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29

vodyt ds vuqiz;ksx

fiNys ikB esa geus fofHkUu izdkj ds iQyuksa dk vodyt Kkr djuk lh[k FkkA vc ge vodyt
ds iz;ksx ls jkf'k;ksa ds ifjorZu dh nj iQyuksa dk lfUudV eku] oØ ds fdlh fcanq ij Li'kZ js[kk
rFkk vfHkyac ds lehdj.k iQyuksa ds mfPp"B rFkk fufEu"B eku rFkk fofHkUu varjkyksa esa iQyuksa
ds o/Zeku ;k gkzleku gksus dk vè;;u djsaxsA ge jksys osQ izes; rFkk ekè;eku izes; rFkk muosQ
vuqiz;ksxksa osQ ckjs esa Hkh lh[ksaxsA

   mís';
bl ikB ds vè;;u osQ ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs %
� jkf'k;ksa ds ifjorZu dh nj Kkr djuk
� iQyuksa dk lfUudV eku Kkr djuk
� fdlh oØ (iQyu osQ vkys[k) fd fdlh fcUnq ij Li'kZ js[kk rFkk vfHkyac dks ifjHkkf"kr

djukA

� fn;s x;s izfrca/ (conditions) osQ vUrxZr ,d oØ ij Li'kZ js[kk rFkk vfHkyac osQ lehdj.k
Kkr djukA

� ,dfn"V (o/Zeku@ßkleku) iQyuksa dks ifjHkkf"kr djuk

� ,d vUrjky esa o/Zeku iQyuksa ds fy, 
dy

0
dx

>  rFkk ßkleku iQyuksa ds fy, 
dy

0
dx

< LFkkfir djuk

� vkys[k ls ,d fn;s x;s vUrjky esa ,d iQyu ds vf/dre rFkk U;wure ekuksa okys (LFkkuh;
mfPp"B rFkk LFkkuh; fufEu"B lfgr) fcUnqvksa dks ifjHkkf"kr djuk

� iQyuksa ds mfPp"B rFkk fufEu"B muds izFke vodyt rFkk f}rh; vodyt dk mi;ksx djds
Kkr djus ds fy, ,d dk;Zdkjh fu;e (working rule) LFkkfir djuk

� mfPp"B rFkk fufEu"B ij ljy iz'u gy djuk
• jksys osQ izes; rFkk ekè;eku izes; dk o.kZu djuk] rFkk
• mijksDr izes;ksa dh oS/rk (validity) dh tk¡p djuk] rFkk mUgsa fofHkUu iz'uksa dks gy djus esa

iz;ksx djukA

 iwoZ Kku
� funsZ'kkad T;kfefr dk Kku
� fdlh oØ ij Li'kZ js[kk rFkk vfHkyac dh ladYiuk
� fofHkUu iQyuksa osQ vody xq.kkadksa dh ladYiuk
� fdlh iQyu osQ fdlh fcUnq ij vodyt dk T;kferh; vFkZ
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29-1 jkf'k;ksa ds ifjorZu dh nj

eku yhft, y = f(x), x dk ,d Qyu gS rFkk eku yhft,  fd x esa ,d NksVk&lk ifjorZu
∆x gS] ,oa y esa laxr ifjorZu ∆y gSA

∴ x ds lkis{k] y dk izfr bdkbZ vkSlr ifjorZu = 
∆

∆

y

x

bl izdkj ∆x → 0, x ds lkis{k] y ds vkSlr ifjorZu dh nj dk lhekar eku gS

blfy, x ds lkis{k] y esa izfr bdkbZ ifjorZu dh nj = 
0∆ →

∆
=

∆x

y dy
Lt

x dx

vr% 
dy

dx
, x ds lkis{k y ds ifjorZu dh nj iznf'kZr djrk gSA

bl izdkj x = x
0
 ij 

dy

dx
 dk eku] vFkkZr~ 

0

0( )
x x

dy
f x

dx =

 
= ′  

0( )′f x , x = x
0
 ij x ds lkis{k y ds ifjorZu dh nj dks iznf'kZr djrk gSA

blds vfrfjDr ;fn nks jkf'k;k¡ x rFkk y, t ds lkis{k ifjofrZr gks jgh gksa vFkkZr~
y = f(t) vkSj x = g(t) gS rc Ükà[kyk fu;e ls

dy

dx
 =

/
, 0

/
≠

dy dt dx

dx dt dt

vr% x ds lkis{k y ds ifjorZu dh nj dk ifjdyu t ds lkis{k y vkSj x ds ifjorZu
dh nj dk iz;ksx djds fd;k tk ldrk gSA

 mnkgj.k 29.1.  or̀ ds {ks=Qy ds ifjorZu dh nj bldh pj f=T;k r ds lkis{k Kkr
dhft,] tc r = 3 lseh-

gygygygy : eku yhft, r f=T;k okys o`Ùk dk {ks=Qy A gS
rc A = πr2

∴ r ds lkis{k A ds ifjorZu dh nj

⇒
dA

dr
 =

2( ) 2π = π
d

r r
dr

tc r = 3 lseh-, 2 3 6= π × = π
dA

dr

vr% o`Ùk dk {ks=Qy 6π lseh-2/lseh- dh nj ls cny jgk gSA

 mnkgj.k 29.2.  ,d xqCckjk] tks lnSo xksykdkj jgrk gS] dk ifjorZu'khy O;kl 
3

(2 3)
2

+x

gSA x ds lkis{k blds vk;ru ds ifjorZu dh nj Kkr dhft,A

gygygygy : xksykdkj (o`Ùk dh f=T;k (r) = 
1

2
 (O;kl) = 

1 3 3
(2 3) (2 3)

2 2 4
× + = +x x

eku yhft, xqCckjs dk vk;ru V gSa] rc

V =

3
34 4 3

(2 3)
3 3 4

 
π = π +  

r x

⇒ V =
39

(2 3)
16

π +x
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∴ x ds lkis{k vk;ru esa ifjorZu dh nj

dV

dx
 =

2 29 27
3(2 3) 2 (2 3)

16 8
π × + × = π +x x

vr% vk;ru 2 327
(2 3) /

8
xπ + bdkbZ bdkbZ dh nj ls ifjofrZr gks jgk gSA

mnkgj.k 29.3.  ,d xqCckjk tks lnSo xksykdkj jgrk gS] ,d iEi }kjk 900 lseh3 xSl izfr
lsd.M Hkj dj Qqyk;k tkrk gSA xqCckjs dh f=T;k ds ifjorZu dh nj Kkr dhft, tc
bldh f=T;k 15 lseh- gSA

gy gy gy gy : eku yhft, xksyh; xqCckjs dh f=T;k r rFkk fdlh Hkh le; t esa bldk vk;ru V

gS] rc

V =
34

3
πr

t ds lkis{k vodyu djus ij] gesa izkIr gksrk gS

dV

dt
 =

3 34 4
.

3 3

   
π = π      

d d dr
r r

dt dr dt

=
2 24

.3 4
3

π = π
dr dr

r r
dt dt

ijUrq
dV

dt
 = 900 lseh3/lsdUM ¼fn;k gS½

blfy, 4πr2 
dr

dt
 = 900

⇒
dr

dt
 = 2 2

900 225

4
=

π πr r

tc r = 15 lseh-
dr

dt
 = 2

225 1

15
=

ππ ×

vr% xksys dh f=T;k 
1

π
les h -@ls- , dh nj ls c<+ jgh gS] tc bldh f=T;k 15 lseh-

gSA

mnkgj.k 29.4 . ,d 5 eh- yEch lh<+h nhokj ds lgkjs >qdh gSA lh<+h dk uhps dk fljk]
tehu ds vuqfn'k] nhokj ls nwj 2lseh/lsdUM dh nj ls [khapk tkrk gSA nhokj ij bldh
Å¡pkbZ fdl nj ls ?kV jgh gS tcfd lh<+h ds uhps dk fljk nhokj ls 4 eh- nwj gS\

gygygygy : eku yhft, lh<+h dk fupyk fljk nhokj ls x eh- dh nwjh ij gS rFkk fdlh le;
t ij lh<+h dh yEckbZ y ehVj gS] rc

x2 + y2 = 25                                            ...(i)

t ds lkis{k vodyu djus ij] gesa izkIr gksrk gS

2 2+
dx dy

x y
dt dt

 = 0

⇒
dy

dt
 = −

x dx

y dt
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ijUrq
dx

dt
 = 2 eh/lsdUM ¼fn;k gS½

⇒
dy

dt
 =

2
2− × = −

x x

y y
                               ...(ii)

tc x = 4eh, (i) ls y2 = 25 – 16 ⇒ y =  3eh

lehdj.k (ii) esa x = 4eh rFkk y = 3eh j[kus ij] gesa izkIr gksrk gS
dy

dx
 =

2 4 8

3 3

× −
− =

vr% nhokj ij lh<+h dh Å¡pkbZ 
8

3
eh@lsdUM dh nj ls ?kV jgh gSA

mnkgj.k 29.5.  fdlh mRikn dh x bdkb;ksa ds foØ; ls izkIr dqy vk; R(x) =

10x2 + 13x + 24 ls iznÙk gS@nh xbZ gSA tc x = 5 gks rks lhekar vk; Kkr dhft, tgk¡ lhekUr
vk; ls gekjk rkRi;Z fdlh {k.k foØ; dh xbZ oLrqvksa ds lkis{k lEiw.kZ vk; ds ifjorZu dh nj
ls gSA

gygygygy : fn;k gS R(x) = 10x2 + 13x + 24

D;ksafd lhekar vk; fdlh {k.k foØ; dh xbZ oLrqvksa ds lkis{k vk; ifjorZu dh nj
ls gksrh gSA ge tkurs gSa fd

lhekar vk; (MR) = 20 13= +
dR

x
dx

tc x = 5, MR = 20 × 5 + 13 = 113

vr% vHkh"V lhekar vk; = ` 113

mnkgj.k 29.6.   fdlh oLrq dh x bdkb;ksa ds mRiknu esa dqy ykxr

C(x) = 3 20.007 0.003 15 4000− + +x x x  ls iznÙk gSA lhekar ykxr Kkr dhft, tc
17 bdkbZ mRikfnr dh tkrh gS] tgk¡ lhekar ykxr ls gekjk rkRi;Z fdlh Lrj ij mRiknu
ds lEiw.kZ ykxr esa rkRdkfyd ifjorZu dh nj ls gSA

gygygygy : fn;k gS C(x) = 3 20.007 0.003 15 4000− + +x x x

D;ksafd lhekar ykxr mRiknu ds fdlh Lrj ij lEiw.kZ ykxr ds ifjorZu dh nj gS]
ge izkIr djrs gSa fd

lhekar ykxr (MC) = 
dC

dx
 = 

20.007 3 0.003 2 15× − × +x x  = 
20.021 0.006 15− +x x

tc x = 17, MC = 0.021×172 – 0.006 × 17 + 15

= 6.069 – 0.102 + 15 = 20.967

vr% lhekar vk; = ` 20.967

       ns[ksa vkius fdruk lh[kk 29-1

1. fdlh oxZ dh Hkqtk 4 lseh/feuV dh nj ls ?kV jgh gSA ;fn oxZ dh Hkqtk 8 lseh gks
rks] mldk {ks=Qy fdl nj ls ?kVsxk\

2. ,d ifjorZ'khy ?ku dk fdukjk 3 lseh/lsdUM dh nj ls c<+ jgk gSA ?ku dk vk;ru
fdl nj ls c<+ jgk gS tcfd fdukjk 10 lseh yEck gSA
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3. o`Ùk ds {ks=Qy ds ifjorZu dh nj bldh f=T;k ds lkis{k Kkr dhft, tcfd f=T;k
6 lseh gSA

4. lkcqu ds ,d xksyh; cqycqys dh f=T;k 0.2 lseh/lsdUM dh nj ls c<+ jgh gSA blds
i`"Bh; {ks=Qy ds ifjorZu dh nj Kkr dhft, tcfd f=T;k 7 lseh gSA

5. ,d ?ku ds vk;ru ds ifjorZu dh nj mldh Hkqtk ds lkis{k Kkr dhft,] tcfd
Hkqtk 5 lseh gSA

29-2 lfUudVu

bl Hkkx esa] ge fpg~u dx rFkk dy dks ,d vFkZ nsaxs ftlls fpg~u 
dy

dx
 dk okLrfod vFkZ]

dy dks dx ls Hkkx nsuk tSlk gks tk,A

eku yhft, y = f(x), x dk ,d Qyu gS rFkk ∆x, x esa ,d NksVk lk ifjorZu gS ,oa
∆y, y esa ,d laxr cnyko@ifjorZu gSA rc

0∆ →

∆

∆x

y
Lt

x
 = ( )= ′

dy
f x

dx

⇒
∆

∆

y

x
 = + ε

dy

dx
, tgk¡ ε → 0 tc ∆x → 0

⇒ ∆y = ∆ + ε∆
dy

x x
dx

Q ε∆x cgqr gh lw{e jkf'k gS ftls ux.; eku ldrs gSa] blfy, gesa izkIr gksrk

gS ∆y ≈ ∆
dy

x
dx

] lfUudVr%

;g lw= ijra= pj ds lw{e ifjorZu ¼;k =qfV½ dk Lora= pj ds lw{e ifjorZu ¼;k =qfV½
ds laxr x.kuk djus esa cgqr gh mi;ksxh gSA

dqN egRoiw.kZ in
Lora=@fujis{k =qfVLora=@fujis{k =qfVLora=@fujis{k =qfVLora=@fujis{k =qfV : x esa =qfV ∆x, x esa fujis{k =qfV dgykrh gSA

vis{kkdr̀ =qfV : ;fn x esa =qfV ∆x gS rc 
∆x

x
, x esa vis{kkdr̀ =qfV dgykrh gSA

izfr'krrk =qfV : ;fn x esa ,d =qfV ∆x gS rc 100
∆

×
x

x
, x easa izfr'krrk =qfV

dgykrh gSA

 uksVuksVuksVuksV: gesa Kkr gS ∆y = .∆ + ε ∆
dy

x x
dx

Q .ε ∆x  cgqr NksVk@ux.; gS blfy, ∆y dk eq[; eku 
dy

x
dx

= ∆  tks fd y dk vodyt

dgykrk gSA

vFkkZr~ ∆y = .∆
dy

x
dx
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∴ x dk vodyt

dx = .∆ = ∆
dx

x x
dx

 }kjk fn;k tkrk gS

vr% dy =
dy

dx
dx

dx, ∆x, dy rFkk ∆y dk T;kferh; O;k[;k@vFkZ tkuus ds fy, ge oØ y = f(x) ds fudV
fcUnq P(x, y) ds {ks= ij viuk /;ku dsfUnzr djrs gSa tgk¡ oØ ij ,d Li'kZ js[kk [khap
ldrs gSaA ;fn oØ ij ,d vU; fcUnq Q(x + ∆x, y + ∆y), (∆x ≠ 0) gS] rc js[kk PQ dk

<ky 
∆

∆

y

x
 gksxk tks fd 

dy

dx
 ds lhek eku ds lfUudV gS (P ij Li'kZ js[kk dk <ky@>qdko)

blfy,] tc ∆x → 0, ∆y, dy ds yxHkx cjkcj@lfUudV gSA

mnkgj.k 29.7.   vodyu dk iz;ksx djds 25.3  dk lfUudV eku Kkr dhft,A

gy gy gy gy : eku yhft, y = x

‘x’ ds lkis{k vodyu djus ij] gesa izkIr gksrk gS

dy

dx
 =

1
2

1 1

2 2

− =x
x

x = 25 ,oa 25.3+ ∆ =x x  yhft,] rc 0.3= ∆ =dx x  tc x = 25, 25 5= =y

∆y =
1 1 1

0.3 0.3 0.03
102 2 25

dy
x x

dx x
∆ = ∆ = × = × =

⇒ ∆y = 0.03 (Q dy lfUudVr% ∆y ds cjkcj gS)
y + ∆y = 25.3+ ∆ =x x

⇒ 25.3  = 5 + 0.03 = 5.03 lfUudVr%

mnkgj.k 29.8.  vodyu dk iz;ksx djds 
1

3(127)  dk lfUudV eku Kkr dhft,A

gygygygy : y = 

1

3x  yhft,

eku yhft, x = 125 rFkk x + ∆x = 127, rc dx = ∆x = 2

tc x = 125, y = 

1

3(125) 5=

vc y =

1

3x

dy

dx
 = 2 3

1

3x

∆y = 2 3 2 3

1 1 2
2

753 3(125)

dy
x dx

dx x

 
∆ = = × =  

⇒ ∆y =
2

75
                                 (Q ∆y = dy)

vr%
1

3(127)  =
2

5 5.026
75

+ ∆ = + =y y  ¼lfUudV½
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mnkgj.k 29.9.  f(3.02) dk lfUudV eku Kkr dhft,] tgk¡ f(x) = 3x2 + 5x + 3.

gygygygy : eku yhft, x = 3 rFkk 3.02+ ∆ =x x , rc 0.02= ∆ =dx x

gesa Kkr gS f(x) =
23 5 3+ +x x

tc x = 3

⇒ f(3) = 23(3) 5(3) 3 45+ + =

vc y = f(x)

⇒ ∆y = (6 5)∆ = + ∆
dy

x x x
dx

⇒ ∆y = (6 × 3 + 5) × 0.02 = 0.46

∴ f(3.02) = f(x + ∆x) = y + ∆y = 45 + 0.46 = 45.46

vr% f(3.02) dk lfUudV eku 45.46.

mnkgj.k 29.10.  ,d xksys dh f=T;k 9 lseh ekih tkrh gS ftlesa 0-03 dh =qfV gSA blds
i`"Bh; {ks=Qy ds ifjdyu esa lfUudV =qfV Kkr dhft,A

gygygygy : eku yhft, xksys dh f=T;k r gS blds ekiu esa =qfV ∆r gSA

rc r = 9 lseh rFkk ∆r = 0.03 lseh

eku yhft, xksys dk i`"Bh; {ks=Qy S gSA rc
S = 4πr2

⇒
dS

dr
 = 4 2 8π × = πr r

9r

dS

dr =

 
   ij

 = 8 (9) 72π × = π

eku yhft, S esa ∆S =qfV gS] rc

∆S =
272 0.03 2.16

dS
r

dr
∆ = π × = π lseh

vr% i`"Bh; {ks=Qy ds ifjdyu esa lfUudV =qfV 2.16π lseh2 gSA

mnkgj.k 29.11.  x ehVj Hkqtk okys ?ku dh Hkqtk esa 2% dh o`f) ds dkj.k ls ?ku ds vk;ru
esa lfUudV ifjorZu Kkr dhft,A

gygygygy : eku yhft, x esa ifjorZu ∆x rFkk V esa laxr ifjorZu ∆V gSA

fn;k gS fd 
2

100 2
100

∆
× = ⇒ ∆ =

x x
x

x
gesa Kkr gS V = x3

⇒
dV

dx
 = 3x2

vc ∆V = ∆
dV

x
dx

⇒ ∆V =
2 2

3
100

×
x

x

⇒ ∆V =
6

100
.V

vr% vk;ru esa lfUudV ifjorZu 6% gSA
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      ns[ksa vkius fdruk lh[kk 29-2

1. vodyu dk iz;ksx djds] 36.6  dk lfUudV eku Kkr dhft,A

2. vodyu dk iz;ksx djds] 
1

3(25)  dk lfUudV eku Kkr dhft,A

3. vodyu dk iz;ksx djds] 
1

4(15)  dk lfUudV eku Kkr dhft,A

4. vodyu dk iz;ksx djds] 26  dk lfUudV eku Kkr dhft,A

5. ,d xksys dh f=T;k 7 eh ekih tkrh gS ftlesa 0.02 eh dh =qfV gSA blds vk;ru
ds ifjdyu esa lfUudV =qfV Kkr dhft,A

6. ,d ?ku ds vkdkj ds lUnwd ds vk;ru dh x.kuk esa izfr'kr =qfV Kkr dhft, ;fn
lUnwd dh Hkqtk dh eki esa 1% dh =qfV gqbZ gSA

29.3 Li'kZ js[kk rFkk vfHkyac dh <ky

ekuk ( )y f x= ,d lrr oØ gS rFkk ekuk

( )1 1P x , y  ml ij ,d fcUnq gS] rks ( )1 1P x , y

ij izo.krk PT' fuEu }kjk ifjHkkf"kr gS

( )1 1
dy

x , y
dx

 
 
 

 ij ....(i)

rFkk (i) dk eku tanθ  osQ cjkcj gSA

ge tkurs gSa fd fdlh oØ ij vfHkyac ,d ,slh
js[kk gS tks Li'kZ fcUnq ij Li'kZ js[kk ij yEcor~ gS

ge tkurs gSa fd 
2

π
α = + θ

⇒    tan tan cot
2

π α = + θ = − θ 
 

 
1

tan
= −

θ

∴ vfHkyac dh izo.krk 
1 1

dym

dx

−
= − =

 
 
 

  fcanq ( )1 1x , y ij vFkok dx

dy

 
−  
 

fcanq ( )1 1x , y  ijA

 fVIi.kh

1. fdlh oØ osQ ,d fcUnq ij Li'kZ js[kk x-v{k osQ lekUrj gS ;fn 0θ =  gS vFkkZr ml
fcUnq ij vodyt dk eku 'kwU; gSA

fp=k. 29.1

P

(x , y )11

Li'kZ js[kk

y = f(x)

vfHkyEc

T

αθ
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vFkkZr~] fcUnq ( )1 1x , y   ij dy

dx

 
 
 

0=

2. fdlh oØ ( )y f x=  osQ ,d fcUnq ij Li'kZ js[kk y-v{k osQ lekUrj gS ;fn ml fcUnq

ij dy
0

dx
=  gSA

vkb, oqQN mnkgj.k ysaA

mnkgj.k 29.12.  oØ 2 3 2x x 3xy y 6+ + + =  osQ fcUnq (1, 1) ij Li'kZ js[kk rFkk vfHkyEc osQ

lehdj.k Kkr dhft,A

gy % oØ dk lehdj.k gS %

2 3 2x x 3xy y 6+ + + = .....(i)

(i) dk vodyu x osQ lkis{k djus ij gesa feyrk gS :

2 dy dy
2x 3x 3 x y.1 2y 0

dx dx

 + + + + =  

(ii) esa x 1, y 1= =  j[kus ij gesa feyrk gS %

dy dy
2 1 3 1 3 1 2 0

dx dx

 × + × + + + =  

vFkok
dy

5 8
dx

= −  ⇒
dy 8

dx 5
= −

Li'kZ js[kk dh (1, 1) ij izo.krk 
8

5
−  gSA

vfHkyac dh izo.krk 
5

8
 gSA

mnkgj.k 29.13.   n'kkZb, fd oØ 5 31
y 3x 2x 3x

6
 = + −
   ij fLFkr fcUnqvksa x 3= ±  ij Li'kZ

js[kk,¡ lekUrj gSaA

gy % oØ dk lehdj.k gS] 
5 33x 2x 3x

y
6

+ −
= .....(i)

(i) dk vodyu x osQ lkis{k djus ij gesa feyrk gS %

( )4 215x 6x 3dy

dx 6

+ −
=

          ( ) ( )4 2

x 3

15 3 6 3 3
dy

dx 6=

 + −    = 
  ij

       [ ]1
15 9 9 54 3

6
= × × + −  [ ]3

405 17 211
6

= + =
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            ( ) ( )4 2dy 1
, x 3 15 3 6 3 3

dx 6

   = − = − + − −     
ij = 2111

vr% oØ ij fLFkr x 3= ±  ij Li'kZ js[kk,¡ lekUrj gSa D;kasfd x 3= ±  ij mudh izo.krk,¡ leku gSaA

mnkgj.k 29.14.  oØ 
3 26y px q= +  osQ fcUnq ( )2, 2−  ij Li'kZ js[kk dh izo.krk 

1

6
 gSA p rFkk

q osQ eku Kkr dhft,A

gy % oØ dk lehdj.k gS % 
3 26y px q= + ...(i)

(i) dk vodyu x osQ lkis{k djus ij gesa feyrk gS %

2 dy
18y 2px

dx
= .....(ii)

x 2, y 2,= = −  (ii) esa j[kus ij

          ( )2 dy
18 2 2p 2 4p

dx
− = ⋅ =

∴
dy p

dx 18
=  ;g 

1

6
 osQ cjkcj gS

∴   
1 p

p 3
6 18

= ⇒ =

vr% oØ dk lehdj.k cu tkrk gS % 3 26y 3x q= +

fcUnq (2, –2) oØ ij fLFkr gSA

∴       ( ) ( )3 2
6 2 3 2 q− = +

⇒      48 12 q− − = vFkok       q 60= −

∴  p = 3, rFkk q 60= − gS

    ns[ksa vkius fdruk lh[kk 29.3

1. fuEufyf[kr oØksa esa ls izR;sd ds fy, fn, x, fcUnqvksa ij Li'kZ js[kkvksa rFkk vfHkyacksa dh
izo.krk Kkr dhft,A

(i) 
3y x 2x= − , x 2=  ij (ii) 

2 2x 3y y 5+ + =  , (1, 1) ij

(iii) ( )x a sin= θ − θ , ( )y a 1 cos= − θ , 
2

π
θ =  ij

2. ;fn oØ xy px qy 2+ + =  osQ fcUnq (1, 1) ij Li'kZ js[kk dh izo.krk 2 gS] rks p rFkk q

osQ eku Kkr dhft,A

3. oØ 2 2x y 18+ =  ij og fcUnq Kkr dhft, ftu ij Li'kZ js[kk x + y = 3 osQ lekUrj gSA

4. oØ 2y x 4x 5= − +  osQ fdu fcUnqvksa ij Li'kZ js[kk] js[kk 2y x 7 0+ − =  osQ yacor gS\



xf.kr 251

vodyt ds vuqiz;ksx

ekWM~;wy - VIII

dyu

fVIi.kh

29.4 fdlh oØ ij Li'kZ js[kk rFkk vfHkyac osQ lehdj.k

ge tkurs gSa fdlh ,d fcUnq ( )1 1x , y  ls gksdj tkus okyh rFkk izo.krk m okyh js[kk dk lehdj.k

gS %  ( )1 1y y m x x− = −

fiNys ifjPNsn esa tSlk geus i<+k Fkk oØ  y = f (x) ij Li'kZ js[kk dh izo.krk] fcUnq ( )1 1x , y  ij]

dy

dx

 
 
 

( )1 1x , y  ij }kjk fn;k tkrk gS rFkk vfHkyac dh izo.krk ( )1 1x , y ij 
dx

dy

 
− 
 

 gSA

∴  y = f (x) osQ fcUnq ( )1 1x , y ij Li'kZ js[kk dk lehdj.k gS %

( )
[ ]1 1

x ,y
1 1

dy
y y x x

dx
=
 − − 
 

rFkk y = f (x) osQ fcUnq ( )1 1x , y  ij vfHkyac dk lehdj.k gS %

( )
1 1

x ,y
1 1

1
y y x x

dy

dx

=

 
 −

 − −   
  
 

fVIi.kh

(i) ,d oØ ij ,d Li'kZ js[kk x-v{k osQ lekUrj gS ;fn 
( )x ,y

1 1

dy
0

dx

  = 
  ij

 gS rFkk Li'kZ

js[kk dk lehdj.k 1y y=  gSA

(ii) ;fn 
( )x ,y

1 1

dy

dx

  → ∞ 
  ij

 rks ( )1 1
x , y ij Li'kZ js[kk y-v{k osQ lekUrj gS rFkk mldk

lehdj.k 1x x=  gSA

vkb, oqQN mnkgj.k ysdj bls Li"V djsaA

mnkgj.k 29.15.  oÙ̀k 2 2x y 25+ =  ij fLFkr fcUnq (4, 3)  ij Li'kZ js[kk rFkk vfHkyac osQ

lehdj.k Kkr dhft,A

gy % oÙ̀k dk lehdj.k gS 2 2x y 25+ = ...(i)

(i) dk x osQ lkis{k vodyu djus ij gesa feyrk gS %

           
dy

2x 2y 0
dx

+ =

⇒            
dy x

dx y

−
=
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∴         
( )4,3

dy 4

dx 3

  = − 
  ij

oÙ̀k osQ fcUnq (4, 3)  ij Li'kZ js[kk dk lehdj.k gS %

( )4
y 3 x 4

3
− = − −

4
y 3 (x 4)

3
− = − −

vFkok             ( ) ( )4 x 4 3 y 3 0− + − = vFkok         4x 3y 25+ =

 rFkk vfHkyac dh izo.krk        

( )4,3

1 3

dy 4

dx

−
= =
 
 
 

∴ oÙ̀k osQ fcUnq (4, 3) ij vfHkyac dk lehdj.k gS

( )3
y 3 x 4

4
− = −

vFkok          4y 12 3x 12− = −

⇒      3x 4y=

∴ oÙ̀k ij fLFkr fcUnq (4,3) ij Li'kZ js[kk dk lehdj.k 4x + 3y = 25 gS rFkk oÙ̀k ij fLFkr fcUnq
(4,3) ij vfHkyac dk lehdj.k 3x = 4y gSA

mnkgj.k 29.16.  oØ 2 216x 9y 144+ =  ij fLFkr fcUnq ( )1 1x , y  ij] tgk¡ 1y 0>  rFkk

1x 2=  gS] Li'kZ js[kk rFkk vfHkyac osQ lehdj.k Kkr dhft,A

gy % oØ dk lehdj.k gS % 2 216x 9y 144+ = ...(i)

(i) dks x osQ lkis{k vodyu djus ij gesa izkIr gksrk gS %

dy
32x 18y 0

dx
+ =

vFkok     
dy 16x

dx 9y
= −

D;ksafd 1x 2=  gS rFkk fcanq ( )1 1x , y  oØ ij fLFkr gS

∴     ( ) ( )2 216 2 9 y 144+ =

⇒
2 80

y
9

= ⇒  
4

y 5
3

= ±

pw¡fd    1y 0> ⇒ 1
4

y 5
3

=

vr%] oØ osQ fcUnq 
4

2, 5
3

 
 
 

 ij Li'kZ js[kk dk lehdj.k gS %
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[ ]
4 5

2,
3

4 16x
y 5 x 2

3 9y  
  
 

 
− = − − 

  ij

vFkok ( )4 16 2 3
y 5 x 2

3 9 4 5

×
− = − ⋅ − vFkok ( )4 8

y 5 x 2 0
3 3 5

− + − =

vFkok 3 5  ( )4
y 5 3 5 8 x 2 0

3
− ⋅ + − =

  3 5y 20 8x 16 0− + − = vFkok  3 5y 8x 36+ =

rFkk] oØ osQ fcUnq 
4

2, 5
3

 
 
 

 ij vfHkyac dk lehdj.k gS %

[ ]
4

2, 5
3

4 9y
y 5 x 2

3 16x  
 
 

 − = − 
  ij

vFkok ( )4 9 2 5
y 5 x 2

3 16 3
− = × −

vFkok ( )4 3 5
y 5 x 2

3 8
− = −

vFkok ( )3 8(y) 32 5 9 5 x 2× − = −

     24y 32 5 9 5 x 18 5− = −

vFkok    9 5 x 24y 14 5 0− + =

mnkgj.k 29.17.  oØ 
2 2x y

1
9 16

− =  ij mu fcUnqvksa dks Kkr dhft, tgk¡ Li'kZ js[kk x-v{k osQ

lekUrj gSA

gy % oØ dk lehdj.k gS % 
2 2x y

1
9 16

− = ...(i)

(i) dk x osQ lkis{k vodyu djus ij gesa feyrk gS %

2x 2y dy
0

9 16 dx
− ⋅ =

or   
dy 16x

dx 9y
=

Li'kZ js[kk dk x-v{k osQ lekUrj gksus ij 
dy

0
dx

=

⇒
16x

0
9y

= ⇒ x = 0
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(i) eas x = 0  j[kus ij] gesa feyrk gS % 2y 16= −  vFkkZr~ y 4i= ±

vr% oØ ij ,sls dksbZ okLrfod fcUnq ugha gSa tgk¡ 
2 2x y

1
9 16

− = ij Li'kZ js[kk x-v{k osQ lekUrj gSA

mnkgj.k 29.18.  mu lHkh js[kkvksa] ftudh izo.krk – 4 gS] osQ lehdj.k Kkr dhft, tks oØ

1
y

x 1
=

−
 ij Li'kZ js[kk,¡ gSaA

gy %
1

y
x 1

=
−

.....(i)

∴         2

dy 1

dx (x 1)
= −

−

;g – 4 osQ cjkcj fn;k gSA

∴  2

1
4

(x 1)

−
= −

−

⇒   ( )2 1
x 1

4
− =

⇒
1 3 1

x 1 x ,
2 2 2

= ± ⇒ =

(i) eas 1
x

2
=  j[kus ij gesa feyrk gS %

1 1
y 2

1 1
1

2 2

= = = −
− −

  tc 
3

x , y 2
2

= =

∴ fcUnq gaS % 
3 1

, 2 , , 2
2 2

   −   
   

∴ Li'kZ js[kkvksa osQ lehdj.k gSa %

(a)
3

y 2 4 x
2

 − = − − 
 

⇒ y 2 4x 6− = − + vFkok        4x y 8+ =

(b)
1

y 2 4 x
2

 + = − − 
 

⇒ y 2 4x 2+ = − + vFkok        4x y 0+ =

mnkgj.k 29.19.  oØ 
3y x= osQ fcUnq (2 , 8 ) ij vfHkyac dk lehdj.k Kkr dhft,A

gy % 3y x= 2dy
3x

dx
⇒ =
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∴
x 2

dy
12

dx =

  = 
  ij

∴ vfHkyac dh izo.krk gS 
1

12
= −

∴ vfHkyac dk lehdj.k gS %

( )1
y 8 x 2

12
− = − −

vFkok 12(y 8) (x 2) 0− + − = vFkok        x 12y 98+ =

       ns[ksa vkius fdruk lh[kk 29.4

1. vafdr fcUnqvksa ij Li'kZ js[kk rFkk vfHkyac osQ lehdj.k Kkr dhft, %

(i) 4 3 2y x 6x 13x 10x 5= − + − + , (0, 5) ij (ii) 2y x= , ( )1, 1  ij

(iii) 3y x 3x 2= − +  mu fcUnqvksa ij tgk¡ x-funsZ'kkad 3 gSA

2. nh?kZoÙ̀k 
2 2

2 2

x y
1

a b
+ =  osQ fcUnq ( )1 1x , y ij Li'kZ js[kk dk lehdj.k Kkr dhft,A

3. vfrijoy; 
2 2

2 2

x y
1

a b
− =  osQ fcUnq ( )0 0x , y  ij Li'kZ js[kk dk lehdj.k Kkr dhft,A

4. oØ 3y x 2x 6= + +  osQ mu vfHkyacksa osQ lehdj.k Kkr dhft, tks js[kk x 14y 4 0+ + =

osQ lekUrj gSA

5. fl¼ dhft, fd oØ 2x y=  rFkk xy k=  yacor izfrPNsn djrs gSa ;fn 28k 1=

29.5 jksys dk izes;
vkb,] vc ge ,d ,sls egRoiw.kZ izes; osQ fo"k; esa i<+sa ftlls ;g irk yxrk gS fd y = f ( x) osQ
vkys[k ij nks fcUnqvksa a rFkk b, ftlosQ y-funsZ'kkad f (a) rFkk f (b) cjkcj gS] osQ chp de ls de ,d
fcUnq c ,slk vo'; gksxk fd fcUnq [c, f (c)]ij Li'kZ js[kk x-v{k osQ lekUrj gks (ns[ksa fp=k 29.2)

y

o a c b

f(c)

x

(a)

o a
b

x

y

(b)

fp=k. 29.2
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29.5.1 jksys osQ izes; dk xf.krh; lw=k.k

ekuk f ,d okLrfod iQyu gS tks can vUrjky [a, b] esa bl izdkj ifjHkkf"kr gS fd

(i) can vUrjky [a, b] esa iQyu f lrr gS

(ii) [kqys vUrjky ]a, b[ esa iQyu f vodyuh; gS

(iii) f (a) = f (b),

rks [kqys vUrjky ]a, b[ esa de ls de ,d fcUnq c ,slk vo'; fLFkr gksxk tgk¡ f '(c) 0= gksAsf

 fVIi.kh

(i) dFku de ls de ,d fcUnq dk vFkZ gS fd c ]a, b]∈  esa c osQ ,d ls vf/d eku Hkh

gks ldrs gSa rkfd ( )f ' c 0= gSA

(ii) izfrca/ fd f, [a, b] ij lrr gS vfuok;Z gS rFkk blesa dksbZ <hy ugha nh tk ldrhA

(iii) izfrca/ fd f, ]a, b[ ij vodyuh; gS Hkh vfuok;Z gS rFkk blesa f<ykbZ ugha nh tk ldrhA

mnkgj.kkFkZ f (x) | x |, x [ 1,1]= ∈ −  vUrjky  [−1,1] ij lrr gS rFkk ]–1, 1[ ij vodyuh; gS
rFkk jksys dk izes; blosQ fy, oS/ gSA

vkb, oqQN mnkgj.k ysa

mnkgj.k 29.20.   iQyu f (x) x(x 1)(x 2), x [0, 2]= − − ∈  osQ fy, jksys osQ izes; dk lR;kiu

dhft,A

gy % f (x) x(x 1)(x 2)= − − 3 2x 3x 2x= − +

(i) f (x) ,d cgqin iQyu gSA vr% [0, 2] esa lrr gS

(ii) f (x) vUrjky ]0, 2[ ij vodyuh; gS

(iii) f (0) = 0 rFkk  f (2) = 0

∴       f (0) f (2)=

jksys osQ izes; dh lHkh 'krs± lUrq"V gks tkrh gSa

lkFk gh] 2f '(x) 3x 6x 2= − +

f '(c) 0∴ =  ls] 23c 6c 2 0− + = ⇒
6 36 24

c
6

± −
=

⇒
1

c 1
3

= ±

ge ns[krs gSa fd c osQ nksuksa eku varjky ]0, 2[ esa gSaA

mnkgj.k 29.21.  iQyu f (x) sin x sin 2x= − , [ ]x 0,∈ π  osQ fy, jksys osQ izes; dh vuqiz;ksT;rk

(applicability) dh tkap dhft,A
gy % f (x) sin x sin 2x= − ...(i)

(i) lkbu iQyu gS tks vUrjky [ ]0, π  esa lrr gS rFkk [ ]0, π  esa vodyuh; gS A
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lkFk gh ( )f 0 0=  rFkk ( )f 0π =

⇒ ( ) ( )f f 0 0π = =

∴ jksys osQ izes; osQ lHkh izfrca/ lUrq"V gksrs gSaA

vc 2f '(c) 2 2 cos c 1 cos c 0 = − − =
 

;k     24 cos c cos c 2 0− − =

∴       
1 1 32

cos c
8

± +
=

1 33

8

±
= ⋅

pw¡fd 33 6<  gS]

∴
7

cos c 0.875
8

< =

tks ;g n'kkZrh gS fd c, 0 ls π osQ chp esa gSA

       ns[ksa vkius fdruk lh[kk 29.5

fuEu iQyuksa osQ fy, jksys osQ izes; dk lR;kiu dhft, %

(i)
3 2x 5x

f (x) 2x
3 3

= − + , x [0, 3]∈ (ii) 2f (x) x 1= −  [–1, 1]  ij

(iii) f (x) sin x cos x 1= + − , 0,
2

π 
  

ij (iv) ( ) ( )2f (x) x 1 x 2= − − ] [ 1, 2]− ij

29.6 ykxjkt dk ekè;eku izes;
;g izes; jksys osQ izes; dk lq/jk gqvk :i gS ftlesa ;g vko';d ugha fd Li'kZ js[kk x-v{k osQ
lekUrj gksA bl izes; dk dFku gS fd Li'kZ js[kk oØ osQ vUr fcUnqvksa dks feykus okyh js[kk osQ lekUrj
gSA nwljs 'kCnksa esa ;g izes; dgrk gS fd oØ osQ vkys[k ij lnk ,d fcUnq dk vfLrRo gS tgk¡ Li'kZ
js[kk oØ osQ vUr fcUnqvksa dks feykus okyh js[kk osQ lekUrj gSA

29.6.1 ykxjakt izes; dk xf.krh; lw=k.k

ekuk f ,d okLrfod ewY; iQyu gS tks ,d cUn vUrjky [a, b] ij bl izdkj ifjHkkf"kr gS fd

(a) f vUrjky [a, b]  ij lrr gS

(b) f, [a, b[ ij vodyuh; gS

(c) f (b) ≠  f (a)

rks [kqys vUrjky ]a, b[ esa ,d fcUnq bl izdkj gS fd

f (b) f (a)
f '(c)

b a

−
=

−

 fVIi.kh

 tc f (b) = f (a) gks] rks f '(c) = 0 gSA rc ;g izes; jksys dk izes; cu tkrk gSA
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vkb, oqQN mnkgj.k ysaA

mnkgj.k 29.22.  iQyu f (x) (x 3)(x 6)(x 9)= − − −  dks vUrjky [3, 5] osQ fy, ykxjkat osQ
ekè;eku izes; dks lR;kfir dhft,A

gy %  f (x) (x 3)(x 6)(x 9)= − − − 2(x 3)(x 15x 54)= − − +

vFkok  3 2f (x) x 18x 99x 162= − + − ...(i)

(i) ,d cgqin iQyu gS blfy, fn, x, vUrjky esa lrr rFkk vodyuh; gS

;gk¡ f (3) 0, f (5) (2)(–1)( 4) 8= = − =

∴ f (3) f (5)≠

blfy, ekè;eku izes; osQ lHkh izfrca/ larq"V gksrs gSaA

∴
f (5) f (3) 8 0

f '(c) 4
5 3 2

− −
= = =

−

vc       2f '(x) 3x 36x 99= − +

∴     
23c 36c 99 4− + = vFkok 23c 36c 95 0− + =

∴       
36 1296 1140 36 12.5

c
6 6

± − ±
= ≈  = 8.08 ;k 3.9

∴      c 3.9 (3, 5)= ∈

∴ ykxjkat dk ekè;eku izes; lR;kfir gqvkA

mnkgj.k 29.23.  ijoy; ( )2
y x 4= − ij og fcUnq Kkr dhft, tgk¡ Li'kZ js[kk fcUnqvksa ( )4, 0

rFkk ( )5,1  dks feykus okyh thok osQ lekUrj gSA

gy % oØ osQ fdlh fcUnq ij mldh Li'kZ js[kk dh izo.krk ml fcUnq ij ( )f '(x)  ds eku osQ
cjkcj gksrk gS

( )f '(x) 2 x 4= −

( )4, 0  rFkk ( )5,1 dks tksM+us okyh thok dh izo.krk gS

1 0
1

5 4

−
=

−
2 1

2 1

y y
m

x x

 −
= − 

Q

∴ ekè;eku izes; osQ vuqlkj

( )2 x 4 1− = vFkok       ( ) 1
x 4

2
− =

⇒      
9

x
2

=

tks 4 rFkk 5 osQ chp fLFkr gS
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vc ( )2
y x 4= −

tc
2

9 9 1
x , y 4

2 2 4

 = = − = 
 

∴ okafNr fcUnq 
9 1

,
2 4

 
 
 

gSA

       ns[ksa vkius fdruk lh[kk 29.6

1. fuEu iQyuksa esa ls izR;sd osQ fy, ekè;eku izes; dh tk¡p dhft, %

(i) 2f (x) 3x 4= − , [2, 3]  ij (ii) f (x) log x= , [1, 2]  ij

(iii)
1

f (x) x
x

= + ,  [1, 3]  ij (iv) 3 2f (x) x 2x x 3= − − + [0,1]ij

2. ijoy;] ( )2
y x 3= + ij og ,d fcUnq Kkr dhft, tgk¡ Li'kZ js[kk] fcUnqvksa ( )3, 0  rFkk

( )4,1−  dks feykus okyh thok osQ lekUrj gSA

29.7 o/Zeku rFkk ßkleku iQyu
vki ,d o/Zeku vFkok ßkleku iQyu dh lkekU; izo`fr;ksa (trends) dks igys gh ns[k pqdss gSaA ;gk¡
ge iQyuksa ds o/Zeku vFkok ßkleku gksus ds izfrc/ksa dks Kkr djus dk iz;kl djsaxsA

eku yhft, fd ,d iQyu ( )f x  ,d cUn vUrjky [a,b] ij ifjHkkf"kr gSA

eku yhft, fd [ ]1 2x , x a, b∈  gSA rc iQyu ( )f x  fn;s x;s vUrjky esa o/Zeku iQyu dgykrk gS]

;fn ( ) ( )2 1f x f x≥  tc Hkh 2 1x x>  gksA bls fujUrj o/Zeku dgk tkrk gS] tc lHkh 2 1x x> ]

[ ]1 2x , x a, b∈  ds fy, ( ) ( )2 1f x f x> gksA

fp=k 29.3 esa] tc x,
2

π
−  ls 

2

π
 rd c<+rk gS] rks sin x, 1− ls 1+  rd c<+rk gSA

y

f(x) = 1

f(x) = –1f(x) = –1

O

f(x) = sin x

–π π x
x2 =

2

2
x1 =

π
2

π

π

fp=k 29.3
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fVIi.kh% ,d vUrjky esa ,d iQyu o/Zeku gksxk] ;fn f (x + h)> f (x) gks] tc izR;sd x

vUrjky esa gS rFkk h /ukRed gSA
,d iQyu] tks ,d cUn vUrjky [a,b] essa ifjHkkf"kr gS] ml vUrjky esa ßkleku gksxk] ;fn

( ) ( )2 1f x f x≤  gks] tc 2 1x x> , [ ]1 2x , x a,b∈ gks] mls fujUrj ßkleku dgk tkrk gS] ;fn

lHkh 2 1x x> , [ ]1 2x , x a,b∈  ds fy, ( ) ( )1 2f x f x> gksA

fp=k 29.4 esa] tc x,0 ls π  rd c<+rk gS] rks cos x,1ls –1 rd de gksrk gSA
y

f(x) = cos x

x  = 2 π

x  = 01
O

f(x) = –1

2π
x

fp=k 29.4

fVIi.kh% ,d iQyu fn;s gq, vUrjky esa âkleku gksrk gS] ;fn fn;s x;s vUrjky esa izR;sd x

ds fy, vkSj h 0>  ds fy, ( ) ( )f x h f x+ <  gksA

29.8 ,dfn"V iQyu

eku yhft, fd 1 2x , x  nks fcUnq ,sls gSa fd iQyu ( )f x  ds ifjHkkf"kr vUrjky esa 1 2x x<  gSA
rc iQyu ,dfn"V dgykrk gS] ;fn og ;k rks o/Zeku gks vkSj ;k âkleku gksA

iQyu ( )f x  fujUrj o/Zeku dgykrk gS] tc lHkh 2 1x x> ds fy, (tks fn;s x;s vUrjky esa gS)]

( ) ( )2 1f x f x≥  gks rFkk fujUrj âkleku dgykrk gS] ;fn ( ) ( )1 2f x f x≥

mnkgj.k 29.24.   fl¼ dhft, fd izR;sd x R∈  ds fy,] ( )f x 4x 7= +  ,d ,dfn"V iQyu gSA

gy % R esa x ds nks ekuksa 1x  vkSj 2x ij fopkj dhft, rkfd 2 1x x> gksA (1)

(1) ds nksuksa i{kksa dks 4 ls xq.kk djus ij gesa feyrk gS % 2 14x 4x> (2)

(2) ds nksuksa i{kksa esa 7 tksM+us ij] gesa feyrk gS %

2 14x 7 4x 7+ > +

vFkkZr~ ( ) ( )2 1f x f x>

vr%] ge ns[krs gSa fd ( ) ( )2 1f x f x>  gS] tc Hkh 2 1x x> gSA

vr%] fn;k x;k iQyu ( )f x 4x 7= +  ,d ,dfn"V iQyu (fujUrj o/Zeku) gSA
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mnkgj.k 29.25.  n'kkZb;s fd  ( ) 2f x x=

lHkh x 0<  ds fy, ,d fujUrj ßkleku iQyu gSA

gy % x ds dksbZ nks eku 1 2x , x  ,sls yhft, fd

2 1x x>  gks  1 2x , x 0< .......(i),

è;ku nhft, fd fdlh vlfedk dks ,d ½.kkRed la[;k ls xq.kk djus ij vlfedk mYV tkrh gSA

(i) dks 2x  ls xq.kk djus ij] gesa feyrk gS %

2 2 1 2x x x x⋅ < ⋅

vFkok 2
2 1 2x x x< ......(ii),

(i) dks 1x  ls xq.kk djus ij gesa feyrk gS %

1 2 1 1x x x x⋅ < ⋅

vFkok 2
1 2 1x x x< .....(iii),

(ii) rFkk (iii) ls] gesa feyrk gS %
2 2
2 1 2 1x x x x< <

vFkok 2 2
2 1x x<

vFkok ( ) ( )2 1f x f x< .....(iv)

vr% (i) rFkk (iv) ls gesa izkIr gqvk fd

2 1x x> ds fy,] ( ) ( )2 1f x f x<  gSA

vr%] fn;k x;k iQyu lHkh x 0< ds fy,] fujUrj âkleku gSA

  ns[ksa vkius fdruk lh[kk 29.7

1. (a) fl¼ dhft, fd x R∈  ds izR;sd eku ds fy,] iQyu ( )f x 3x 4= + ,d ,dfn"V
o/Zeku iQyu gSA

(b) fl¼ dhft, fd x R∈  ds izR;sd eku ds fy, iQyu ( )f x 7 2x= −  ,d ,dfn"V
âkleku iQyu gSA

(c) fl¼ dhft, fd x ds lHkh okLrfod ekuksa ds fy,] iQyu ( )f x ax b= + fujUrj

oèkZeku iQyu gS] tcfd a, b vpj gS rFkk a b> gSA

2. (a) fl¼ dhft, fd iQyu ( ) 2f x x=  lHkh okLrfod x 0>  ds fy, ,d fn"V o/Zeku
iQyu gSA

(b) fl¼ dhft, fd iQyu ( ) 2f x x 4= − , x 2>  ds fy, ,dfn"V o/Zeku gS rFkk

2 x 2− < <  ds fy, ,dfn"V ßkleku iQyu gS tc x R∈ gSA
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izes; 1% ;fn eqDr vUrjky ]a,b[ esa] iQyu ( )f x  o/Zeku gks] rc izR;sd [ ]x a, b∈  ds fy,

ml fcUnq ij iQyu dk vodyt ( )f ' x /ukRed gksrk gSA

miifÙk % eku yhft, fd (x, y) ;k  [x, f (x)] oØ ( )y f x=  ij ,d fcUnq gSA

,d /ukRed xδ  ds fy, ge fy[k ldrs gSa % x x x+ δ >

vc iQyu ( )f x  ,d o/Zeku iQyu gSA

∴ ( ) ( )f x x f x+ δ >

;k ( ) ( )f x x f x 0+ δ − >

;k
( ) ( )f x x f x

0
x

+ δ −
>

δ
[ ]x 0δ >Q

ekuk xδ  ,d vfr NksVh la[;k gSA lhek ysus ij] tc x 0δ → gS] gesa feyrk gS %

( ) ( )lim f x x f x
x 0 0

x

+ δ −
δ → >

δ

;k ( )f ' x 0>

vr%] ;fn ( )y f x=  ,d fcUnq ij ,d o/Zeku iQyu gS] rks ( )f ' x  ml fcUnq ij /ukRed gksxkA

izes; 2: ,d eqDr vUrjky ]a, b[ esa] ;fn iQyu ( )f x  âkleku gS] rks izR;sd [ ]x a,b∈  ds

fy, ml fcUnq ij iQyu dk vodyt ( )f ' x  ½.kkRed gksxkA

miifr % eku yhft, fd oØ ( )y f x=  ij ( )x, y  ;k ( )x, f x   dksbZ fcUnq gSA

,d /ukRed xδ  ds fy,] gesa feyrk gS % x x x+ δ >

pw¡fd iQyu âkleku gS] blfy, ( ) ( )f x x f x+ δ < ( x 0δ > )

;k ( ) ( )f x x f x 0+ δ − <

xδ  ls Hkkx nsus ij] gesa feyrk gS %
( ) ( )f x x f x

0
x

+ δ −
<

δ
, x 0δ >

∴
( ) ( )

x 0

f x x f x
lim 0

xδ →

+ δ −
<

δ
vFkkZr~ ( )f ' x 0<

bl izdkj] ;fn ( )y f x=  ,d fcUnq ij ßkleku iQyu gS] rks ml fcUnq ij ( )f ' x  ½.kkRed gksxkA

fVIi.kh% ;fn ,d can vUrjky [ ]a, b  esa] ( )f x  ,d vodyuh; iQyu gS] rks ( )f x

(1) [a,b] ij o/Zeku gS] ;fn [kqys (eqDr) vUrjky ]a,b[ esaa ( )f ' x 0> gSA

(ii) [a,b] ij ßkleku gS] ;fn [kqys (eqDr) vUrjky ]a,b[ esaa  ( )f ' x 0< gSA
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29.9 fdlh iQyu dh ,dfn"Vrk rFkk vodyt ds fpUg esa lEcU/
fp=k 29.5 esa fn[kk, x;s oØ ds iQyu ij fopkj dhft,A

y

Q

R

P

S

T

V

A O B C D E F G
x

dy

dx
> 0

dy

dx
< 0

dy

dx
= 0

dy

dx
= 0

fp=k 29.5

fdlh iQyu dh o/Zeku ;k âkleku izd`fr (,dfn"Vrk) rFkk vodyt ds fpUg esa lEcU/ ds
vè;;u dks ge oØ ds fp=k 29.5 dh Hkkafr fofHkUu Hkkxksa (i) P ls R rd] (ii) R ls T rd] (iii) T

ls V rd foHkkftr dj ysrs gSaA

(i) ge ns[krs gSa fd P ls R rd oØ ds izR;sd vuqorhZ fcUnq ds fy,] dksfV (y-funsZ'kkad) c<+rh
tkrh gS vkSj mldk x-funsZ'kkad Hkh c<+rk gSA

;fn ( )1 1x , y  dk vuqorhZ fcUnq ( )2 2x , y  gS] rc 2 1x x> ls 2 1y y>  ;k ( ) ( )2 1f x f x>

feyrk gSA lkFk gh P ls R rd izR;sd fcUnq ij Li'kZ js[kk /ukRed x-v{k ds lkFk U;wu dks.k
cukrh gS] vkSj blh fy, oØ ds ,sls lHkh fcUnqvksa (R ds vfrfjDr) ij Li'kZ js[kk dh izo.krk
/ukRed gksxhA fcUnq R ij] tgk¡ dksfV (y-funsZ'kkad) dk eku vf/dre gS] Li'kZ js[kk x-v{k
ds lekUrj gS] vkSj mlds ifj.kkeLo:i R ij Li'kZ js[kk dh izo.krk 'kwU; gSA oØ ds bl Hkkx
ds fy, ge fu"d"kZ fudkyrs gSa fd

(a) iQyu P ls R rd fujUrj o/Zeku gSA

(b) (R ds vfrfjDr) izR;sd fcUnq ij Li'kZ js[kk x-v{k dh /ukRed fn'kk ds lkFk U;wu
dks.k cukrh gSA

(c) oØ ds izR;sd fcUnq] ftl ij y o/Zeku gS] ij Li'kZ js[kk dh izo.krk /ukRed gS] vFkkZr
dy

0
dx

>  gSA

(d) tc y dk eku vf/dre gS] vFkkZr~ fcUnq R ij Li'kZ js[kk dh izo.krk  
dy

0
dx

= A

(ii) oØ ds Hkkx R ls T rd ds chp izR;sd fcUnq ij dksfV (y-funsZ'kakd) de gksrh tkrh gS] ;|fi

bldk x funsZ'kkad c<rk tkrk gSA bl izdkj 2 1x x> ls gesa 2 1y y<  ;k ( ) ( )2 1f x f x< feyrk gSA

lkFk gh oØ ij R ds vuqorhZ izR;sd fcUnq ij Li'kZ js[kk x-v{k dh /ukRed fn'kk ds lkFk
vf/d dks.k cukrh gSA blds ifj.kkeLo:i izR;sd mu fcUnqvksa ds fy, ftudk y-funsZ'kkad
de gks jgk gS] Li'kZ js[kk dh izo.krk ½.kkRed gSA fcUnq T ij dksfV dk eku U;wure gS vkSj
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Li'kZ js[kk x-v{k ds lekUrj gSA blds ifj.kkeLo:i T ij Li'kZ js[kk dh izo.krk 'kwU; gSA

mijksDr ls ge ;g fu"d"kZ fudkyrs gSa fd]

(a) R ls T rd iQyu fujarj âkleku gSA

(b) T ds vfrfjDr izR;sd fcUnq ij Li'kZ js[kk x-v{k dh /ukRed fn'kk ds lkFk vf/d
dks.k cukrh gSA

(c) oØ ds izR;sd fcUnq] ftu ij y-âkleku gS] Li'kZ js[kk dh izo.krk ½.kkRed gS] vFkkZr~
dy

0
dx

< gSA

(d) fcUnq T  ij tgk¡ dksfV dk eku U;wure gS] Li'kZ js[kk dh izo.krk vFkkZr 
dy

0
dx

=  gSA

(iii) iqu% oØ ij T ls V rd ds izR;sd fcUnq ij y-funsZ'kkad fujarj c<+rk gSA T ls V rd oØ
ds izR;sd fcUnq ij Li'kZ js[kk x-v{k dh /ukRed fn'kk ds lkFk U;wu dks.k cukrh gS] ftlds
iQyuLo:i oØ ds bl izdkj ds izR;sd fcUnq ij Li'kZ js[kk dh izo.krk /ukRed gksrh gSA

fu"d"kZ ;g gS fd T vkSj V ds vfrfjDr izR;sd fcUnq ij 
dy

0
dx

> gSA

lkFk gh] T vkSj V ij 
dy

0
dx

=  rFkk fcUnq R,T vkSj V ds ,d vksj 
dy

0
dx

<  gS vkSj nwljh

vksj 
dy

0
dx

>  gS rFkk R,T vkSj V ij 
dy

0
dx

= A

mnkgj.k 29.26.    x ds fdu ekuksa ds fy,] iQyu ( ) 2f x x 6x 8= − +  o/Zeku gS rFkk fduds

fy, ßkleku gSA

gy % ( ) 2f x x 6x 8= − +

          ( )f ' x 2x 6= −

( )f x  ds o/Zeku iQyu gksus ds fy,, ( )f ' x 0> gksxkA

vFkkZr~ 2x 6 0− > vFkok ( )2 x 3 0− >

vFkok x 3 0− > vFkok x 3>

vr%  x>3 ds fy, iQyu o/Zeku gSA

( )f x  ds ßkleku gksus ds fy,

( )f ' x 0<

vFkkZr~ 2x 6 0− < vFkok x 3 0− <
vFkok x 3<

vr%] x 3<  ds fy, iQyu ßkleku gSA

mnkgj.k 29.27.    og vUrjky Kkr dhft, ftlesa iQyu ( ) 3 2f x 2x 3x 12x 6= − − +  o/Zeku
gS vFkok ßkleku gSA

gy %    ( ) 3 2f x 2x 3x 12x 6= − − +
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  ( ) 2f ' x 6x 6x 12= − −

 ( )26 x x 2= − −  ( ) ( )6 x 2 x 1= − +

( )f x  ds o/Zeku gksus ds fy,]

( )f ' x 0>

vFkkZr~ ( ) ( )6 x 2 x 1 0− + > vFkok ( ) ( )x 2 x 1 0− + >

D;ksafd nks xq.ku[kaMksa dk xq.kuiQy /ukRed gS] blfy, ;k rks nksuksa /ukRed gS vFkok nksuksa ½.kkRed
gSaA
;k rks x 2 0− >  rFkk x 1 0+ >   vFkok x 2 0− <  rFkk x 1 0+ <

vFkkZr~ x 2>  rFkk x 1> − vFkok x 2<  rFkk x 1< −

⇒ x 2>  rFkk x 1> − vFkok x 1< −  rFkk x 2<

x > 2 vFkok x <–1

vr%] o/Zeku iQyu ds fy,  x > 2 vFkok  x <–1.

vc] ( )f x  ds ßkleku gksus ds fy,] ( )f ' x 0< gksxkA

⇒ 6 (x–2) (x+1)<0 vFkok    (x–2) (x+1)<0

nks xq.ku[kaM+kas dk xq.kuiQy ½.kkRed gSA blfy, ,d /ukRed rFkk nwljk ½.kkRed gksxkA

;k rks x 2 0− > rFkk x 1 0+ < vFkok x 2 0− <  rFkk x 1 0+ >

⇒  x 2>   rFkk x 1< − ⇒ x 2<  rFkk x 1> −

,slk dksbZ x lEHko ugha gS blls feyrk gS 1 x 2− < <

∴ iQyu 1 x 2− < <  esa ßkleku gSA

mnkgj.k 29.28.  iQyu ( )
2

x
f x

x 1
=

+
 ds fy, og vUrjky Kkr dhft, ftlesa iQyu o/Zeku

vFkok ßkleku gS A

gy %  ( )
( ) ( )

( )

2 2

2
2

dx d
x 1 x x 1

dx dxf ' x

x 1

+ − ⋅ +
=

+

( ) ( )

( )

2

2
2

x 1 x 2x

x 1

+ − ⋅
=

+ ( )
2

2
2

1 x

x 1

−
=

+

∴     
( ) ( )

( )2
2

1 x 1 x
f ' x

x 1

− +
=

+
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D;ksafd ( )2
2x 1+  lHkh x ds fy, /ukRed gSA blfy, ;fn –1 x 0< <  gS rks ( )1 x−  rFkk

( )1 x+  nksuksa /ukRed gaS ftlls ( )f ' x 0>  gSA

;fn 0 x 1< <  gS rks] ( )1 x−  rFkk ( )1 x+  nksuksa /ukRed gksaxs ftlls ( )f ' x 0> gksxkA

;fn x 1< −  gS rks] ( )1 x−  /ukRed rFkk ( )1 x+  ½.kkRed gksxk ftlls ( )f ' x 0< gksxkA

;fn x 1>  gS rks] ( )1 x−  ½.kkRed rFkk ( )1 x+ /ukRed gksxk ftlls ( )f ' x 0< gksxkA

vr%] ge fu"d"kZ fudkyrs gSa fd

– 1 < x < 0 rFkk 0 < x < 1 ds fy,

vFkok –1 < x < 1 ds fy, iQyu o/Zeku gS

rFkk  x < – 1 vFkok  x > 1 ds fy, iQyu ßkleku gSA

fVIi.kh% os fcUnq tgk¡ f ' (x) = 0 gS Økafrd fcUnq (critical points) dgykrs gSaA ;gk¡ Økafrd fcUnq
x 1, x 1= − =  gaSA

mnkgj.k 29.29.   n'kkZb, fd %

(a) ( )f x cos x=  vUrjky 0 x≤ ≤ πesa ßkleku iQyu gSA

(b) ( )f x x cos x= −  lHkh x ds fy, o/Zeku iQyu gSA

gy % (a) ( )f x cos x=

( )f ' x sin x= −

( )f x  ßkleku gS] ;fn ( )f ' x 0< gSA

vFkok  sin x 0− <
vFkkZr sin x 0>

sin x izFke rFkk f}rh; prqZFkkZ'kksa esa /ukRed gksrk gSA

∴ sin x; 0 x≤ ≤ π esa /ukRed gSA

∴ f (x); 0 x≤ ≤ π esa ßkleku gSA

(b) ( )f x x cos x= −

( )f ' x 1 sin x= +

sin x dk U;wure eku –1 gS rFkk vf/dre eku 1 gSA
⇒ 1 sin x 1− ≤ ≤ vFkok 1 1 1 sin x 1 1− ≤ + ≤ +
vFkok 0 1 sin x 2≤ + ≤

vFkok ( )0 f ' x 2≤ ≤

⇒ ( )f ' x 0≥

⇒  ( )f x x cos x= − , x ds lHkh ekuksa ds fy, o/Zeku gSA
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   ns[ksa vkius fdruk lh[kk 29.8

og vUrjky Kkr dhft, ftlesa fuEufyf[kr iQyu o/Zeku vFkok ßkleku gSa %

1. (a) ( ) 2f x x 7x 10= − + (b) ( ) 2f x 3x 15x 10= − +

2. (a) ( ) 3 2f x x 6x 36x 7= − − + (b) ( ) 3 2f x x 9x 24x 12= − + +

3. (a) 2y 3x 12x 8= − − + (b) ( ) 2 3f x 1 12x 9x 2x= − − −

4. (a) 
x 2

y , x 1
x 1

−
= ≠ −

+
 (b)

2x
y , x 1

x 1
= ≠

−
(c)

x 2
y , x 0

2 x
= + ≠

5. (a) fl¼ dhft, fd iQyu log sin x  vUrjky ,
2

π π  
 esa âkleku gS

(b) fl¼ dhft, fd iQyu cos x vUrjky [ ], 2π π  esa o/Zeku gSA

(c) os vUrjky Kkr dhft, ftuesa iQyu cos 2x , 0 x
4

π + ≤ ≤ π 
 

 âkleku vFkok

  o/Zeku gSA

iQyu ds vkys[k ls og fcUnq Kkr dhft, tgk¡ Li'kZ js[kk,¡ x-v{k ds lekUrj gSaA

29.10 ,d iQyu ds mfPp"B ,oa fufEu"B eku
geus ,d lrr iQyu dk vkys[k ns[kk gSA ;g ,dkUrjr% c<+rk rFkk ?kVrk gSA ;fn fdlh lrr iQyu
dk eku ,d fo'ks"k fcUnq rd c<+s vkSj fiQj de gksuk vkjEHk gks tk,] rks og iQyu dk mfPp"B
fcUnq dgykrk gS rFkk ml fcUnq ij mldk laxr eku ml iQyu dk vf/dre (mfPp"B) eku
dgykrk gSA lkFk gh] ,slh voLFkk vkrh gS tc og fiQj ?kVus ls c<+uk vkjEHk djrk gSA ;fn fdlh
lrr iQyu dk eku fdlh fo'ks"k fcUnq rd de gksrk tk;s vkSj fiQj c<+uk vkjEHk gks tk,] rks og
fcUnq iQyu dk fufEu"B fcUnq dgykrk gS rFkk ml fcUnq ij laxr eku iQyu dk U;wure (fufEu"B)
eku dgykrk gSA

y

vf/dre
B

vf/dre
D

vf/dre
F

E

U;wure
C

U;wure
A

U;wure

–3π –2π –π π0 2π 3π

f(x) = sin x

fp=k 29.6

fp=k 29.6 n'kkZrk gS fd ,d iQyu ds ,d ls vf/d mfPp"B vFkok fufEu"B eku gks ldrs gSaA vr%
lrr iQyu ds fy,] gesa mfPp"B (fufEu"B)eku ,d vUrjky esa feyrs gaS rFkk ;s eku ml iQyu
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ds fujis{k mfPp"B (fufEWu"B)eku ugha gksrsA blh dkj.k ls ge dHkh&dHkh mUgsa LFkkuh; mfPp"B
vFkok LFkkuh; fufEu"B eku dgrs gSaA

,d iQyu ( )f x  dk fcUnq x a=  ij mfPp"B (vFkok LFkkuh; mfPp"B) eku rc gksrk gS tc b

ds i;kZIr dkiQh NksVs /ukRed ekuksa ds fy,] ( ) ( )f a f a b≥ ±  gks] tgk¡ a – b < a < a + b gSA

(nsf[k, fp=k 29.7)A

,d iQyu dk mfPp"B (vFkok LFkkuh; mfPp"B) eku og gS tks fufnZ"V fcUnq ds nksuksa vksj rqjUr
vklUu izfros'kh fcUnqvksa ij iQyu ds lHkh ekuksa esa lcls vf/d gksA

y

O a–b a a+b
x

A

f(x)

f(a)

      

y

O a–b a a+b
x

A f(x)

f(a)

fp=k 29.7 fp=k 29.8

,d iQyu ( )f x  dk ,d fcUnq x a=  ij fufEu"B (vFkok LFkkuh; fufEu"B) eku rc gksrk gS tc

b ds lHkh i;kZIr dkiQh NksVs /ukRed ekuksa ds fy, ( ) ( )f a f a b≥ ± gksa] tgk¡ a b a a b− < < + gSA

fp=k 29.8 esa] iQyu f (x) dk x a=  ij LFkkuh; fufEu"B eku gSA

,d iQyu dk fufEu"B (vFkok LFkkuh; fufEu"B) eku og gS tks fufnZ"V fcUnq ds nksuksa vksj] rqjUr
vklUu izfros'kh fcUnqvksa] ij iQyu ds lHkh ekuksa esa lcls de gksA

fVIi.kh% fcUnq x R∈  dk izfros'k [kqys vUrjky  ]x– [∈  ls ifjHkkf"kr gksrk gS] tgk¡ 0∈> gSA

29.11 mfPp"B vFkok fufEu"B ds fy, izfrca/
ge tkurs gSa fd tc iQyu o/Zeku gS] rks mldk vodyt /ukRed gksrk gS rFkk tc iQyu
ßkleku gS] rks vodyt ½.kkRed gksrk gSA ge bl ifj.kke dk iz;ksx dj fdlh iQyu dk mfPp"B
vFkok fufEu"B gksus ds fy, izfrca/ Kkr djsaxsA fp=k 29.6 dks nsf[k,A fcUnq B,D rFkk F mfPp"B ds
fcUnq gS rFkk fcUnq A,C,E fufEu"B ds fcUnq gaSA

B ds ckb± vksj] iQyu o/Zeku gSA vr% ( )f ' x 0>  gSA ysfdu B dh nk;ha vksj iQyu ßkleku gSA
vr% ( )f ' x 0<  ;g rHkh laHko gS] tc  f '(x) chp esa dgha 'kwU; gks tk,A ge bls fuEu izdkj
ls fy[k ldrs gSa %

,d iQyu ( )f x  dk ,d fcUnq ij mfPp"B eku gS] ;fn (i) f '(x) = 0 rFkk (ii) f '(x) ml fcUnq

ij tgk¡  f '(x) = 0 ds izfros'k (neighbourhood) esa /ukRed ls ½.kkRed gksrk gS (tc fcUnq
ck;sa ls nk;ha vksj fy, tkrs gSa)
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vc] fcUnq C ds ck;ha vksj (fp=k 29.6) iQyu ( )f x  ßkleku gSSA blfy, f '(x) < 0 gS rFkk C ds nk;ha

vksj iQyu o/Zeku gS vkSj blhfy, f '(x) > 0 gSA ,d ckj fiQj] /ukRed eku gksus ls igys

( )f ' x 0= gksxkA ge bls fuEu izdkj ls fy[krs gSa %

,d iQyu ( )f x  dk ,d fcUnq ij fufEu"B eku gS] ;fn ( ) ( )i f ' x 0= rFkk (ii) ( )f ' x ml fcUnq]

tgk¡ ( )f ' x 0=  gS] ds izfros'k esa ½.kkRed ls /ukRed gksrk gSA

gesa ;g è;ku j[kuk pkfg, fd mfPp"B ;k fufEu"B ds fy, ( )f ' x 0=

,d vko';d izfrca/ gS] ijUrq i;kZIr ughaA ge ,slk ,d iQyu Kkr dj ldrs gS tks o/Zeku gS]

fiQj vpj rFkk fiQj o/Zeku gSA bl fLFkfr esa] ( )f ' x  viuk fpUg ugha cnyrk A vr% og eku tgk¡

( )f ' x 0= gS mfPp"B vFkok fufEu"B fcaUnq ugha gSA ,sls  fcUnq dks ufr ifjorZu fcUnq (Point of

Inflexion) dgrs gSaA

mnkgj.kr;k] iQyu ( ) 3f x x=  ds fy,] x 0=  ,d ufr ifjorZu fcUnq gS D;ksafd tc x ] 0 ls

gksdj tkrk gS] rks ( ) 2f ' x 3x=  viuk fpUg ugha cnyrkA D;ksafd ( )f ' x fcUnq 0 ds nksuksa vksj /
ukRed gS] D;ksafd Li'kZ js[kk,¡ x-v{k ds lkFk U;wu dks.k cukrh gaS (nsf[k, fp=k 29.9)A vr%

( ) 3f x x=  dk x 0=  ij ,d ufr ifjorZu fcUnq gSA

os fcUnq] tgk¡ ( )f ' x 0=  gks LrC/ fcUnq (stationary points) dgykrs gSa] D;ksafd ogk¡ iQyu dh

ifjorZu nj 'kwU; gSA vr%] mfPp"B rFkk fufEu"B fcUnq LrC/ fcUnq gSaA

fVIi.kh%

LrC/ fcUnq] tgk¡ iQyu LFkkuh; mfPp"B vFkok LFkkuh; fufEu"B eku ikrk gS] pje eku Hkh
dgykrs gSa rFkk nksuksa LFkkuh; mfPp"B rFkk LFkkuh; fufEu"B eku iQyu f (x) ds pje eku Hkh
dgykrs gSaA vr% ,d iQyu fcUnq x = a ij pje eku ikrk gS] ;fn f (a) ;k rks LFkkuh; mfPp"B
gks ;k LFkkuh; fufEu"B gksA

29.12 mfPp"B rFkk fufEu"B Kkr djus dh fof/
fdlh iQyu ds mfPp"B rFkk fufEu"B Kkr djus dh fof/ uhpss nh x;h gS %

(i) ( )f ' x  Kkr dhft,

(ii) ( )f ' x 0=  eku dj LrC/ fcUnq Kkr dhft,

(iii) LrC/ fcUnqvksa ds izfros'k esa ( )f ' x  dk fpUg nsf[k,A ;fn ;g /ukRed ls ½.kkRed esa

cnyrk gS] rks ml fcUnq ij ( )f x  dk mfPp"B eku gS vkSj ;fn ( )f ' x  dk fpUg ½.kkRed

ls /ukRed esa cnyrk gS] rks ml fcUnq ij ( )f x  dk fufEu"B eku gSA

(iv) ;fn ( )f ' x  dk fpUg fdlh fcUnq ds lkehI; esa ugha cnyrk rks mls ufr ifjorZu fcUnq dgrs

gSA
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mnkgj.k 29.30.   iQyu ( ) 3 2f x x 3x 9x= − − ds mfPp"B (LFkkuh; mfPp"B) rFkk fufEu"B

(LFkkuh; fufEu"B) fcUnq Kkr dhft,A

gy % ;gk¡ ( ) 3 2f x x 3x 9x= − −

 ( ) 2f ' x 3x 6x 9= − −

pj.k I : vc ( )f ' x 0= , 23x 6x 9 0− − =

 ⇒      2x 2x 3 0− − =

 ⇒              ( ) ( )x 3 x 1 0− + =

 ⇒         x 3, 1= −

∴  LrC/ fcUnq gaS %        x 3, x 1= = −

pj.k II : x 3=  ij x 3<  ds fy, ( )f ' x 0< gS

rFkk x 3>  ds fy, ( )f ' x 0>

∴  f '(x),  3 ds izfros'k esa viuk fpUg ½.kkRed ls /ukRed esa cnyrk gSA

∴ x 3=  ij ( )f x  dk fufEu"B eku gSA

pj.k III :  x = –1 ij]

x 1< −  ds fy, ( )f ' x 0> gSA

rFkk x 1> −  ds fy, ( )f ' x 0< gSA

∴  ( )f ' x , 1−  ds izfros'k esa viuk fpUg /ukRed ls ½.kkRed esa cnyrk gSA vr% x 1= −  ij

( )f x  dk mfPp"B eku gSA

∴ x 1= −  vkSj x 3=  ls gesaa Øe'k% mfPp"B rFkk fufEu"B ds fcanq izkIr gksrs gSaA

vc mfPp"B eku (fufEu"B eku) Kkr djus ds fy, gesa izkIr gS%

iQyu dk mfPp"B eku  ( ) ( ) ( ) ( )3 2
f 1 1 3 1 9 1= − = − − − − −

  1 3 9 5= − − + =

rFkk fufEu"B eku  ( ) ( ) ( )23f 3 3 3 3 9 3 27= = − − = −

∴LFkkuh; mfPp"B rFkk LFkkuh; fufEu"B ds fcanq Øe'k% ( )1,5− vkSj ( )3, 27− gSaA

mnkgj.k 29.31.  iQyu ( ) 2f x x 4x= −  ds LFkkuh; mfPp"B rFkk LFkkuh; fufEu"B fcUnq Kkr
dhft,A

gy % ( ) 2f x x 4x= −

∴ ( ) ( )f ' x 2x 4 2 x 2= − = −

f ' (x)=0 ls gesa feyrk gS] 2 (x – 2) = 0, vFkkZr~ x 2=  A vc gesa tkap djuh gS fd x 2= LFkkuh;
mfPp"B fcUnq gS ;k LFkkuh; fufEu"B fcUnq gS ;k buesa ls dksbZ ugh gSA
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vkb, x 1.9=  tks fd 2 ds ck;ha vksj gS rFkk x 2.1=  tks 2 ds nk;ha vksj gS ysa] rFkk ( )f ' x dk eku

bu ij Kkr djasaA
( ) ( )f ' 1.9 2 1.9 2 0= − <
( ) ( )f ' 2.1 2 2.1 2 0= − >

tc ge 2 dh vksj cka;h vksj ls igq¡prs gSa] rks ( )f ' x 0<  gS rFkk tc ge 2 dh vksj nka;h vksj
ls igq¡prs gSa] rks ( )f ' x 0>  gSA vr% x = 2 ij ,d LFkkuh; fufEu"B gSA

ge f (x) ds fpUg ds fo"k; esa viuh [kkst dks ,d rkfydk] tks uhps nh xbZ gS] esa ns jgs gSaA

f' (x) dk fpUg

fcUnq x = 2

2 ds ck;ha vksj    2 ds nk;ha vksj
( )f ' x 0<       ( )f ' x 0>

LFkkuh; fufEu"B

mnkgj.k 29.32.   iQyu ( ) 3 2f x 2x 3x 12x 8= − − +  ds lHkh LFkkuh; mfPp"B RkFkk LFkkuh;

fufEu"B Kkr dhft,A

gy %  ( ) 3 2f x 2x 3x 12x 8= − − +

∴ ( ) 2f ' x 6x 6x 12= − − ( )26 x x 2= − −

∴ ( ) ( ) ( )f ' x 6 x 1 x 2= + −

vc  f '(x)=0 dks x ds fy, gy djus ij] ge ikrs gSa %

6 (x+1) (x–2) = 0

⇒       x 1, 2= −

vr%]        x = –1,2 ij f '(x) 0=

vc ge tk¡p djsaxs fd D;k ;s fcUnq LFkkuh; mfPp"B fcUnq gSa ;k LFkkuh; fufEu"B fcUnq gSa ;k buesa
ls dksbZ ugha gaSA

fcUnq x = –1 dks yhft,A

vkb, ge x 1.1= − ysa tks –1 ds ck;ha vksj gS rFkk x = –0.9 ysa tks –1 ds nk;ha vksj gS rFkk f' (x)

dk eku bu fcanqvksa ij Kkr djsaA

( ) ( )( )f ' 1.1 6 1.1 1 1.1 2− = − + − − , tks fd /ukRed gS] vFkkZr~ f '(x)>0 gSA

( ) ( )( )f ' 0.9 6 0.9 1 0.9 2− = − + − − , tks fd ½.kkRed gS] vFkkZr~ f '(x)<0 gSA

vr%] x = –1 ij ,d LFkkuh; mfPp"B gSA

vkb, vc x = 2 ysaA
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vc] ge x = 1.9 ysrs gSa tks x = 2 ds ck;ha vksj gS rFkk x = 2.1 ysrs gSa tks x = 2 ds nk;ha vksj gS rFkk
bu fcUnqvksa ij f' (x) ds eku Kkr djrs gSaaA

   ( ) ( )( )f ' 1.9 6 1.9 1 1.9 2= + −

    = 6×(/ukRed la[;k)×(½.kkRed la[;k) = ,d ½.kkRed la[;k

vFkkZr~ f '(1.9) < 0 gSA

lkFk gh f '(2.1) = 6(2.1+1)(2.12), tks fd /ukRed gSA

vFkkZr~ f'(2.1)>0 gSA

f (x) > 0′ f (x) < 0′ 

x = 2

f (x) = 0′ 

pw¡fd f '(x) < 0  gS tc ge 2 dh vksj ck,¡ ls tkrs gSa

rFkk f ' (x) >0 gS tc ge 2s dh vksj nk¡;s ls tkrs gSa

∴ x = 2 ,d LFkkuh; fufEu"B fcUnq gS

vr%] f(x) dk x = –1 ij LFkkuh; mfPp"B fcUnq gS rFkk f(x) dk mfPp"B eku = 2–3 + 12 + 8 = 15

gSA f(x) dk x = 2 ij LFkkuh; fufEu"B fcUnq gS rFkk f(x) dk fufEu"B eku  = 2 (8) –3(4) –12 (2) +8

= –12 gSA

f '(x) dk fpUg

fcUnq x = –1 fcUnq x = 2

–1 dss ck;ha vksj –1 ds nk;ha vksj 2 ds ck;ha vksj 2 ds nk;ha vksj

/ukRed ½.kkRed   ½.kkRed /ukRed

LFkkuh; mfPp"B LFkkuh; fufEu"B

mnkgj.k 29.33.   fuEufy[kr iQyu dk LFkkuh; mfPp"B rFkk LFkkuh; fufEu"B] ;fn dksbZ gS]
Kkr dhft, %

( )
2

x
f x

1 x
=

+

gy % ( )
2

x
f x

1 x
=

+

rc ( )
( ) ( )

( )

2

2
2

1 x 1 2x x
f ' x

1 x

+ −
=

+ ( )
2

2
2

1 x

1 x

−
=

+

LFkkuh; mfPp"B fcUnq vFkok LFkkuh; fufEu"B fcUnq Kkr djus ds fy, f '(x) = 0 jf[k,A

vFkkZr~] ( )
2

2
2

1 x
0

1 x

−
=

+
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⇒ 21 x 0− =

vFkkZr~             ( ) ( )1 x 1 x 0+ − = vFkkZr~       x = 1,–1 gSA

eku x = 1 yhft,A
x ds 1 ls FkksM+s NksVs eku ysus ij rFkk 1 ls FkksM+s cM+s eku ysus ij] f'(x) dk eku /ukRed ls ½.kkRed
esa cnyrk gSA vr% x = 1 ij ,d LFkkuh; mfPp"B fcUnq gS rFkk ;gk¡ LFkkuh; mfPp"B eku

( )2

1 1 1

1 1 21 1
= = =

++

 A

vc eku x = –1 yhft,A
f'(x) viuk fpUg ½.kkRed ls /ukRed esa cnyrk gS] tc x, –1 ls gksdj tkrk gSA vr% x 1= −

ij iQyu dk ,d LFkkuh; fufEu"B fcUnq gS] bl izdkj LFkkuh; fufEu"B eku 
1

2
= −

mnkgj.k 29.34.    iQyu f (x) sin x cos x,0 x
2

π
= + < <  ds fy, LFkkuh; mfPp"B rFkk LFkkuh;

fufEu"B] ;fn dksbZ gS] Kkr dhft,A

gy % gesa fn;k gS %    f (x) sin x cos x= +

∴   f '(x) cos x sin x= −

ZLFkkuh; mfPp"B@fufEu"B ds fy,] f '(x) = 0 gksxkA
∴ cos x sin x 0− =

vFkkZr~ tan x 1= ⇒ x
4

π
=  , 0 x

2

π
< <  esa

x
4

π
=  ij]

x
4

π
<  ds fy, cos x sin x>

∴   ( )f ' x cos x sin x 0= − >

x
4

π
>  ds fy, cos x sin x 0− <

∴ ( )f ' x cos x sin x 0= − <

vr% 
4

π
 ds izfros'k esa f'(x) viuk fpUg /ukRed ls ½.kkRed esa cnyrk gS A

∴ x
4

π
=  ,d LFkkuh; mfPp"B dk fcUnq gSA

mfPp"B eku  f
4

π =  
 

1 1
2

2 2
= + =

vr%] LFkkuh; mfPp"B fcUnq , 2
4

π 
 
 

 gSA
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    ns[ksa vkius fdruk lh[kk 29.9

fuEufyf[kr iQyuksa ds fy, LFkkuh; mfPp"B fcUnq rFkk LFkkuh; fufEu"B fcUnq Kkr dhft,A mu
fcUnqvksa ij mfPp"B rFkk fufEu"B Hkh Kkr dhft,

1.
2x 8x 12− + 2.

3 2x 6x 9x 15− + +

3.
3 22x 21x 36x 20− + − 4.

4 2x 62x 120x 9− + +

5. ( )( )2
x 1 x 2− − 6. 2

x 1

x x 2

−

+ +

29.13 iQyu dk mfPp"B rFkk fufEu"B Kkr djus ds fy, f}rh;
      vodyt dk mi;ksx

vc ge ml iQyu] ftlds f}rh; vodyt dk vfLrRo gS] ds fy,] LFkkuh; mfPp"B vkSj fufEu"B
Kkr djus dh ,d nwljh fof/ crk;asxsA blds fofHkUu pj.k bl izdkj gSa %

(i) eku yhft, fd fn;k x;k iQyu f(x) }kjk O;Dr fd;k tkrk gSA

(ii) f '(x) Kkr dhft, rFkk mls 'kwU; ds cjkcj jf[k,A

(iii) f '(x) = 0 dks gy dhft,A eku yhft, fd bldk ,d okLrfod ewy x = a gSA

(iv) bldk f}rh; vodyt f "(x) Kkr dhft,A pj.k (iii) esa izkIr x ds izR;sd eku a ds fy,
( )f " a  dk eku Kkr dhft,A

rc ;fn f "(a) < 0 gS] rks x = a ,d LFkkuh; mfPp"B fcUnq gS]

f "(a)>0 gS] rks x = a ,d LFkkuh; fufEu"B fcUnq gS]

f "(a) = 0 gS] rks ge 'a' ds ck;ha vksj rFkk nk;ha vksj ds fcUnqvksa ij f'(x) ds fpUg
dk mi;ksx djrs gSa rFkk ifj.kke ij igq¡prs gSaA

mnkgj.k 29.35.   iQyu 3 22x 21x 36x 20− + −  ds fy, LFkkuh; mfPp"B rFkk LFkkuh; fufEu"B

Kkr dhft, A

gy % eku yhft, fd   ( ) 3 2f x 2x 21x 36x 20= − + −  gSA

rc]   ( ) 2f ' x 6x 42x 36= − +

( )26 x 7x 6= − + ( ) ( )6 x 1 x 6= − −

LFkkuh; mfPp"B vFkok fufEu"B ds fy,]

( )f ' x 0=

vFkok     ( ) ( )6 x 1 x 6 0− − = ⇒ x = 1, 6

vc]       ( ) ( )d
f " x f ' x

dx
=
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( )2d
6 x 7x 6

dx
 = − +  

12x 42= −

6(2x 7)= −

x =1 ds fy,]  f " (1) =6 (2.1 – 7)= – 30 < 0

vr% x = 1 ,d LFkkuh; mfPp"B fcUnq gSA bl ij iQyu dk eku

 3 2f (1) 2(1) 21(1) 36(1) 20 3= − + − = −  gSA vr% LFkkuh; mfPp"B eku 3−  gSA

x = 6 ds fy,]

f " (6)=6 (2.6 –7)=30 > 0

vr% x = 6 ,d LFkkuh; fufEu"B fcUnq gSA

rFkk 3 2f (6) 2(6) 21(6) 36(6) 20 128= − + − = −  gS] tks iQyu dk LFkkuh; fufEu"B eku gSA

mnkgj.k 25.36.  (a) vUrjky [–3,–1] esa iQyu 32x 24x 107− +  dk mfPp"B eku Kkr dhft,

(b) mijksDr iQyu dk vUrjky [1,3] esa fufEu"B eku Kkr dhft,A

gy% (a) ekuk  ( ) 3f x 2x 24x 107= − +

∴ ( ) 2f ' x 6x 24= −

LFkkuh; mfPp"B vFkok fufEu"B ds fy,

( )f ' x 0=

vFkkZr      26x 24 0− = ⇒ x 2, 2= −

dsoy (–2) vUrjky (–3,–1) esa gSA vr% ge iQyu dk mfPp"B dsoy x = –2 ij Kkr djsaxsA

vc  ( )f " x 12x=

∴  ( )f " 2 24 0− = − <

tks crkrk gS fd x = –2 ij iQyu dk mfPp"B eku gS

∴ okafNr mfPp"B eku  ( ) ( )3
2 2 24 2 107= − − − +

      =139

(b) f "(x) =12 x

∴ f" (2) = 24 > 0, [Q  dsoy 2 vUrjky [1,3] esa gSa]

tks crkrk gS fd iQyu f(x) dk fufEu"B eku x = 2 ij gS

∴ okafNr fufEu"B eku             32(2) 24(2) 107= − +

=75
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mnkgj.k 29.37.  iQyu ( )f x cos 4x; 0 x
2

π
= < <  ds fy, LFkkuh; mfPp"B rFkk fufEu"B ;fn

dksbZ gS] Kkr dhft, A

gy % ( )f x cos 4x=

∴ ( )f ' x 4sin 4x= −

vc ( )f ' x 0= ⇒ 4sin 4x 0− =

vFkok sin 4x 0= vFkok          4x 0, , 2= π π

vFkok         x 0, ,
4 2

π π
=

D;ksafd 0 x
2

π
< < , vr%  dsoy ,d gh eku 

4

π
 laHko gSA

vc    ( )f " x 16cos 4x= −

 x
4

π
= ij]   ( )f " x 16cos= − π ( )16 1 16 0= − − = >

∴   x
4

π
=  ij] f (x) fufEu"B gS

U;wure eku    f cos 1
4

π  = π = − 
 

mnkgj.k 29.38.  iQyu ( ) ( )f x sin x 1 cos x= +  ds vUrjky [0, π] esa

mfPp"B rFkk fufEu"B eku Kkr dhft,A

gy % gesa fn;k x;k gS ( ) ( )f x sin x 1 cos x= +

( ) ( ) ( )f ' x cos x 1 cos x sin x sin x= + + −

          2 2cos x cos x sin x= + −

         ( )2 2 2cos x cos x 1 cos x 2cos x cos x 1= + − − = + −

LrC/ fcUnqvksa ds fy,]            ( )f ' x 0=

∴        22cos x cos x 1 0+ − =

∴        
1 1 8 1 3 1

cos x 1,
4 4 2

− ± + − ±
= = = −

 ∴ x ,
3

π
= π

vc,         ( )f 0 0=

      
3 1 3 3

f sin 1 cos 1
3 3 3 2 2 4

π π π     = + = + =    
    

rFkk         ( )f 0π =
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∴  f (x) dk  fcUnq x
3

π
=  ij mfPp"B eku   

3 3

4
  gS rFkk fcUnqvksa x = 0 rFkk x .= π  ij fufEu"B

eku 0 gS

    ns[ksa vkius fdruk lh[kk 29.10

f}rh; vodyt ds mi;ksx ls fuEufyf[kr esa ls izR;sd iQyu dk LFkkuh; mfPp"B rFkk LFkkuh;
fufEu"B eku Kkr dhft,A

1.
3 22x 3x 36x 10+ − + 2.

3 2x 12x 5− + −

3. ( ) ( )2
x 1 x 2− + 4.

5 4 3x 5x 5x 1− + −

5. ( )sin x 1 cos x , 0 x
2

π
+ < < 6. sin x cos x, 0 x

2

π
+ < <

7. sin 2x x, x
2 2

−π π
− ≤ ≤

29.14 mfPp"B rFkk fufEu"B dk O;kogkfjd leL;kvksa esa vuqiz;ksx
iQyuksa ds mfPp"B rFkk fufEu"B eku Kkr djus dh leL;kvksa ds gy djus esa vodyt dk mi;ksx
,d 'kfDr'kkyh gfFk;kj gSA bl izdkj dh leL;kvksa dks gy djus ds fy, ge fuEufyf[kr pj.kksa
dk mi;ksx djrs gSaA

(i) vkadM+ksa esa fn;s x;s pjkadksa ds :i esa iQyu dks cuk,¡A

(ii) nh xbZ 'krksZ dh lgk;rk ls iQyu dks ,d gh pj esa O;Dr dhft,A

(iii) igys fd;s x;s iz'uksa dh Hkkafr mfPp"B rFkk fufEu"B dh 'krs± yxk;saA

mnkgj.k 29.39.  og nks /ukRed okLrfod la[;k,a Kkr dhft, ftudk ;ksx 70 rFkk xq.kuiQy

vf/dre gS

gy % ekuk ,d la[;k x gSA D;ksafd mudk ;ksx 70 gS] blfy, nwljh la[;k 70–x gSA

eku yhft, mudk xq.kuiQy f(x) gSA

∴ 2f (x) x(70 x) 70x x= − = −

gesa f(x) dks vf/dre cukuk gSA

vr% ge f '(x) Kkr dj mls 'kwU; ds cjkcj j[ksaxs

f '(x) = 70 –2x

vf/dre xq.kuiQy ds fy,] f' (x) = 0

vFkok         70 –2x = 0  vFkok x = 35

vc f " (x) = –2 tks ½.kkRed gSA vr% f(x) dk eku vf/dre gS tc x = 35

nwljh la[;k gS 70 –x = 70 –35 = 35

vr% okafNr la[;k,a 35, 35 gSaA
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mnkgj.k 29.40.  n'kkZb, fd fn;s x, {ks=kiQy ds vk;rksa esa ls oxZ dk ifjeki U;wure gksrk gSA

gy % ekuk vk;r dh yEckbZ rFkk pkSM+kbZ Øe'k% x rFkk y gSaA

mldk {ks=kiQy = xy

D;ksafd mldk {ks=kiQy A fn;k gS] vr% A = xy

vFkkZr]
A

y
x

= ... (i)

vc] vk;r dk ifjeki P = 2(x + y)

vFkkZr  
A

P 2 x
x

 = + 
 

∴ 2

dP A
2 1

dx x

 
= − 

 
...(ii)

U;wure P ds fy,]       
dP

0
dx

=

⇒ 2

A
2 1 0

x

 
− = 

 

⇒ 2A x= vFkok  A x=

vc,  

2

2 3

d P 4A

dx x
= ,  tks /ukRed gS

vr% ifjeki U;wure gS tc A x= , 
A

y
x

=
2x

x
x

= = ( )2A x=Q

vr% ifjeki U;wure gksxk tc vk;r oxZ gksxkA

mnkgj.k 29.41.  oxkZdkj vk/kj okyk ,d [kqyk cDlk fn;s x;s 2a  {ks=kiQy okyh 'khV ls cuk;k

tkuk gSA n'kkZb, fd cDls dk vf/dre vk;ru 
3a

6 3
 gSA

gy % ekuk oxkZdkj vk/kj dh Hkqtk x gS rFkk mldh Å¡pkbZ y gS

vr% cDls dk dqy i`"Bh; {ks=kiQy 2x 4xy= +

⇒    2 2x 4xy a+ = ⇒     
2 2a x

y
4x

−
=

cDls dk vk;ru V 

2 2
2 2 a x

x y x
4x

 −
= =   

 

vFkok       ( )2 31
V a x x

4
= − ...(i)

∴    ( )2 2dV 1
a 3x

dx 4
= −
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 mfPp"B@fufEu"B ds fy,]  
dV

0
dx

=

∴  ( )2 21
a 3x 0

4
− =

;k      

2
2 a a

x x
3 3

= ⇒ = ...(ii)

(i) rFkk (ii) ls gesa feyrk gS]

vk;ru 
( )3

3 3a1 a a

4 3 3 3 6 3

 
 = − =
  
 

..(iii)

fiQj     ( )
2

2 2

2

d V d 1 3
a 3x x

dx 4 2dx
= − = −

D;ksafd x cDls dh Hkqtk gS] vr% /ukRed gS

∴
2

2

d V
0

dx
<

∴ vk;ru vf/dre gSA

vr% cDls dk vf/dre vk;ru 
3a

6 3
=

mnkgj.k 29.42.   n'kkZb, fd ,d o`Ùk ds vUrZxr ftrus Hkh vk;r cuk;s tk ldrs gSa] muesa oxZ

dk {ks=kiQy vf/dre gksrk gSA

gy % ekuk ABCD ,d vk;r gS tks ,d òÙk] ftldh f=kT;k r gS] ds vUrZxr cuk;k x;k gS] rks O;kl

AC = 2r

rc 2 2 2AB BC AC+ = vFkok     ( )22 2 2x y 2r 4r+ = = ......(i)

vc vk;r dk {ks=kiQy A = xy

∴   2 2A x 4r x= −

∴
( ) 2 2

2 2

x 2xdA
4r x 1

dx 2 4r x

−
= + − ⋅

−

2 2

2 2

4r 2x

4r x

−
=

−

vf/dre {ks=kiQy ds fy,] 
dA

0
dx

=

   

2 2

2 2

4r 2x
0 x 2r

4r x

−
= ⇒ =

−
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vc     

( ) ( ) ( )

( )

2 2 2 2

2 2 2

2 2 2

2x
4r x 4x 4r 2x

d A 2 4r x

dx 4r x

−
− − − −

−=
−

  

( ) ( )

( )

2 2 2 2

3
2 2 2

4x 4r x x 4r 2x

4r x

− − + −
=

−

            

( )

( )

2
2

2 3
at x 2r 2 2

4 2 2r 0d A

dx
2r

=

− + 
= 

  ... (Putting x 2r= )

    

3

3

8 2r
4 0

2 2r

−
= = − <

vr% A vf/dre gS tc x 2r=

vc (i) ls] 2 2y 4r 2r 2 r= − =

∴ x y=

vr% ABCD ,d oxZ gksxkA

mnkgj.k 29.43.  n'kkZb, fd ,d fn;s x;s vk;ru okys cUn yEc o`rh; csyu] ftldk i`"Bh;

{ks=kiQy U;wure gS] dh mQ¡pkbZ mlds O;kl ds cjkcj gSA

gy % ekuk csyu dk vk;ru V, f=kT;k r rFkk mQ¡pkbZ h gS

∴ 2V r h= π

⇒ 2

V
h

r
=

π
... (i)

vc i`"Bh; {ks=kiQy 2S 2 rh 2 r= π + π

   
2 2

2

V 2V
2 r. 2 r 2 r

rr
= π + π = + π

π

vc 2

dS 2V
4 r

dr r

−
= + π

U;wure i`"Bh; {ks=kiQy ds fy,]  
dS

0
dr

=

∴  2

2V
4 r 0

r

−
+ π =

⇒      3V 2 r= π
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(i) rFkk (ii) ls]      

3

2

2 r
h 2r

r

π
= =

π
..(ii)

iqu%  

2

2 3

d S 4V
4 8 4

dr r
= + π = π + π ... [(ii) dk mi;ksx djus ij]

        12 0= π >

∴ S U;wure gS tc h = 2r

mnkgj.k 29.44.  n'kkZb, fd can yEc o`Ùkh; csyu] ftldk i`"Bh; {ks=kiQy fn;k x;k gS] dk

vk;ru vfèkdre gksxk ;fn mldh mQ¡pkbZ mldss O;kl ds cjkcj gksA

gy % eku yhft, fd S rFkk V can ml yEc o`Ùkh; csyu ds i`"Bh; {ks=kiQy rFkk vk;ru gSa ftlds
vk/kj dh f=kT;k r rFkk mQ¡pkbZ h gSA

rks 2S 2 rh 2 r= π + π .....(i)

(;gk¡ i`"Bh; {ks=kiQy vpj gS rFkk fn;k x;k gS)
2V r h= π

∴

2
2 S 2 r

V r
2 r

 − π
= π  

π  

2r
S 2 r

2
 = − π
 

    
3Sr

V r
2

= − π

   ( )2dV S
3r

dr 2
= − π

mfPp"B@fufEu"B ds fy,,  
dV

0
dr

=

vFkkZr]      ( )2S
3r 0

2
− π =

vFkok]         2S 6 r= π

(i) ls gesa feyrk gS]          2 26 r 2 rh 2 rπ = π + π

⇒   24 r 2 rhπ = π

⇒        2r h= ...(ii)

rFkk]    

2
2

2

d V d S
3 r

dr 2dr

 = − π  
6 r,= − π        

d S
0

dr 2

   =  
  

Q

   = ,d ½.kkRed la[;k

vr% yEc o`Ùkh; csyu dk vk;ru vf/dre gksxk ;fn mldh mQ¡pkbZ mldh f=kT;k dh nqxquh gks]
vFkkZr h = 2r
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mnkgj.k 29.45.   48 lseh Hkqtk okyh oxkZdkj /krq dh pknj ds dksuksa esa ls cjkcj oxkZdkj VqdM+s

dkVs x, gSa vkSj 'ks"k Hkqtkvksa dks bl izdkj eksM+k x;k gS fd ,d [kqyk cDlk cu tk,A dkVs x;s
oxZ dh Hkqtk Kkr dhft, rkfd cDls dk vk;ru vf/dre gksA

gy % eku yhft, fd dkVs x, oxZ dh Hkqtk x lseh gSA vr% cuus okys cDls dh Hkqtk 48–2x lseh
rFkk mQ¡pkbZ x lseh gksxh

v c  v c  v c  v c   x  > 0, 48–2x > 0, vFkkZr x < 24

x dk eku 0 vkSj 24 ds chp gksxk

vFkkZr 0 x 24< <

vc cDls dk vk;ru V

( ) ( )48 2x 48 2x x= − −

vFkkZr        ( )2
V 48 2x x= − ⋅

∴     ( ) ( ) ( )2dV
48 2x 2 48 2x 2 x

dx
= − + − −

( ) ( )48 2x 48 6x= − −

mfPp"B rFkk fufEu"B ds fy,] 
dV

0
dx

=

vFkkZr     ( ) ( )48 2x 48 6x 0− − =

vr% ;k rks x 24=  ;k x = 8

Q 0 < x < 24   vr% x = 8

vc
2

2

d V
24x 384

dx
= −

    

2

2
x 8

d V
192 384 192 0

dx =

 
= − = − < 

 

vr% x = 8 ds fy, vk;ru vf/dre gSA

vr% dkVs x;s oxZ dh Hkqtk 8 lseh gksxhA

mnkgj.k 29.46.    x oLrq,a izfrfnu cspus okyh ,d iQeZ dk ykHk P (#- esa) bl izdkj fn;k x;k

gS %   ( )P(x) 150 – x x 1625= −

oLrqvksa dh la[;k Kkr dhft, tks iQeZ dks vf/dre ykHk ds fy,  cukuh pkfg,¡A

gy % ;g fn;k x;k gS fd iQeZ izfrfnu x oLrq,¡ cukrh gS rFkk csprh gSA vf/dre ykHk ds fy,

( )P ' x 0=  vFkkZr~ 
dP

0
dx

=
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⇒ ( )d
150 x x 1625 0

dx
− − =  

⇒     150–2x = 0

⇒  x 75=

vc ( ) ( )d
P ' x P " x 2

dx
= = − , ,d ½.kkRed la[;k

vr% x = 75 ds fy, P (x) vf/dre gSA vr% vf/dre ykHk ds fy, iQeZ dks izfrfnu 75 oLrq,a
cukuh pkfg,aA

vc] vf/dre ykHk ( )P 75=

( )150 75 75 1625= − −

= (75×75–1625) :

=  (5625–1625) :

=  4000 :

mnkgj.k 29.47.    r lseh f=kT;k okys xksys ds vUrZxr cus vf/dre vk;ru okys csyu dk vk;ru

Kkr dhft,A

gy % ekuk vUnj cus csyu dh mQ¡pkbZ h rFkk vk/kj dh f=kT;k R gSA

rc 2V R h= π ...(i)

∆ OCB ls gesa feyrk gS
2

2 2h
r R

2

 = + 
 

... ( )2 2 2OB OC BC= +Q

∴
2

2 2 h
R r

4
= − ...(ii)

vc  

2 3
2 2h h

V r h r h
4 4

 
= π − = π − π  

 

∴
2

2dV 3 h
r

dh 4

π
= π −

vf/dre rFkk U;wure ds fy,]

dV
0

dh
=

∴
2

2 3 h
r 0

4

π
π − =

⇒   
2

2 4r
h

3
= ⇒

2r
h

3
=
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vc
2

2

d V 3 h

2dh

π
= −

∴            

2

2

d V 2r 3 2r
h

3 2 3dh

π× 
= = −  × 

ij

        3 r 0= − π <

∴ V vf/dre gksxk tc  
2r

h
3

=

(ii) esa 2r
h

3
=  j[kus ij] gesa feyrk gS

   
2 2

2 2 4r 2r
R r

4 3 3
= − =

×

∴     
2

R r
3

=

csyu dk vf/dre vk;ru   2R h= π

        

3
22 2r 4 r

r
3 3 3 3

π = π⋅ = 
 

    ns[ksa vkius fdruk lh[kk 29.11

1. os la[;k,a Kkr dhft, ftudk ;ksx 15 gS rFkk ,d ds oxZ rFkk nwljs ds ?ku dk xq.kuiQy
vfèkdre gksA

2. os nks /ukRed la[;k,a Kkr dhft, ftudk ;ksx 15 gS rFkk ftuds oxksZ dk ;ksx U;wure gSA

3. fl¼ dhft, fd fn;s x, ifjeki ds vk;rksa esa ls oxZ dk {ks=kiQy vf/dre gksxkA

4. fl¼ dhft, fd fn;s x, d.kZ okys ledks.k f=kHkqt dk ifjeki vf/dre gksxk ;fn og
f=kHkqt lef}ckgq gksA

5. ,d f[kM+dh vk;rkdkj gS] ftlds mij ,d v¼Zo`r gSA ;fn f[kM+dh dk ifjeki 30 ehVj
gks rks] mldh foek,¡ Kkr dhft,] rkfd vf/dre laHko izdk'k dh ek=kk vUnj tk ldsA

6. ,d 100 ?ku lseh vk;ru okys cUn yEc o`rh; csyu dh f=kT;k Kkr dhft, ftldk dqy
i`"Bh; {ks=kiQy U;wure gSA

7. ,d ,slk yEc o`rh; csyu cukuk gS fd mldh f=kT;k rFkk mQ¡pkbZ dk ;ksx 6 ehVj gks ,sls
csyu dk vf/dre vk;ru Kkr dhft,A

8. fl¼ dhft, fd ,d mPpre vk;ru okyk csyu] ftls ,d yEc o`Ùkh; 'kadq ds vUrxZr
cuk;k tk lds] dh (csyu dh) m¡QpkbZ 'kadq dh mQ¡pkbZ dk ,d frgkbZ gksxhA

9. ,d nh xbZ /kfjrk (vk;ru) dk 'kaDokdkj VSaV cukuk gSA 'kadq dh mQ¡pkbZ vkSj vk/kj dh
f=kT;k dk vuqikr Kkr dhft;s] ;fn VSaUV cukus ds fy, dSuol dh ek=kk U;wure gksA
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10. ,d fuekZrk dks 16 π ?kuehVj vk;ru ds csyukdkj ik=k dh vko';drk gSA mldh foek,¡ Kkr
dhft, ftlds i`"B cukus esa U;wure ek=kk esa inkFkZ (/krq) mi;ksx gksA

11. ,d pyfp=k gky dk izca/d fVdV dh dher 55  :i;s ls de djus ij fopkj dj jgk
gS] rkfd vf/d xzkgd vk,¡A fofHkUu ckrksa dh tk¡p ds i'pkr mlus fu'p; fd;k fd
izfrfnu vkSlr xzkgdksa dh la[;k 'q' fuEufyf[kr iQyu }kjk nh tkrh gS %

q 500 100x= +

tcfd x, fVdV dh ?kVk;h gqbZ jkf'k gSA fVdV dk og ewY; Kkr dhft, fd vf/dre jktLo
izkIr gksA

� y = f(x), x dk ,d iQyu gSA

x ds lkis{k] y esa izfr bdkbZ ifjorZu dh nj

dy

dx
, x ds lkis{k y esa ifjorZu dh nj fu:fir djrk gSA

;fn y = f(t) rFkk x = g(t)

vr% 
/

, 0
/

dy dy dt dx

dx dx dt dt
= ≠

� ∆y = .
dy

x x
dx

∆ + ε ∆

Q ε.∆x dh cgqr gh NksVh jkf'k gS bls ux.; eku ldrs gSa] blfy,

,
dy

y x
dx

∆ = ⋅ ∆  lfUudVr%

� oØ y f (x)=  osQ fcUnq ( )1 1x , y ij Li'kZ js[kk dk lehdj.k gS %

[ ]( ) { }1 1x ,y
1 1

y y f '(x) x x− = −ij

� oØ y f (x)=  osQ fcUnq ( )1 1x , y  ij vfHkyac dk lehdj.k gS

( ) ( )
( )1 1

x ,y
1 1

1
y y x x

f ' x

 −
− = − 

  ij

� oØ y f (x)=  osQ fdlh ,d fcUnq ( )1 1x , y  ij Li'kZ js[kk dk lehdj.k tks x-v{k osQ

lekUrj gS 1y y=  gS rFkk tks y-v{k osQ lekUrj gS 1x x= gSA

� o/Zeku iQyu% ,d iQyu f(x) dks ,d cUn vUrjky [a,b] esa o/Zeku iQyu dgk tkrk gS

;fn ( ) ( )2 1f x f x≥  gks tc 2 1x x> gksA

C

A1

% + vkb;s nksgjk,¡
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� ßkleku iQyu % ,d iQyu f(x) dks ,d cUn vUrjky [a,b] esa âkleku iQyu dgk tkrk

gS ;fn ( ) ( )2 1f x f x≤ gks tc 2 1x x> gksA

� f(x) ,d [kqys vUrjky ]a,b[ esa o/Zeku iQyu gksxk ;fn lHkh x [a, b]∈ ds fy, f '(x) > 0

� f(x) ,d [kqys vUrjky ]a,b[ âkleku iQyu gksxk ;fn lHkh ds fy, x [a, b]∈  f '(x) < 0

� ,dfn"V iQyu %

(i) ,d iQyu dks ,dfn"V (o/Zeku) dgrs gSa ;fn ;g fn;s gq, vUrjky esa fujUrj
c<+rk gSA

(ii) ,d iQyu dks ,dfn"V (ßkleku) dgrs gSa ;fn fn;s gq, vUrjky esa og fujUrj
?kVrk gSA

;fn ,d iQyu ,d vUrjky esa o/Zeku rFkk ßkleku gS] rks og ,dfn"V iQyu ugha gks
ldrkA

� ,d vUrjky esa ,d iQyu f(x) ds fcUnq x = a ds izfros'k esa

(i) ;fn fcUnq 'a' ds ckb± vksj f'(x) > 0 rFkk  fcUnq x=a ds nkb± vksj f'(x) < 0 gks rks] fcUnq
x = a ij f(x) dk ,d LFkkuh; mfPp"B gksxkA

(ii) ;fn fcUnq 'a' ds ckb± vksj f'(x) < 0, rFkk fcUnq x = a ds nkb± vksj f'(x) > 0 gks rks
x = a ij f(x) dk ,d LFkkuh; fufEu"B gksxkA

� ;fn x = a ij f(x) dk LFkkuh; mfPp"B vFkok LFkkuh; fufEu"B gS rFkk f(x) vodyuh; gS]
rc f'(a) = 0

(i) tc x fcUnq a ds vklikl ls tkrk gS rFkk f'(x) /ukRed ls ½.kkRed fpUg cnyrk
gS] rks f(x) dk x=a ij LFkkuh; mfPp"B gksrk gSA

(ii) tc x fcUnq a ds vkl&ikl ls tkrk gS rFkk f(x) ½.kkRed ls /UkkRed fpUg cnyrk
gS] rks f(x) dk x = a ij LFkkuh; fufEu"B gksrk gSA

� f}rh; vodyt tkap (Test)

(i) ;fn f '(a) = 0 rFkk f "(a) < 0; rks f (x) dk x = a ij LFkkuh; mfPp"B gksrk gSA

(ii) ;fn f '(a) = 0 rFkk  f "(a) >0;  rks f (x) dk x = a ij LFkkuh; fufEu"B gksrk gSA

(iii) ;fn f '(a) = 0 rFkk f " (a) = 0; rks x = a ij mfPp"B vFkok fufEu"B Kkr djus ds fy,
f '(x) ds fpUg ifjorZu dh tk¡p djrs gSa tc  x, 'a' ds vkl&ikl ls gksdj tkrk gSA

� http://mathworld.wolfram.com/PartialDerivative.html

� http://en.wikipedia.org/wiki/Partial_derivative

� http://en.wikipedia.org/wiki/Integral

� https://www.youtube.com/watch?v=f0pMPjnfars

� https://www.youtube.com/watch?v=ySFtitDsCIs

lgk;d osclkbV
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vkb, vH;kl djsa

1. ,d oxZ dh Hkqtk 0.2 lseh/lsdUM dh nj ls c<+ jgh gSA oxZ ds ifjeki dh o`f) dh
nj Kkr dhft,A

2. ,d o`Ùk dh f=T;k 0.7 lseh/lsdUM dh nj ls c<+ jgh gSA bldh ifjf/k dh o`f) dh
nj D;k gS\

3. ,d vkneh 4.5 fdeh/?kUVk dh nj@pky ls 120 eh Å¡ps Vkoj ds ikn dh vksj vk jgk
gSA Vkoj ds 'kh"kZ ij igq¡pus dh mldh D;k nj gS] tcfd og Vkoj ls 50 eh nwj gS\

4. ,d ikbi ls jsr 12 lseh3/lsdUM dh nj ls fxj jgk gSA fxjrh jsr tehu ij ,d
,slk 'kadq cukrh gS ftldh Å¡pkbZ lnSo vk/kkj dh f=T;k dk NBk Hkkx gSA jsr ls
cus 'kadq dh Å¡pkbZ fdl nj ls c<+ jgh gS tcfd Å¡pkbZ 4 lseh gS\

5. 2eh Å¡pkbZ dk ,d vkneh 5eh Å¡ps fctyh ds [kaHks ls 6eh/feuV dh leku pky ls
pyrk gSA mldh Nk;k dh yEckbZ dh o`f) nj Kkr dhft,A

6. ,d d.k] oØ y = x3 + 2 ds vuqfn'k ?kwerk gSA oØ ij mu fcUnqvksa dks Kkr dhft,
tcfd x-funsZ'kkad dh rqqyuk esa y-funsZ'kkad 8 xquh rhozrk ls ifjofrZr gks jgk gSA

7. ,d fLFkj >hy esa ,d iRFkj Mkyk tkrk gS vkSj rjaxs o`Ùk esa 3.5 lseh/lsdUM dh xfr
ls pyrh gSa tc o`Ùkkdkj rjax dh f=T;k 7.5 lseh gS rks ml {k.k] f?kjk gqvk {ks=Qy
fdruh rsth ls c<+ jgk gS\

8. ,d iRFkj fLFkj rkykc esa Mkyk tkrk gS rFkk og ,d dsUnzh; o`Ùk Ükà[kyk cukrk gSA
nj Kkr dhft, tc muesa ls ,d dk O;kl 12 lseh gks ;g ekudj fd izkjEHk esa
dsUnz ij rjax dh nj 3 lseh/lsdUM gSA

9. oØ y2 = 8x ij og fcUnq Kkr dhft,] ftlds fy, x-funsZ'kkad rFkk y-funsZ'kkad ds
ifjorZu dh nj leku gSA

10. ,d d.k oØ y = 
32

1
3

x +  ds vuqxr xfr dj jgk gSA oØ ij mu fcUnqvksa dks Kkr

dhft, tcfd x-funsZ'kkad dh rqyuk esa y-funsZ'kkad 2 xquk rhozrk ls cny jgk gSA

11. fdlh mRikn dh x bdkb;ksa ds foØ; ls izkIr dqy vk; R(x) = 3x2 + 36x + 5

¼#i;ksa essa½ ls iznÙk gSA lhekar vk; Kkr dhft, tcfd 5 bdkb;ksa dk mRiknu cspk
x;k gSA

12. ,d oLrq dh x bdkb;ksa ds mRiknu ls lEcU/k dqy ykxr ¼#i;ksa esa½

C(x) = 3 20.005 0.02 30 5000− + +x x x

ls iznÙk gSA lhekar ykxr Kkr dhft, tcfd 3 bdkbZ;ksa dk mRiknu fd;k x;k gSA

vodyksa dk iz;ksx djds fuEufyf[kr dk lfUudV eku Kkr dhft, (13 – 19)

13. 25.02 14. 49.5
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15. (i) 401 (ii) 0.24

16. (i) 0.0037 (ii)

1

3(26)

17. (i)

1

3(66) (ii)

1

4(82)

18. (i)

1

5(32.15) (ii)

1

5(31.9)

19. (i) 2

1

(2.002)
(ii)

1

25.1

20. f(3.02) dk lfUudV eku Kkr dhft,] tgk¡ f(x) = 3x2 + 15x + 5

21. Hkqtk esa 3% o`f) ds dkj.k Hkqtk x ds ?ku ds vk;ru esa lfUudV ifjorZu Kkr dhft,A

22. x ehVj Hkqtk okys ?ku dh Hkqtk esa 1% gzkl ds dkj.k ?ku ds i`"B {ks=Qy esa gksus
okys lfUudV ifjorZu Kkr dhft,A

23. x ehVj Hkqtk okys ?ku dh Hkqtk esa 1% o`f) ds dkj.k ?ku ds vk;ru esa gksus okyk
lfUudV ifjorZu Kkr dhft,A

24. f(5.001) dk lfUudV eku Kkr dhft,] tgk¡

f(x) = x3 – 7x2 + 15

25. fuEu esa ls izR;sd oØ ij fLFkr bafxr fcUnqvksa ij Li'kZ js[kk rFkk vfHkyac dh izo.krk Kkr
dhft, %

(i) y x= ,  x = 9 ij (ii) 3y x x= + , x = 2 ij

(iii) x a( sin ), y a(1 cos )= θ − θ = + θ , 
2

π
θ =  ij

(iv) 2y 2x cos x= + , x = 0 ij (v)   xy 6= , (1,6) ij

26. oØ 3x a cos= θ , 3y a sin= θ  osQ fcanq 
4

π
θ =  ij Li'kZ js[kk rFkk vfHkyac osQ

lehdj.k Kkr dhft,A

27. oØ 
2 2x y

1
9 16

− =  ij og fcUnq Kkr dhft, tgk¡ Li'kZ js[kk y-v{k osQ lekUrj gSA

28. oØ 2y x 2x 5= − +  ij Li'kZ js[kk dk lehdj.k Kkr dhft, tks

(i) 2x y 7 0+ + =  osQ lekUrj gSA (ii) js[kk 5(y 3x) 12− =  ij yEcor~ gSA

29. n'kkZb, fd oØ 3y 7x 11= +  osQ fcUnqvksa x = 2 rFkk x 2= −  ij Li'kZ js[kk,¡ lekUrj gSaA
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30. oØ 2 3ay x=  osQ fcUnq ( )2 3am , am ij vfHkyac dk lehdj.k Kkr dhft,A

31. n'kkZb, fd lHkh x R∈  ds fy, 2f (x) x=  u rks o/Zeku iQyu gS vkSj u gh ßkl eku

iQyuA fuEufyf[kr iQyuksa ( )2 5−  ds fy, og vUrjky Kkr dhft, tgk¡ iQyu o/Zeku
vFkok ßkleku gS %

32. 3 22x 3x 12x 6− − +

33.
x 4

, x 0
4 x

+ ≠

34. 4 2x 2x−

35. sin x cos x,0 x 2− ≤ ≤ π

fuEufyf[kr iQyuksa ds fy, LFkkuh; mfPp"B vFkok fufEu"B Kkr dhft, %

36. (a) 3 2x 6x 9x 7− + + (b) 32x 24x 107− +

(c) 3 2x 4x 3x 2+ − + (d) 4 2x 62x 120x 9− + +

37. (a) 2

1

x 2+
(b) ( )( )

x

x 1 x 4− −
,1 x 4< <

(c) x 1 x− , x 1<

38. (a)
1

sin x cos 2x
2

+ , 0 x
2

π
≤ ≤ (b) sin 2x ,0 x 2≤ ≤ π

(c) x 2sin x− + ,0 x 2≤ ≤ π

39. vUrjky [0,5] esa x ds fdl eku ds fy, oØ 3 2x 6x 9x 4− + +  ij Li'kZ js[kk dh izo.krk
vf/dre gSA og fcUnq Hkh Kkr dhft,A

40. oØ 3 2x 3x 2x 27− + + −  ds ,d fcUnq ij Li'kZ js[kk dh izo.krk vf/dre gSA og fcUnq
Hkh Kkr dhft,

41. ,d can yEc o`Ùkh; csyukdkj ik=k cukuk gS ftldk lEiw.kZ i`"Bh; {ks=kiQy 24 π oxZehVj
gksA ik=k dk vk;ru vf/dre gksus ds fy, mldh foek,¡ Kkr dhft,A

42. ,d gksVy dkWEiysDl ftlesa 400 dejs gSa] ds 300 dejs] 360 :i;s izfrfnu ds fdjk, ij
p<+s gSaA izcU/u dh [kkstchu ls irk pyrk gS fd ;fn fdjk;k x :i;s de dj fn;k tk,]

rks fdjk;s ij p<+s gq, dejs 
5

q x 300,0 x 80
4

= + ≤ ≤  }kjk iznf'kZr gksrs gSaA

og fdjk;k Kkr dhft,] fd jktLo vf/dre gksA vf/dre jktLo Hkh Kkr dhft,A
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ns[ksa vkius fdruk lh[kk 29-1

1. 64 lseh2/feuV 2. 900 lseh3/lsdUM

3. 12π lseh2/lseh 4. 11.2π lseh2/lsdUM

5. 75 lseh3/lseh

ns[ksa vkius fdruk lh[kk 29-2

1. 6.05 2. 2.926

3. 1.96875 4. 5.1

5. 3.92π eh3 6. 3%

ns[ksa vkius fdruk lh[kk 29.3

1. (i) 10, 
1

10
−  (ii)

2

5
−  , 

5

2
 (iii) 1, 1−

2. p 5, q 4= = −    3.  ( 3, 3 ), ( 3, 3 )− − 4.  ( 3, 2 )

ns[ksa vkius fdruk lh[kk 29.4

Li'kZ js[kk vfHkyac

1. (i) y 10x 5+ = x 10y 50 0− + =

(ii) 2x y 1− = x 2y 3 0+ − =

(iii)24x y 52− = x 24y 483+ =

2.
1 1

2 2

xx yy
1

a b
+ = 3.

0 0
2 2

xx yy
1

a b
− =

4. x 14y 254 0, x 14y 86 0+ − = + + =

ns[ksa vkius fdruk lh[kk 29.6

2.
1 43

,
196 14

− 
 
 

ns[ksa vkius fdruk lh[kk 29.8

1. o/Zeku âkleku

(a)
7

x
2

>  ds fy,
7

x
2

< ds fy,

mÙkjekyk
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(b)
5

x
2

>  ds fy,
5

x
2

<  ds fy,

2. (a) x > 6 ds fy, – 2< x < 6 ds fy,

(b) x 4>  vFkok x 2< ds fy,  vUrjky ]2,4[ esa

3. (a)  x< –2 ds fy,  x> –2 ds fy,

(b) vUrjky 1 x 2− < < −  esa x 1> −  vFkok x 2< −  ds fy,

4. (a)  lnk

(b) x 2> vUrjky 0 x 2< <

(c) x 2>  vFkok x 2< − vUrjky 2 x 2− < <

5. (c)
3 7

x
8 8

π π
≤ ≤

3
0 x

8

π
≤ ≤

fcUnq tgk¡ Li'kZ js[kk,¡ x–ds lekUrj gSa 
3

x
8

π
=  rFkk 

7
x

8

π
=

ns[ksa vkius fdruk lh[kk 29.9

LFkkuh; fufEu"B LFkkuh; mfPp"B

1. x = 4 ij – 4 —

2. x = 3 ij 15 x = 1 ij 19

3. x = 6 ij – 128 x = 1ij – 3

4. x = – 6 ij – 1647, x 5=  ij – 316 x = 1ij  68

5. x = 0 ij – 4 x = – 2 ij 0.

6. x = – 1 ij 1− x = 3 ij 
1

7

ns[ksa vkius fdruk lh[kk 29.10

LFkkuh; fufEu"B LFkkuh; mfPp"B

1. x = 2 ij –34 x = –3 ij 91

2. x = 0 ij  –5 x = 8 ij 251

3. x = 0 ij &4  x = –2 ij 0

4. x = 3ij &28 x = 1 ij 0

x = 0 ij u mfPp"B u fufEu"B
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5. µ x
3

π
=  ij 

3 3

4

6. µ x
4

π
=  ij 2

7. x
6

π
= −  ij 

3

2 6

− π
+ x

6

π
=  ij 

3

2 6

π
−

ns[ksa vkius fdruk lh[kk 29.11

1. la[;k, gSa % 6]9 2. nks Hkkx gSa % 7.5, 5.5

5. nksukas foek,¡ gSa
30 30

,
4 4π + π +

 eh

6. f=kT;k 

1

350 =  π 
 lseh] mQ¡pkbZ 

1

350
2
 =  π 

 lseh

7. vf/dre vk;ru =32 eh3

9. h 2r= 10. r = 2 eh]  h = 4 eh

11. 3000 #

vkb, vH;kl djsa

1. 0.8 lseh/lsdUM 2. 1.4π lseh/lsdUM

3.
45

26
fdeh/?kUVk 4.

1

48π
 lseh/lsdUM

5. 4 ehVj/feuV 6. (4, 11), 
31

4,
3

− 
−  

7. 52.5π lseh2/lsdUM 8. 36π lseh3/lsdUM

9. (2, 4) 10.
5 1

1, , 1,
3 3

   
−      

11. ` 66 12. ` 30.015

13. 5.002 14. 7.0357

15. (i) 20.025 (ii) 0.49 16. (i) 0.0608 (ii) 2.963

17. (i) 4.0417 (ii) 3.0093 18. (i) 2.001875 (ii) 1.99875
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19. (i) 0.2495 (ii) 0.1996 20. 77.66

21. 0.09x3 eh3 ;k 9% 22. 0.12x2 eh2

23. 0.03x3 eh3 ;k 3% 24. –34.995

25. (i) 
1

, 6
6

− (ii)
1

13,
13

− (iii)1, 1− (iv) 0, ifjHkkf"kr ugha (v) 
1

6,
6

−

26. ( )2 2 x y a; x y 0+ = + = 27. ( ) ( )3, 0 , 3, 0−

28. (i) 2x y 5 0+ − = (ii)12x 36y 155+ =

30. ( )2 22x 3my am 2 3m 0+ − + =

o/Zeku âkleku

32. x > 2 vFkok x< –1 ij vUrjky –1 < x < 2 esa

33. x > 4  vFkok x < – 4 vUrjky ]–4,4[ esa

34. x > 1 vFkok – 1 < x < 0 esa x < –1 vFkok  0 < x < 1 esa

35-
3

0 x
4

π
≤ ≤ vFkok 

7
x 2

4

π
≤ ≤ π esa

3 7
x .

4 4

π π
≤ ≤  esa

LFkkuh; mfPp"B LFkkuh; fufEu"B

36. (a) x = 1 ij 11 x = 3 ij 7

(b) x = −2 ij 139 x = 2 ij 75

(c) x =  −3 ij 20
1

x
3

=  ij 
40

27

(d) x = 1 ij 68 x = 5 ij  −316  rFkk x = – 6 ij – 1647

37. (a) x = 0 ij 
1

2

(b) x = 2 ij  –1  −

(c)
2

x
3

=  ij 
2

3 3
 −

38. (a) x
6

π
=  ij 

3

4
x

2

π
=  ij 

1

2

(b)
5

x
4

π
=  rFkk x

4

π
=  ij 1

3
x

4

π
=  ij –1
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(c) x
3

π
=  ij 3

4

−π
+

5
x

3

π
=  ij 

5
3

3

− π
−

39. vf/dre izo.krk  x = 5 ij 24; fcUnq (5, 24)

40. vf/dre izo.krk x = 1 ij 5; fcUnq (1,–23)

41. vk/kkj dh f=kT;k = 2 eh] csyu dh mQ¡pkbZ = 4 ehVj

42. ?kVk gqvk fdjk;k% 300 # vf/dre jktLo = 112500 #
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