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23

laca/ ,oa iQyu-II

gekjs nSfud thou esa gesa oLrqvksa osQ chp fofHkUu izdkj osQ laca/ ns[kus dks feyrs gSaA laca/ dh vo/
kj.kk dks xf.krh; :i esa LFkkfir fd;k tk pqdk gSA ge Øfer ;qXe] dkrhZ; xq.kuiQy laca/] iQyu
muds izkar rFkk ifjlj ls ifjfpr gSA

bl ikB esa ge laca/ksa ds izdkj] iQyuksa ds izfrykse] f}vk/kjh lfØ;k,a nks leqPp;ksa osQ chp
lacaèk] ,d laca/ dk iQyu gksus dh fLFkfr;k¡] fofHkUu izdkj osQ iQyu vkSj muosQ xq.kksa dh ppkZ

djsaxsA

   mís';
bl ikB dss vè;;u osQ ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %

• fofHkUu izdkj ds laca/ksa dks ifjHkkf"kr djuk

• fofHkUu izdkj osQ iQyuksa osQ mnkgj.kksa tSls ,oSQdh] cgq&,d] vkPNknd] vUr{ksZih vkSj
,sdSdh vkPNknu (bijection) dks crkdj mUgsa ifjHkkf"kr djuk

• ;g crkuk fd D;k iQyu ,oSQdh] cgq&,d] vkPNknd ;k vUr{ksZih gSa

• nks iQyuksa dk la;kstu ifjHkkf"kr djuk

• izfrykse iQyuksa dks ifjHkkf"kr djuk

• izfrykse osQ vfLrRo dh ifjfLFkfr crk lduk

• f}vk/kjh lafØ;kvks rFkk muds xq.kksa dh O;k[;k djuk] leqPp; ds fdlh vo;o dk
rRled rFkk izfrykse Kkr djuk

iwoZ Kku
• la[;k i¼fr] Øfer ;qXe dh vo/kj.kk laca/ ,oa iQyu dh ifjHkk"kk laca/ ,oa iQyu ds

izkar] lg&izkar] lg&izkar o ifjlj

23-1 lEcU/

23-1-1 lEcU/

eku yhft, A rFkk B nks leqPp; gSa rc leqPp; A ls leqPp; R esa lEcU/k R,

A × B dk ,d mileqPp; gksrk gSA
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bl izdkj A ls B esa lEcU/k R ⇔ R ⊆ A × B

• ;fn (a, b) ∈R gS rc ge bls aRb fy[krs gSa tks fd a, b ls lEcU/k R }kjk lEcfUèkr

gS] i<+k tkrk gSA ;fn (a, b) ∉R rc ge bls Ra b  fy[krs gSa rc ge dgrs gSa
fd a, b ls lEcU/k R }kjk lEcfU/kr ugha gSA

• ;fn n(A) = m rFkk n(B) = n, rc A × B ds mn Øfer ;qXe gksrs gSa rc A ls B esa
dqy lEcUèkksa dh la[;k 2mn gksrh gSA

23-1-2 lEcU/ksa ds izdkj
 (i) LorqY; laca/kLorqY; laca/kLorqY; laca/kLorqY; laca/k

leqPp; A ij lEcU/k R LorqY; dgykrk gS] ;fn A dk izR;sd vo;o Lo;a ls lEcfUèkr
gksA

bl izdkj R LorqY; gksrk gS ⇔ izR;sd a ∈A ds fy, (a, a) ∈R

,d lEcU/k R LorqY; ugha gksxk ;fn muesa ls ,d Hkh vo;o a ∈A ds fy, (a, a) ∉R.

eku yhft, A = {1, 2, 3} ,d leqPp; gS rc

R = {(1, 1), (2, 2), (3, 3), (1, 3), (2, 1)} A ij LorqY; lEcU/k gSA

ysfdu R
1
 = {(1, 1), (3, 3) (2, 1) (3, 2)}, A ij LorqY; lEcU/k ugha gSA D;ksafd 2 ∈A

ysfdu (2,2) ∉R.

 (ii) lefer lEcU/klefer lEcU/klefer lEcU/klefer lEcU/k

leqPp; A ij lEcU/k R lefer lEcU/k dgykrk gS ;fn

izR;sd (a, b) ∈A ds fy, (a, b) ∈R ⇒ (b, a) ∈R

vFkkZr~ izR;sd a, b ∈A ds fy, aRb ⇒ bRa

ekuk A = {1, 2, 3, 4} rFkk R
1
 vkSj R

2
 leqPp; A ij lEcU/k

R
1
 = {(1, 3), (1, 4), (3, 1), (2, 2), (4, 1)

,oa R
2
 = {(1, 1), (2, 2), (3, 3), (1, 3)} }kjk ifjHkkf"kr gSaA

• R
1
 leqPp; A ij ,d lefer lEcU/k gS D;ksafd izR;sd (a, b) ∈R

1 
ds fy, (a, b) ∈R

1

⇒ (b, a) ∈R
1
 ;k izR;sd (a, b) ∈A ds fy, aR

1
b ⇒ bR

1
a

ysfdu R
2
 lefer ugha gS D;ksafd (1, 3) ∈R

2
 ysfdu (3, 1) ∉R

2
.

;g vko';d ugha fd leqPp; A ij LorqY; lEcU/k] lefer gksA mnkgj.k ds fy, lEcUèk
R ={(1, 1), (2, 2), (3, 3), (1, 3)}, leqPp; A = {1, 2, 3} ij LorqY; lEcU/k gS ysfdu
;g lefer ugha gSA

 (iii) laØed lEcU/klaØed lEcU/klaØed lEcU/klaØed lEcU/k

eku yhft, fd A dksbZ leqPp; gSA A ij lEcU/k R laØed lEcU/k dgykrk gS ;fn
izR;sd a, b, c ∈A ds fy, (a, b) ∈R rFkk (b, c) ∈R ⇒ (a, c) ∈R

vFkkZr~ izR;sd a, b, c ∈A ds fy, aRb ,oa bRc ⇒ aRc
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mnkgj.k ds fy,

izkdr̀ la[;kvksa ds leqPp; N ij] lEcU/k R, xRy ⇒ x, y ls NksVk gS] }kjk ifjHkkf"kr
fd;k tkrk gSA

laØed gS D;ksafd izR;sd x, y, z ∈N ds fy, x < y rFkk y < z ⇒ x < z

vFkkZr~ xRy rFkk yRz ⇒ xRz

nwljk mnkgj.k ysus ij

ekuk lery esa lHkh ljy js[kkvksa dk leqPp; A gS rc A esa lEcU/k ^ds lekarj gS*
laØed lEcU/k gSA D;ksafd izR;sd l

1
, l

2
, l

3
 ∈A ds fy, l, ||l

2
 rFkk l

2
|| l

3
 ⇒ l

1
|| l

3
.

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 23.1.  LorqY;rk] lefefr rFkk laØedrk ds fy, lEcU/k R dh tk¡p dhft, tgk¡
R bl izdkj ifjHkkf"kr gS fd izR;sd l

1
, l

2
 ∈ A ds fy, l

1
Rl

2
 ;fn l

1
⊥ l

2
A

gygygygy : ekuk lery esa lHkh js[kkvksa dk leqPp; A gSA fn;k gS fd izR;sd l
1
, l

2
 ∈A ds fy,

l
1
Rl

2
 ⇔ l

1
 ⊥ l

2
A

LorqY;rkLorqY;rkLorqY;rkLorqY;rk: R LorqY; ugha gS D;ksafd ,d js[kk Lo;a ds yEcor~ ugha gks ldrh vFkkZr~
l ⊥ l lR; ugha gSA

leferrkleferrkleferrkleferrk : ekuk l
1
, l

2
 ∈ A vr% l

1
Rl

2

rc 1 2 1 2 2 1 2 1R Rl l l l l l l l⇒ ⊥ ⇒ ⊥ ⇒

A ij R lefer gS

laØedrk%laØedrk%laØedrk%laØedrk%

R laØed ugha gS D;ksafd l
1 

⊥ l
2
 rFkk l

2 
⊥ l

3 ⇔/  l
1 

⊥ l
3

23-1-3 lerqY; lEcU/

leqPp; A ij lEcU/k R lerqY; dgykrk gS ;fn

(i) ;g LorqY; gS vFkkZr~ izR;sd a ∈A ds fy, (a, a) ∈R

(ii) ;g lefer gS vFkkZr~ izR;sd a, b ∈A ds fy, (a, b) ∈R ⇒ (b, a) ∈R

(iii) ;g laØed gS vFkkZr~ izR;sd a, b, c ∈A ds fy, (a, b) ∈R rFkk (b, c) ∈R

⇒ (a, c) ∈R

mnkgj.k ds fy, lEcU/k ^^ds lokZaxle gS** ,d lerqY; lEcU/k gS D;ksafd

(i) ;g LorqY; gS tSls izR;sd ∆ ∈S ds fy, ∆ ≅ ∆ ⇒ (∆,∆) ∈S tgk¡ S f=Hkqtksa dk
leqPp; gSA

(ii) ;g lefer gS tSls     ⇒ 1 2R∆ ∆  ⇒ 1 2∆ ≅ ∆  ⇒ 2 1∆ ≅ ∆

 ⇒ 2 1R∆ ∆

(iii) ;g laØed gS 1 2∆ ≅ ∆  rFkk 2 3∆ ≅ ∆  ⇒ 1 3∆ ≅ ∆

bldk eryc gS fd (∆
1
, ∆

2
) ∈R rFkk (∆

2
, ∆

3
) ∈R ⇒ (∆

1
, ∆

3
) ∈R

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 23.2. n'kkZb, fd ,d lery esa lHkh f=Hkqtksa ds leqPp; A ij ifjHkkf"kr lEcU/k
R = {(T

1
,T

2
) : T

1
, T

2
 ds le:i gS) ,d lerqY; lEcU/k gSA

gygygygy : ge lEcU/k R ds fuEufyf[kr xq.kksa dk fujh{k.k djrs gSa
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LorqY;rk% LorqY;rk% LorqY;rk% LorqY;rk% ge tkurs gSa fd izR;sd f=Hkqt Lo;a ds le:i gS vr% izR;sd T ∈A ds fy,
(T, T) ∈R ⇒ R ds fy, ijkoR;Z gSA

leferrk leferrk leferrk leferrk ekuk (T
1
, T

2
) ∈R, rc

(T
1
, T

2
) ∈R ⇒ T

1
, T

2 
ds le:i gSA

⇒ T
2
, T

1 
ds le:i gSSA

⇒ (T
2
, T

1
) ∈R, blfy, R lefer gSA

laØedrklaØedrklaØedrklaØedrk: ekuk T
1
, T

2
, T

3
 ∈A ekuk (T

1
, T

2
) ∈R rFkk (T

2
, T

3
) ∈R.

rc (T
1
, T

2
) ∈R rFkk (T

2
, T

3
) ∈R

⇒ T
1
, T

2
 ds le:i gS rFkk T

2
, T

3
 ds le:i gSA

⇒ T
1
, T

3 
ds le:i gSA

⇒ (T
1
, T

3
) ∈R

vr% R ,d lerqY; lEcU/k gSA

       ns[ksa vkius fdruk lh[kk 23-1

1. ekuk ,d lery esa lHkh js[kkvksa ds leqPp; esa lEcU/k R dks (l
1
, l

2
) ∈R ⇒ js[kk l

1
, l

2

ds lekUrj gS] }kjk ifjHkkf"kr fd;k tkrk gSA n'kkZb, fd R ,d lerqY; lEcU/k gSA

2. n'kkZb, fd ,d lery esa fLFkr lHkh fcUnqvksa ds leqPp; A, esa lEcU/k R = {(P, Q), fcUnq
P ls ewyfcUnq dh nwjh rFkk fcUnq Q ls ewyfcUnq dh nwjh leku gS} }kjk ifjHkkf"kr fd;k
x;k gS] ,d lerqY; lEcU/k gSA

3- n'kkZb, fd leqPp; A = {x ∈ z;  ≤ x ≤ 12} esa laca/k R tks fuEu izdkj ifjHkkf"kr gSA

(i) R = {(a, b) : |a – b|, 4 dk xq.kt gS}

(ii) R = {(a, b) : a = b}  ,d lerqY; laca/k gSA

4- fl) dhft, fd R ls R esa ,d laca/k ̂dk xq.ku[kaM gS* ijkoR;Z rFkk laØed gS ijarq lefer
ugha gSA

5- ;fn R rFkk S nks lerqY; laca/k gks rks fl) dhft, fd R ∩ S Hkh ,d lerqY; laca/k gksxkA

6- fl) dhft, fd N × N leqPp; ij ,d laca/k R tks (a, b) R (c, d) ⇔ a + d = b + c,

∀ (a, b), (c, d) ∈ N × N }kjk ifjHkkf"kr gS] ,d lerqY; laca/k gSA

23-2 iQyuksa dk oxhZdj.k

eku yhft, fd A ls B ij f ,d iQyu gSA ;fn B leqPp; dk izR;sd vo;o leqPp; A ds de
ls de ,d vo;o dk izfrfcEc gks] vFkkZr~ ;fn leqPp; B esa dksbZ Hkh vo;o v;qfXer u gks rc
iQyu f leqPP; A dk leqPp; B ij vkPNknd dgyk;sxk vU;Fkk ge dgrs gSa fd leqPp; A

leqPp; B ij ,dSdh izfrfpf=kr iQyu gS

,sls iQyu] ftlesa leqPP; A dk izR;sd vo;o leqPP; B ds vyx vo;o ls izfrfpf=kr gksrk gS]
dks ,dSdh iQyu dgrs gSaA
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,dSdh iQyu

A 1

B 2

C 3

4

 fp=k 23.1

{A, B, C} izkar gSA

{1, 2, 3, 4} lgizkar gSA

{1, 2, 3} ifjlj gSA

fdlh iQyu esa leqPp; A ds ,d ls vf/d vo;o leqPp; B ds ,d gh vo;o ij izfrfpf=kr
gks ldrs gSaA bl izdkj ds iQyu dks cgq ,d iQyu dgrs gSaA

cgq&,d iQyu

A 1

B 2

C 3

4

 fp=k 23.2

izkUr {A, B, C} gSA

lgizkUr {1, 2, 3, 4} gSA

ifjlj {1, 4}  gSA

,slk iQyu] tks ,oSQdh vkSj vkNknd nksuksa gks] ,dSdh vkPNknd iQyu dgykrk gSA

A 1

B 2

C 3

4

              

A 1

B 2

C 3

 fp=k 23.3         fp=k 23.4

          

A 1

B 2

C 3

4

A 1

B 2

C

fp=k 23.5                              fp=k 23.6
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fp=k 23.3 ,oSQdh iQyu n'kkZrk gS ftlesa izfrfp=k.k {A, B, C} ls {1, 2, 3, 4} ij vUr{ksZih gSA

fp=k 23.4 ,oSQdh iQyu n'kkZrk gS ftlesa izfrfp=k.k {A, B, C} ls {1, 2, 3} ij vkPNknd gSA

fp=k 23.5 cgq&,d iQyu n'kkZrk gS ftlesa izfrfp=k.k {A, B, C} ls {1, 2, 3, 4} ij vUr{ksZih gSA

fp=k 23.6 cgq&,d iQyu n'kkZrk gS vkSj izfrfp=k.k{A, B, C} ls {1, 2}  ij vkPNknd gSA

fp=k 23.4 esa n'kkZ;k x;k iQyu] ,dSdh&vkPNknd Hkh gSA

fVIi.kh% ,d&cgq lEcU/ Hkh gksrs gSaA ijUrq gekjh iQyu dh ifjHkk"kk ls ;g iQyu ugha gSA uhps
fn;k x;k fp=k bldh O;k[;k djrk gSA

A 1

B 2

C 3

4

fp=k 23.7

 mnkgj.k 23.3.   fcuk xzkiQ dh lgk;rk ls fl¼ dhft, fd iQyu F: R R→ , tks f (x) 4 3x= +

}kjk ifjHkkf"kr gS] ,oSQdh iQyu gSA

gy % ,oSQdh iQyu gksus osQ fy,

( ) ( )1 2 1 2 1 2F x f x x x x , x= ⇒ = ∀ ∈  izkUr

∴ vc ( ) ( )1 2f x f x=  ls gesa izkIr gksrk gS

1 24 3x 4 3x+ = +  ;k 1 2x x=

∴ f  ,oSQdh iQyu gSA

 mnkgj.k 23.4.   fl¼ dhft, fd iQyu

F: R R→ ] tks ( ) 3f x 4x 5= −  }kjk ifjHkkf"kr gS] ,dSdh vkPNknd iQyu gSA

gy %  ( ) ( )1 2 1 2f x f x x , x= ∀ ∈ izkUr

∴ 3 3
1 24x 5 4x 5− = −

⇒        3 3
1 2x x=

⇒ 3 3
1 2x x 0− = ⇒ ( ) ( )2 2

2 1 1 1 2 2x x x x x x 0− + + =

⇒  1 2x x=

 ;k 2 2
1 1 2 2x x x x 0+ + =  ;gk¡  x

1
 rFkk x

2
 osQ dksbZ okLrfod eku ugha gS] vr% bls NksM+ nsrs gSa]

∴ F ,oSQdh iQyu gSA

iqu% eku yhft, fd y (x)=  tgk¡ y ∈ lgizkUr] x ∈ izkUr
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gesa izkIr gksrk gS % 3y 4x 5= −  ;k 
1/ 3

y 5
x

4

+ =  
 

∴ izR;sd y ∈ lgizkUr] izkUr esa x ,slk gksxk fd f (x) y=

vr% F vkPNknd iQyu gSA

vr,o] F ,sdSdh&vkPNknd gSA

 mnkgj.k 23.5.  fl¼ djks fd F : R R→   tks ( ) 2F x x 3= +  }kjk ifjHkkf"kr gS u rks

,oSQdh iQyu vkSj u gh vkPNknd iQyu gSA

gy % ( ) ( )1 2 1 2F x F x x , x= ∀ ∈ izkUr ls gesa izkIr gksrk gS

2 2 2 2
1 2 1 2x 3 x 3 x x+ = + ⇒ =

;k 2 2
1 2 1 2x x 0 x x− = ⇒ =  ;k  1 2x x= −

vFkkZr~ F  ,oSQdh iQyu ugha gSA

iqu% eku yhft, fd ( )y F x=  tgk¡ y ∈ lgizkUr] x ∈ izkUr

⇒ 2y x 3= + ⇒ x y 3= ± −

⇒ y 3 x∀ <  dk dksbZ Hkh okLrfod eku izkUr esa ugha gSA

∴ F  ,d vkPNknd iQyu ugha gSA

23.3 iQyu dk xzkiQ osQ :i esa fu:i.k
pw¡fd iQyu Øfer ;qXeksa }kjk iznf'kZr fd;k tk ldrk gSA

vr% iQyu dk xzkiQh; izn'kZu lnSo lEHko gSA mnkgj.kkFkZ] vkb, 2y x=  ij fopkj djsaµ

2y x=

x 0 1 1 2 2 3 3 4 4

y 0 1 1 4 4 9 9 16 16

− − − −

–1–2–3–4 1 2 3 4

(1, 1)

(2, 4)

(3, 9)

(4, 16)(–4, 16)

(–3, 9)

(–2, 4)

(–1, 1)
X

Y′

X′

Y

fp=k 23.8
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D;k ;g ,d iQyu iznf'kZr djrk gS\

gk¡] ;g ,d iQyu iznf'kZr djrk gS D;ksafd x osQ izR;sd eku osQ fy, y dk ,d vf}rh; eku gSA vkb,

vc lehdj.k 2 2x y 25+ =  ij fopkj djsaA

2 2x y 25+ =

   
x 0 0 3 3 4 4 5 5 3 3 4 4

y 5 5 4 4 3 3 0 0 4 4 3 3

− − − − −

− − − − −

–1–2–3–4–5

–5

–4

–3

–2

–1

1

2

3

4

5

1 2 3 4 5

Y

XX′

Y′

(0, 5)

(3, 4)

(4, 3)

(5, 0)

(4, –3)

(3, –4)

(0, –5)

(–3, –4)

(–4, –3)

(–5, 0)

(–4, 3)

(–3, 4)

fp=k 23.9

;g xzkiQ ,d oÙ̀k iznf'kZr djrk gS\

D;k ;g ,d iQyu iznf'kZr djrk gS\

ugha] ;g iQyu iznf'kZr ugha djrk gS D;ksafd x osQ ,d (leku) eku osQ fy, y dk vf}rh; eku ugha
gSA

    ns[ksa vkius fdruk lh[kk 23.2

1. (i) D;k ;g xzkiQ ,d iQyu iznf'kZr djrk gSA

fp=k 23.10
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(ii) D;k ;g xzkiQ ,d iQyu iznf'kZr djrk gSA

fp=k 23.11

2. fuEufyf[kr esa ls dkSu ls iQyu vUr{ksZih iQyu gS\

(a)

2

4

6

10

A B

1

2

3

fp=k 23.12

(b) 2f (x) x=  tgk¡ f : N N,→  ;gk¡ N izkÑr la[;kvksa dk leqPp; gSA

(c) f (x) x=  tgk¡ f : N N→

3. fuEufyf[kr esa ls dkSu ls iQyu vkPNknd gS ;fn f : R R→ \

(a) ( )f x 115x 49 x R= + ∀ ∈       (b) ( )f x x=   x N∀ ∈

4. fuEufyf[kr esa ls dkSu ls iQyu ,dSdh iQyu gS \

(a) { } { }f : 20, 21, 22 40, 42, 44→ tgk¡ f ifjHkkf"kr gS rFkk ( )f x 2x=

(b) { } { }f : 7, 8, 9 10→ tgk¡  f ifjHkkf"kr gS rFkk ( )f x 10=

(c) f : I R→ tgk¡ f ifjHkkf"kr gS rFkk ( ) 3f x x=

(d) f : R R→ tgk¡ f ifjHkkf"kr gS rFkk ( ) 4f x 2 x= +

(e) f : N N→ tgk¡ f ifjHkkf"kr gS rFkk ( ) 2f x x 2x= +

5. fuEufyf[kr esa ls dkSu&dkSu ls iQyu cgq&,d iQyu gS \

(a) f :{ 2, 1,1, 2} {2, 5}− − →  tgk¡ f ifjHkkf"kr gS rFkk 2f (x) x 1= +

(b) f :{0,1, 2} {1}→  tgk¡ f ifjHkkf"kr gS rFkk f (x) 1=
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(c)       

a

b

c

d

A B

1

2

3

4

fp=k 23.13

(d) f : N N→  tgk¡ f ifjHkkf"kr gS rFkk f (x) 5x 7= +

23.4 iQyuksa dk la;kstu
uhps fn, x, nks iQyuksa ij fopkj dhft,

y 2x 1,= +       { }x 1, 2, 3∈

z y 1,= +         { }y 3, 5, 7∈

rc z nks iQyuksa x rFkk y dk la;kstu gS D;ksafd z, y osQ inksa esa ifjHkkf"kr gS rFkk y, x osQ inksa esa ifjHkkf"kr
gSA bldk xzkiQh; fu#i.k ge fuEu izdkj ls fn[kk ldrs gSaA

3

5

7

1

2

3

4

6

8

f (x) = y = 2x + 1 g (y) = z = y + 1

gof

fp=k 23.19

iQyu g rFkk f dk la;kstu] eku yhft,  g0f, iQyu f dk iQyu g ds :i esa ifjHkkf"kr gksrk gSA
;fn f : A B→  rFkk g : B C→

rc gof : A ls C

ekuk f (x) 3x 1= +  vkSj 2g(x) x 2= +

rc ( ) ( )( )fog x f g x=

     ( )2f x 2= +

     ( )23 x 2 1= + +  23x 7= + (i)

vkSj                ( ) ( )( )gof x g f x=

     ( )g 3x 1= +
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     ( )2
3x 1 2= + + 29x 6x 3= + + (ii)

(i) vkSj (ii) ls tk¡p dhft, fd D;k

fog gof= gS\

Li"Vr% fog gof≠

blh izdkj           ( ) ( )( ) ( )fof x f f x f 3x 1= = +  [ fof  dks iQyu f dk iQyu if<+,]

( )3 3x 1 1= + +

9x 3 1 9x 4= + + = +

        ( ) ( )( ) ( )2gog x g g x g x 2= = +               [iQyu g dk iQyu if<+,]

( )22x 2 2= + +

4 2x 4x 4 2= + + +

4 2x 4x 6= + +

 mnkgj.k 23.6.  ;fn f (x) x 1= +  vkSj 2g(x) x 2= +  rks fog rFkk gof Kkr dhft,A

gy %    ( ) ( )( )fog x f g x=

     ( )2f x 2= +

     2x 2 1= + +

     2x 3= +

               ( ) ( )( )gof x g f x=

      ( )g x 1= +  ( )2
2x 1= ++

      x 1 2= + +  = x + 3.

;gk¡ ge iqu% ns[krs gSa fd ( )fog gof≠

 mnkgj.k 23.7.  ;fn ( ) 3f x x , f : R R= →

( ) { } { }
1

g x , g : R 0 R 0
x

= − → −  rks fog  rFkk gof  Kkr dhft,A

gy % ( ) ( )( )fog x f g x=

   
1

f
x

 =  
 

3

3

1 1

x x

 = = 
 

( ) ( ) ( )( )gof x g f x=  ( )3g x=
3

1

x
=

;gk¡ ge ns[krs gSa fd      fog = gof
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    ns[ksa vkius fdruk lh[kk 23.3

1. fuEufyf[kr iQyuksa osQ fy, fog, gof , fof  rFkk gog Kkr dhft, %

( ) 2f x x 2,= + ( )
1

g x 1 , x 1.
1 x

= − ≠
−

2. fuEufyf[kr iQyuksa osQ fy,] fog, gof , fof rFkk gog  fyf[k, %

(a) ( ) 2f x x 4= − , ( )g x 2x 5= +

(b) ( ) 2f x x= , ( )g x 3=

(c) ( )f x 3x 7= − , ( )
2

g x , x 0
x

= ≠

3. eku yhft, fd f (x) | x |,=  g(x) [x]=  rks lR;kfir dhft, fd fog gof≠

4. eku yhft, fd 2f (x) x 3, g(x) x 2= + = −

fl¼ dhft, fd fog gof≠  vkSj 
3 3

f f g f
2 2

      
=            

5. ;fn 2f (x) x ,=  g(x) x=  rks n'kkZb, fd fog gof=

6. eku yhft, fd f (x) | x |,=  1/ 3g(x) (x) ,=  
1

f (x) ;
x

=  x 0≠  rks Kkr dhft, %

(a) fog (b) goh (c) foh (d) hog (e) fogoh.

{laosQr% 
1

(fogoh) (x) f (g(h(x)) f (g }
x

 
= =   

23.5 ,d iQyu dk izfrykse
(A) uhps fn, x, lEcU/ ij fopkj dhft,µ

A B

4

1

2

3

f

fp=k 23.20

;g cgq&,d iQyu gSA vkb, vc ge bldk izfrykse Kkr djsaA fp=k esa bls fuEufyf[kr :i esa
fn[kk;k tk ldrk gS %
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B A

4

1

2

3

f

fp=k 23.21

Li"Vr% ;g lEcU/ iQyu iznf'kZr ugha djrkA D;ksa \

(B) vc ,d vU; lEcU/ yhft, %

4

5

6

f

A B

1

2

3

fp=k 23.22

;g ,d ,oSQdh vkPNknd iQyu iznf'kZr djrk gSA vkb, vc ge bl lEcU/ dk izfrykse Kkr djsa]
ftls fp=k }kjk uhps fn, x, :i esa n'kkZ;k tk ldrk gSA

1

2

3

f–1
B A

4

5

6

fp=k 23.23

;g iQyu iznf'kZr djrk gSA

(C) uhps fn, x, lEcU/ ij fopkj dhft, %

4

5

6

f

A B

1

2

3

fp=k 23.24
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;g cgq&,d iQyu fu:fir djrk gSA vc lEcU/ dk izfrykse Kkr dhft,] ftls uhps fn, x, :i
ls n'kkZ;k tk ldrk gSA

1

2

3

f–1

B A

4

5

6

fp=k 23.25

;g iQyu iznf'kZr ugha djrk D;ksafd B ds vo;o 6 dk lEcU/ ‘A’ osQ fdlh vo;o ls ugha gSA

(D) ;gk¡ fn, x, lEcU/ dks yhft, %

4

5

6

7

f

A B

1

2

3

fp=k 23.26

;g A ls B esa ,d ,oSQdh iQyu gSA bl lEcU/ dk izfrykse Kkr dhft,A

f–1
B A

1

2

3

4

5

6

7

fp=k 23.27

;g iQyu iznf'kZr ugha djrk gS D;ksafd B ds vo;o 7 dk lEcU/ ‘A’ osQ fdlh Hkh vo;o ls ugha
gSA mi;qZDr lEcU/ksa ls ge ns[krs gSa fd lEcU/ksa dks myVus ij izkIr lEcU/ iQyu gks Hkh ldrk
gS vkSj ugha HkhA

ge ns[krs gSa fd iQyu osQ izfrykse dk vfLrRo rHkh gS tc iQyu ,oSQdh vkPNknd gksA

    ns[ksa vkius fdruk lh[kk 23.4

1. (i) n'kkZb, fd iQyu osQ izfrykse dk vfLrRo gS %

y 4x 7= −
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(ii) eku yhft, fd ‘f’ ,d ,oSQdh vkPNknd iQyu gS ftldk izkUr A rFkk ifjlj B gSA
blosQ izfrykse iQyu dk izkUr rFkk ifjlj fyf[k,A

2. ;fn izfrykse iQyu dk vfLrRo gS rks fuEufyf[kr iQyuksa dk izfrykse Kkr dhft, %

(a) ( )f x x 3 x R= + ∀ ∈

(b) ( )f x 1 3x x R= − ∀ ∈

(c) ( ) 2f x x x R= ∀ ∈

(d) ( )
x 1

f x , x 0 x R
x

+
= ≠ ∈

23-6 f}vk/kjh lafØ;k,¡

ekuk A rFkk B vfjDr leqPp; gSa rc A × A ls A esa ,d Qyu A ij f}vk/kkjh lafØ;k dgykrk

gSA

;fn A ij ,d ckbujh lafØ;k * }kjk n'kkZ;h tkrh gS] rc A × A ds Øfer ;qXe (a, b)

ls A dk ,d vf}rh; vo;o] a * b ls n'kkZ;k tkrk gSA

vo;oksa dks ,d fuf'pr Øe esa ysrs gSa vFkkZr~ ;qXe (a, b) rFkk (b, a) ls lacaf/kr vo;o

fHkUu&fHkUu izdkj ls gksrs gSaA vFkkZr~ a * b, b * a ds vleku gks ldrk gSA

ekuk A ,d vfjDr leqPp; gS ‘*’, A ij ,d lafØ;k gS] rc

1. * lafØ;k }kjk A can dgykrk gS ;fn vkSj dsoy ;fn izR;sd a, b ∈A ds fy,

a * b ∈A gSA

2. lafØ;k Øefofues; dgykrh gS ;fn vkSj dsoy ;fn izR;sd a, b ∈A ds fy, a * b = b * aA

3. lafØ;k lgpkjh dgykrh gS ;fn vkSj dsoy ;fn izR;sd a, b, c ∈A ds fy, (a * b) * c =

a * (b * c) A

4. ,d vo;o e ∈A rRled vo;o gS ;fn e * a = a = a * e

5. ,d vo;o a ∈A O;qRØe.kh; dgykrk gS ;fn mlesa b ∈A bl izdkj fLFkr gks fd a * b

= e = b * a . b, a dk izfrykse dgykrk gSA

uksV%uksV%uksV%uksV% ;fn ,d vfjDr leqPp; A lafØ;k * ds vUrxZr can gS] rc lafØ;k *, A ij

ckbujh lafØ;k dgykrh gSA

mnkgj.k ds fy, ekuyhft, A lHkh /kukRed okLrfod la[;kvksa dk leqPp; gS rFkk

*, A ij ,d lafØ;k gS] tks izR;sd a, b ∈A ds fy, a * b = 
3

ab
 }kjk ifjHkkf"kr gSA
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izR;sd a, b, c ∈A, ds fy,] gesa izkIr gksrk gSA

(i) a * b = 
3

ab
 ,d /kukRed okLrfod la[;k gS ⇒ A  nh xbZ lafØ;k ds vUrxZr cUn gSA

∴ *, A ij ,d f}vk/kkjh lafØ;k gSA

(ii) * *
3 3

ab ba
a b b a= = = ⇒ lafØ;k * Øefofues; gSA

(iii)

.
3( * )* *

3 3 9

ab
c

ab abc
a b c c= = =  rFkk *( * ) * .

3 3 3 9

bc a bc abc
a b c a= = =

⇒ ( * )* *( * )a b c a b c= ⇒  lafØ;k * lgpkjh gSA

(iv) 3 ∈A bl izdkj fLFkr gS fd 3 * a = 3. .3 *3
3 3

a a
a a= = =

⇒ 3 ,d rRled vo;o gSA

(v) izR;sd a ∈A ds fy,] 
9

A
a

∈  bl izdkj fLFkr gS] fd 

9
.

9
* 3

3

a
aa

a
= =  rFkk

9
.

9
* 3

3

a
aa

a
= =  ⇒ 

9 9
* 3 *a a

a a
= = ⇒  A A dk izR;sd vo;o O;qRØe.kh; gS] rFkk

a dk izfrykse 
9

a
 gSA

       ns[ksa vkius fdruk lh[kk 23-5

1. Kkr dhft, fd uhps ifjHkkf"kr lafØ;k ,d f}vk/kkjh lafØ;k gS ;k ugha

(i) * ,
2

+
= ∀ ∈

a b
a b a b N

(ii) * , .= ∀ ∈b
a b a a b Z

(iii) 2 2* 3 , .= + ∀ ∈a b a b a b R

2. ;fn A = {1, 2} gS rks A ij ifjHkkf"kr f}vk/kkjh lfØ;kvksa dh dqy la[;k Kkr dhft,A

3. ekuk Q (lHkh okLrfod la[;kvksa dk leqPp;) ij ,d f}vk/kkjh lafØ;k bl izdkj

ifjHkkf"kr dh tkrh gS lHkh a, b ∈ Q ds fy, a * b = a + 2b gks rks



xf.kr 103

laca/ ,oa iQyu-II

ekWM~;wy - VII

laca/ ,oa
iQyu

fVIi.kh

fl) dhft, fd%

(i) nh xbZ lafØ;k Øefofues; ugha gSA

(ii) nh x;h lafØ;k lgpkjh ugha gSA

4- ekuk *, Q+ ij * , ,
3

+= ∀ ∈
ab

a b a b Q }kjk ifjHkkf"kr ,d f}vk/kkjh lafØ;k gS rks

4 * 6 dk izfrykse Kkr dhft,A

5- ekuk A = N × N rFkk * leqPp; A ij (a, b) * (c, d) = (a + c, b + d) }kjk ifjHkkf"kr

,d f}vk/kkjh lafØ;k gSA fl) dhft, fd * Øe fofues; rFkk lgpkjh gSA ;fn gks
rks A dk rRled vo;o Kkr dhft,A

6- ,d f}vk/kkjh lafØ;k * leqPp; Q – {–1} ij a * b = a + b + ab; ∀ a, b ∈ Q{–1}

}kjk ifjHkkf"kr gSA Q dk rRled vo;o Kkr dhft,A Q –{–1} esa fdlh vo;o dk

izfrykse Hkh Kkr dhft,A

• lEcU/k (a, a) ∈R ∀ a ∈X dk X esa ijkoR;Z lEcU/k R gSA

• X esa lefer lEcU/k R, lEcU/k (a, b) ∈R bldk rkRi;Z  (b, a) ∈R dks larq"V djrk gSA

• X esa VªakthfVo lEcU/k R, lEcU/k (a, b) ∈R rFkk (b, c) ∈R bldk rkRi;Z gS fd
(a, c) ∈R dks larq"V djrk gSA

• X esa lerqY; lEcU/k R lEcU/k ijkoR;Z] lefer] VªkathfVo gSA

• leqPp; A ij f}vk/kkjh lafØ;k * Qyu * A × A ls A esa gSA

• ;fn a * b = b * a lHkh a, b ∈A ds fy,] rc lafØ;k Øe fofues; dgykrh gSA

• ;fn (a * b) * c = a * (b * c), lHkh a, b, ∈A ds fy,] rc lafØ;k lgpkjh dgykrh gSA

• ;fn e * a = a = a * e lHkh a ∈A ds fy, rc vo;o e ∈A rRled vo;o dgykrk gSA

• ;fn a * b = e = b * a rc a rFkk b ,d nwljs ds izfrykse gksrs gSaA

• vo;oksa dk ,d ;qXe tks ,d fo'ks"k Øe esa gksrk gS mls Øfer ;qXe dgykrk gSA

• ;fn n(A) = p, n(B) = q rFkk n(A × B) = pq

• R × R = {(x, y) : x, y ∈ R} rFkk R × R × R = {(x, y, z) : x, y, z ∈R}

• ,d Qyu esa f : A → B, B, f dk lgizkar gSA

• f, g : X → R rFkk X ⊂ R, rc

(f + g)(x) = f(x) + g(x), (f – g)(x) = f(x) – g(x)

(f . g)x = f(x) . g(x), 
( )

( ) , ( ) 0
( )

f f x
x g x

g g x

 
= ≠  

• ,d okLrfod Qyu] okLrfod la[;kvksa dk leqPp; gksrk gS ;k buesa ls blds mileqPp;
blds izkar rFkk ifjlj nksuksa gSaA

C

A1

% + vkb;s nksgjk,¡
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• http://www.bbc.co.uk/education/asguru/maths/13pure/02functions/06composite/

index.shtml

• http://mathworld.wolfram.com/Composition.html

• http://www.cut-the-knot.org/Curriculum/Algebra/BinaryColorDevice.shtml

• http://mathworld.wolfram.com/BinaryOperation.html

1. fuEufyf[kr iQyuksa osQ fy, fog, gof , fof rFkk gog  fyf[k, %

(a) ( ) 3f x x=  ( )g x 4x 1= −

(b) ( )
2

1
f x , x 0

x
= ≠ ( ) 2g x x 2x 3= − +

(c) ( )f x x 4 , x 4= − ≥ ( )g x x 4= −

(d)  ( ) 2f x x 1= − ( ) 2g x x 1= +

2. (a) eku yhft, fd f (x) | x |,=  
1

g(x) ,
x

=  x 0,≠  1/ 3h(x) x ,=  fogoh  Kkr dhft,A

(b) 2f (x) x 3,= +  2g(x) 2x 1= +

fog(3)  rFkk gof (3)  Kkr dhft,A

3. fuEufyf[kr esa dkSu ls lehdj.k ,slk iQyu n'kkZrs gSa  ftlosQ izfrykse dk vfLrRo gS \

(a) ( )f x x= (b) ( )f x x, x 0= ≥

(c) ( ) 2f x x 1, x 0= − ≥ (d) ( )
3x 5

f x
4

−
= (e) ( )

3x 1
f x x 1

x 1

+
= ≠

−

4. ;fn gof(x) = |sin| rFkk gof(x) = 
2

(sin x)  rks f(x) rFkk g(x) Kkr dhft,A

5- ;fn * leqPp; Q ij * , , ,
3

+
= ∀ ∈

a b
a b a b Q  }kjk ifjHkkf"kr ,d f}vk/kjh lafØ;k gks rks

fl¼ dhft, dh * Q ij Øefofues; gSA

6- ;fn * ifjes; la[;kvksa ds leqPp; Q ij * , , ,
5

= ∀ ∈
ab

a b a b Q  }kjk ifjHkkf"kr ,d

f}vkèkkjh lafØ;k gks rks fl¼ dhft, fd * leqPp; Q ij lgpkjh gSA
7. fn[kkb, fd okLrfod la[;kvksa osQ leqPp; esa ,d laca/ R, tks fd R = {(a, b)} : a ≤ b2}

}kjk ifjHkkf"kr gS] uk rks LorqY; gS] uk lefer gS vkSj uk gh laozQed gSA

8. tkap dhft, fd leqPp; {1, 2, 3, 4, 5, 6} esa ,d laca/ R, tks fd R = {(a, b) : b = a + 1}

}kjk ifjHkkf"kr gS] LorqY;] lefer rFkk laozQe.k gSA

lgk;d osclkbV

vkb, vH;kl djsa
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9. n'kkZb, fd leqPp; A esa ,d laca/ R, tks fd] R = {(a, b) ∀ : a = b} a, b ∈A,

,d rqY;rk laca/ gSA

10. ;fn laca/ A = N × N ls ifjHkkf"kr gS] tgka N ,d izkdf̀rd la[;kvksa dk leqPp;
gSA ;fn lHkh (a, b), (c, d) ∈ A osQ fy, * : A × A → A bl izdkj ifjHkkf"kr gS fd
(a, b) * (c, d) = {ad + bc, bd) rc fn[kkb, fd

(i) * ozQe fofues; gSA

(ii) * lgpkjh gSA

(iii) lafozQ;k * ds laca/ esa rRled vo;o vfLrRo esa ugha gSA

11. izkdf̀rd la[;kvksa ds leqPp; N ij * ,d f}vk/kjh lsfozQ;k bl izdkj ifjHkkf"kr gS
fd a * b = ab tgka lHkh a, b ∈N

(i) * ozQefofues; gS  (ii) * lgpkjh gSA

ns[ksa vkius fdruk lh[kk 23-2

1. (i) ugha    (ii) gk¡ 2. (a), (b)

3. (a) 4.  (a), (c), (e) 5.  (a), (b)

ns[ksa vkius fdruk lh[kk 23-3

1. (i) 
( )

2

2

x
fog 2

1 x
= +

−
(ii) 

2

2

x 2
gof

x 1

+
=

+

(iii) 4 2fof x 4x 6= + + (iv) gog x=

2. (a) 2fog 4x 20x 21= + +

2gof 2x 3= −

4 2fof x 8x 12= − +

gog 4x 15= +

(b) 4fog 9, gof 3, fof x , gog 3= = = =

(c)
6 7x

fog ,
x

−
=  

2
gof ,

3x 7
=

−
 fof 9x 28, gog x= − =

6. (a) 
1
3fog

x
=         (b) 

1
3

1
goh

x

=  (c) 
1

foh
x

=

(d) 
1
3

1
hog

x

=        (e)    fogoh(1) 1=

mÙkjekyk
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ns[ksa vkius fdruk lh[kk 23-4

1. (ii) izkar B gS. ifjlj A gS

2. (a) 1f (x) x 3− = − (b) 1
1 x

f (x)
3

− −
=

(c)izfrykse dk vfLrRo ugha gSA  (d) 1
1

f (x)
x 1

− =
−

ns[ksa vkius fdruk lh[kk 23-5

1. (i) ugha (ii) gk¡ (iii) gk¡

2- 16 4. 
9

8
5- (0] 0) 6- rRled = 0 a–1 = 

1

a

a +

vkb, vH;kl djsa

1. (a) ( )3
fog 4x 1 ,= −    3 9gof 4x 1, fof x , gog 16x 5= − = = −

(b) 

( )22

1
fog ,

x 2x 3
=

− +
     

4 2

4

3x 2x 1
gof ,

x

− +
=

    4 4 3 2fog x , gog x 4x 4x= = − +

(c) fog x 8,= −        gof x 4 4,= − −

    fof x 4 4, gog x 8= − − = −

(d) 4 2fog x 2x ,= +      4 2gof x 2x 2,= − +

   4 2fof x 2x ,= −          4 2gog x 2x 2= + +

2. (a)  1
3

1

x
(b) ( )fog (3) 364, (gof )(3) 289= =

3. (c), (d), (e)

4. f(x) = sin2 x, g(g) = x

8. LorqY; ugha] lefer ugha] laozQed ugha

9. gka] R ,d rqY;rk laca/ gSA

11. (i)  ozQefofues; ugha
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