0, 2, 1= −ifjlj .

  { }5f : ...... 3, 2, 1, 0, 1, 2, 3, ......− = − − −ikz ar , { }0,1, 2, 3, ......=ifjlj

5. (a) R=ikz ra (b) { }R 1,1= − −ikz ar ,

 (c) 
1

x
3

= ≥ −ikz ar  V x R∈ (d) x 1, x 6= ≥ − ≤ −ikz ar

(e)  
5

x , x 1.
2

= ≥ ≤ikz ar

6. (a) izkar = R (b) ifjlj x 2= =  ij y ds lHkh eku

(c)  izkar   { }
1 1 2 3 4

1, , , , ,
3 2 3 4 5

= − (d)  izkar  =  x > 0  ds fy,  y ds lHkh eku

8. (a), (c), (e), (f), (h).

9. (a), (c) 10. (a), (b), (c)

11. le iQyu : (a), (b), (c), (f), (g), fo"ke iQyu : (d), (e)

12. (i) f(3) = 47,  (ii) f(3) × f(2) = 1034, (iii) x = 2, –2
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13. (i) f + g = 3x – 1, (ii) f – g = – x + 5,

(iii) fg = 2x2 + x – 6 (iv)
2 3

,
2 3 2

xf
x

g x

+

= ≠

−

14. (i) f + g = x2 + 2x + 4 (ii) f – g = –x2 + 2x + 6

(iii) f . g = 2x3 + 5x2 – 2x – 5 (iv) 2

2 5
, 1

1

xf
x

g x

+

= ≠ ±

−

(v)

2 1 5
,

2 5 2

xg
x

f x

− −

= ≠

+
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