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30

lekdyu

fiNys ikB esa] vkius ,d iQyu ds vodyt dh ladYiuk dk vè;;u fd;kA vkius fofHkUu
fLFkfr;ksa esa vodyt ds vuqiz;ksx Hkh lh[ksA

vc bldk foijhr iz'u yhft, tgk¡ ewy iQyu Kkr djuk gS] tcfd bldk vodyt (iQyu ds
:i esa) fn;k x;k gSA bl foijhr izfØ;k dks lekdyu dk uke fn;k x;k gSA bl ikB esa ge
lekdyu dh ladYiuk bldh fofHkUu fof/;ksa rFkk rduhdksa dk vè;;u djsxsaA

     mís';
bl ikB ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %
� lekdyu dks vodyu dh izfrykse fØ;k crkuk

�
nx , sin x, cos x, 2 2 x1

sec x, cosec x, sec x tan x, cosec x cot x, , e
x

 vkfn ljy iQyuksa

ds lekdyu Kkr djuk

� fuEufyf[kr ifj.kkeksa ds dFku nsuk %

(i)   ( ) ( )[ ] ( ) ( )f x g x dx f x dx g x dx± = ±∫ ∫ ∫

(ii)   ( )[ ] ( )kf x dx k f x dx± = ±∫ ∫
� chth;] f=kdks.kferh;] izfrykse f=kdks.kferh; rFkk pj?kkrkadh; (exponential) iQyuksa ds

lekdyu Kkr djukA

� izfrLFkkiu }kjk lekdyu Kkr djukA

� fuEufyf[kr izdkj ds lekdyksa ds eku Kkr djuk %

2 2 2 2 2 2

dx dx dx
, , ,

x a a x x a± − ±
∫ ∫ ∫ 22 2

dx dx
, ,

ax bx ca x + +−
∫ ∫

( )
22

dx px q dx
,

ax bx cax bx c

+

+ ++ +
∫ ∫ , 

( )
2

px q dx

ax bx c

+

+ +
∫

� ifj.kke 
( )
( )

( )
f ' x

n f x C
f x

= +∫ l  dk O;qRiUu djuk rFkk bldk mi;ksx djukA
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� [kaM'k% lekdyu fof/ dks crkuk rFkk bldk mi;ksx djukA
� fuEufyf[kr izdkj ds lekdyksa ds eku Kkr djuk %

2 2x a dx,±∫  2 2a x dx,−∫  axe sin bx dx,∫  axe cos bx dx∫ ,

( ) 2px q ax bx c dx+ + +∫ , 1sin x dx−∫ , 1cos x dx−∫ ,

n msin x cos x dx∫ , 
dx

a b sin x+∫ , 
dx

a b cos x+∫

� ifj.kke ( ) ( )[ ] ( )x xe f x f ' x dx e f x c+ = +∫  dks O;qRiUu djuk rFkk bldk mi;ksx djuk

� vkaf'kd fHkUu ds mi;ksx ls ifjes; O;atdksa ds lekdy Kkr djukA

iwoZ Kku

� fofHkUu iQyuksa dk vodyu

� lery T;kfefr dk ewy Kku

� chth; O;atd dk xq.ku[k.Mu

� izfrykse f=kdks.kferh; iQyuksa dk Kku

30.1 lekdyu

lekdyu dk 'kkfCnd vFkZ gS ladyuA mnkgj.kkFkZ uhps fn, x;s fp=k esa {ks=k ALBM ds {ks=kiQy
Kkr djus ds fo"k; ij fopkj dhft, (fp=k 30.1)

A

B

ML

fp=k 30.1

bl {ks=kiQy dks Kkr djus ds fy, ,d iz;ksxkRed fof/ dk iz;ksx fd;k tk ldrk gS] ijUrq og
fof/ lnSo mi;qDr ugha dgh tk ldrhA blfy, ge bl izdkj dh leL;kvksa dks gy djus ds
fy, lekdyu (vFkkZr ladyu) dh lgk;rk ysrs gSaA blds fy, ge mijksDr fp=k dks NksVs&NksVs
vk;rkdkj {ks=kksa esa ckaV ysrs gSaA (fp=k 30.2) nsf[k,A

A

B

ML Q1 Q2 Q3

P1
P2

P3

R1 R2 Rn

   fp=k 30.2
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bu vk;rkdkj {ks=kksa dk {ks=kiQy rc rd Kkr ugha fd;k tk ldrk tc rd fd mudh pkSM+kbZ U;wUre
(vFkkZr → 0) u gks tk,A

vkfdZfeMht us 2000 o"kZ iwoZ blh rduhd dk mi;ksx {ks=kiQy] vk;ru] vkfn Kkr djus esa fd;k
FkkA U;wVu (1642&1727) rFkk fycuht+ (1646&1716) ds uke izk;% vk/qfud vody o
lekdy xf.kr (dyu) ds tUenkrk ds :i esa fy, tkrs gSaA

iQyuksa ds lekdyu ds v?/;u dks lekdy xf.kr dgrs gSaA bl fo"k; ds vusdksa vuqiz;ksx
T;kfefr] ;kaf=kdh] izkd`frd foKku rFkk vU; fo"k;ksa esa ik, tkrs gSaA

bl ikB esa ge cgqinh; f=kdks.kferh; pj?kkrkadh;] y/qx.kdh; rFkk ifjes; iQyuksa dk lekdy
djuk lh[ksaxsa ftlesa lekdyu dh fofHkUu rduhdksa dk mi;ksx fd;k tk,xkA

30.2 lekdyu] vodyu dh foijhr fØ;k ds :i esa

fuEufyf[kr mnkgj.kksa ij fopkj dhft, %

(i) ( )2d
x 2x

dx
= (ii) ( )

d
sin x cos x

dx
= (iii) ( )x xd

e e
dx

=

vkb;s vc mi;qZDr mnkgj.kksa dks ,d vU; :i esa ysaA

(i) 2x  dk vodyu djus ij iQyu 2x izkIr gksrk gSA
2x⇒ dks 2x  dk izfrvodyt dgrs gSaA

(ii) sin x dk vodyu djus ij cos x izkIr gksrk gSA

sin x⇒ dks cos x dk izfrvodyt dgrs gSaA

(iii) blh izdkj xe , iQyu xe dk izfrvodyt dgykrk gSA

lkekU;r% izfrvodyt /kkj.kk dks ,d lafØ;k ds :i esa O;Dr fd;k tkrk gSA bl lafØ;k dks
lekdyu dh lafØ;k dgrs gSaA

ge fy[krs gSa %

1. 2x dk lekdyu 2x  gSA
2. cos x dk lekdyu sin x gSA

3.
xe  dk lekdyu xe gSA

lekdyu lafØ;k dks izrhd ∫ ds }kjk fu:fir fd;k tkrk gSA

bl izdkj %

1.  22 x d x x=∫ 2. cos x d x sin x=∫  3.  x xe d x e=∫
;kn jf[k, fd x ds lkis{k lekdyu lafØ;k ds fu:i.k esa izrhd ∫ ds lkFk izrhd dx Hkh fy[kk

tkrk gSA lekdfyr fd;s tkus okys iQyu dks ∫  rFkk dx  ds chp esa j[kk tkrk gSA

ifjHkk"kk % ;fn ( )[ ] ( )
d

f x f ' x
dx

=  rks f (x), f ' (x) dk lekdy dgykrk gS rFkk ge bls

fy[krs gSa %



298

lekdyu

xf.kr

ekWM~;wy - VIII

dyu

fVIi.kh

f '(x)dx f (x)=∫
;gk¡ lekdfyr fd;s tkus okyk iQyu ( )f ' x  lekdY; dgykrk gSA

lekdyu dk fLFkjkad %

;fn     2y x=  rks 
dy

2x
dx

=

∴
22xdx x=∫

vc ( )2d
x 2

dx
+ vFkok ( )2d

x c
dx

+  tcfd c dksbZ okLrfod fLFkjkad gS] ij fopkj dhft,

buesa ls izR;sd 2x ds cjkcj gSA blfy, ge ns[krs gSa fd 2x dk lekdy vf}rh; ugha gSA

2x dx∫ ds fofHkUu ekuksa esa fLFkjkad dk vUrj gksrk gSA bl izdkj 22 x d x x c= +∫ tgk¡ c

lekdyu dk fLFkjkad dgykrk gSA

blh izdkj x xe d x e c= +∫ rFkk cos x d x sin x c= +∫
lkekU;r% ( )f '(x) d x f x c= +∫  fLFkjkad c dk eku dksbZ Hkh gks ldrk gSA

ge ns[krs gSa fd%
,d lekdy dk vodyu lekdY; ds leku gksrk gSA

fVIi.kh%  f (x) dx∫ , f (y) dy∫  , f (z) dz∫  gksrs gSa ijUrq f (z) dx∫ ugha gksrkA

30.3 ljy iQyuksa dk lekdyu

lekdy tkap

1.
n 1

n x
x dx c

n 1

+
= +

+∫ Q  

n 1
nd x

c x
dx n 1

+ 
+ = 

+ 

tcfd n ,d fLFkjkad gS rFkk n 1≠ −

2. sin x dx cos x c= − +∫ Q ( )
d

cos x c sin x
dx

− + =

3. cos x dx sin x c= +∫ Q ( )
d

sin x c cos x
dx

+ =

4. 2sec x dx tan x c= +∫ Q ( ) 2d
tan x c sec x

dx
+ =

5. 2cosec x dx cot x c= − +∫ Q ( ) 2d
cot x c cosec x

dx
− + =

6. sec x tan x dx sec x c= +∫ Q ( )
d

sec x c sec x tan x
dx

+ =

7. cosec x cot x dx cosec x c= − +∫ Q ( )
d

cosec x c cosec x cot x
dx

− + =

8.
1

2

1
dx sin x c

1 x

−= +
−

∫ Q  ( )1

2

d 1
sin x c

dx 1 x

− + =
−
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9.
1

2

1
dx tan x c

1 x

−= +
+∫  Q  ( )1

2

d 1
tan x c

dx 1 x

− + =
+

10.
1

2

1
dx sec x c

x x 1

−= +
−

∫ Q  ( )1

2

d 1
sec x c

dx x x 1

− + =
−

11. x xe dx e c= +∫ Q  ( )x xd
e c e

dx
+ =

12.

x
x a

a dx c
log a

= +∫ Q  

x
xd a

c a
dx log a

 
+ = 

 

13.
1

dx log x c
x

= +∫ Q  ( )d
log x c

dx
+

1

x
=  if x > 0

 è;ku nhft,

1. nx  dk lekdy Kkr djus ds fy, x ds ?kkarkd esa ,d tksM+ks rFkk ifj.kke dks ubZ ?kkarkd
ls Hkkx djks vkSj fLFkjkad c tek djksA

2. ( )
1

dx
f x∫  dks izk;% 

( )
dx

f x∫  fy[kk tkrk gSA

ns[ksa vkius fdruk lh[kk 30.1

1.

5

2x dx∫  ds dksbZ ikap fofHkUu eku fyf[k,A

2. fuEufyf[kr esa ls izR;sd dk vfuf'pr lekdy fyf[k, %

(a) 5x  (b) cos x (c) 0

3. eku Kkr dhft, %

(a) 6x dx∫ (b) 7x dx−∫ (c) 
1

dx
x∫ (d) ( ) xx3 5 dx

−
∫

(e) 
3 x dx∫ (f) 9x dx−∫ (g) 

1
dx

x
∫ (h) 

9 8x dx−∫
4. eku Kkr dhft, %

(a) 2

cos
d

sin

θ
θ

θ∫ (b) 2

sin
d

cos

θ
θ

θ∫

(c) 

2 2

2

cos sin
d

cos

θ + θ
θ

θ∫ (d) 2

1
d

sin
θ

θ∫

30.4 lekdyksa ds xq.k/eZ
;fn fdlh iQyu dks nks ;k nks ls vf/d iQyuksa ds ;ksx ds :i esa fy[kk tk lds rks ,sls iQyu
dk lekdy blds lHkh ?kVdksa ds lekdyksa dk ;ksx gksrk gSA

tSls ;fn 7 3f (x) x x= +  gks rks
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       ( ) [ ]7 3f x dx x x dx= +∫ ∫
7 3x dx x dx= +∫ ∫

8 4x x
c

8 4
= + +

blfy, lkekU;r% nks iQyuksa ds ;ksx dk lekdy muds vyx&vyx lekdyksa ds ;ksx ds cjkcj
gksrk gSA

vFkkZr ( ) ( )[ ] ( ) ( )f x g x dx f x dx g x dx+ = +∫ ∫ ∫

blh izdkj ;fn fn;k x;k iQyu ( ) 7 2f x x x= −  gks rks ge fy[k ldrs gSa fd

       ( ) ( )7 2f x dx x x dx= −∫ ∫ 7 2x dx x dx= −∫ ∫  
8 3x x

c
8 3

= − +

nks iQyuksa ds vUrj dk lekdy mu nksuksa ds vyx&vyx lekdyksa ds vUrj ds cjkcj gksrk gSA

vFkkZr ( ) ( )[ ] ( ) ( )f x g x dx f x dx g x dx− = −∫ ∫ ∫
;fn ,d iQyu f(x) fdlh fLFkjkad (k) rFkk fdlh vU; iQyu ( )g x    dk xq.kuiQy gSA vFkkZr

f (x) kg (x)= , rc ge ( )f x dk lekdyu bl izdkj djrs gSa

( ) ( )f x dx kg x dx=∫ ∫  ( )k g x dx= ∫

mnkgj.k 30.1.   eku Kkr dhft, %

(i)  x4 dx∫ (ii) ( ) ( )x x
2 3 dx

−
∫

gy % (i)     

x
x 4

4 dx c
log 4

= +∫

(ii) ( ) ( )
x

x x
x

2
2 3 dx dx

3

− =∫ ∫  

x
2

dx
3

 =  
 ∫

x
2

3
c

2
log

3

 
 
 = +
 
 
 

è;ku nhft, (ii) esa ;g dguk Bhd ugha gS fd

    x x x x2 3 dx 2 dx 3 dx− −=∫ ∫ ∫

D;ksafd            

x

x x
x x

2

2 3 3
2 dx 3 dx c c

2log 2 log 3
log

3

−
−

 
    = + ≠ + 
    
 

∫ ∫

nks iQyuksa ds xq.ku dk lekdy lnSo mu iQyuksa ds vyx&vyx lekdyksa ds xq.kuiQy ds leku
ugha gksrkA ge iQyuksa ds xq.kuiQy ds lekdy ij vxys ikB esa fopkj djsxsaA
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mnkgj.k 30.2. eku Kkr dhft, %

(i)
n

dx

cos x
∫ ,  tcfd n = 0 vkSj n = 2 (ii)

2 2

2

sin cos
d

sin

θ + θ
− θ

θ∫

gy % (i) tc n = 0,            n o

dx dx

cos x cos x
=∫ ∫  

dx
dx

1
= =∫ ∫

vc dx∫  dks 0x dx∫  fy[kk tk ldrk gSA

∴     0dx x dx=∫ ∫  
0 1x

c x c
0 1

+
= + = +

+

tc  n = 2,

    n 2

dx dx

cos x cos x
=∫ ∫  2sec x dx= ∫ tan x c= +

(ii)

2 2

2

sin cos
d

sin

θ + θ
− θ

θ∫ 2

1
d

sin

−
= θ

θ∫  2cosec d= − θ θ∫ cot c= θ +

mnkgj.k 30.3. eku Kkr dhft, %

(i) ( )sin x cos x dx+∫ (ii) 

2

3

x 1
dx

x

+
∫

(iii)
1 x

dx
x

−
∫ (iv) 2 2

1 1
dx

1 x 1 x

 
− 

+ −
∫

gy % (i) ( )sin x cos x dx sin x dx cos x dx cos x sin x c+ = + = − + +∫ ∫ ∫

(ii)     

2 2

3 3 3

x 1 x 1
dx dx

x x x

 +
= + 

 
∫ ∫ 3

1 1
dx dx

x x
= +∫ ∫

  
3 1x

log x c
3 1

− +
= + +

− +
 

2

1
log x c

2x
= − +

(iii)        
1 x 1 x

dx dx
x x x

−  = − 
 ∫ ∫  

( )1 1

2 2x x dx
−

= −∫  
3 / 22

2 x x c
3

= − +

(iv)   2 22 2

1 1 dx dx
dx

1 x 1 x1 x 1 x

 
− = − 

+ + − −
∫ ∫ ∫  

1 1tan x sin x c− −= − +

mnkgj.k 30.4. eku Kkr dhft, %

(i) 1 sin 2 d− θ θ∫ (ii)
x

2

3
4e dx

x x 1

 
− 

 −
∫

(iii) ( )2
tan x cot x dx+∫ (iv)

6

2

x 1
dx

x 1

 −
 

− 
∫
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gy % (i) 2 21 sin 2 cos sin 2 sin cos− θ = θ + θ − θ θ
2 2sin cos 1 θ + θ = Q  ( )2

cos sin= θ − θ  ( )cos sin= ± θ − θ

(fpUg dk p;u θ  ds eku ij fuHkZj djrk gSA)

(a) ;fn  1 sin 2 cos sin− θ = θ − θ  rc ( )1 sin 2 d cos sin d− θ θ = θ − θ θ∫ ∫
       cos d sin d= θ θ − θ θ∫ ∫  sin cos c= θ + θ +

(b) ;fn ( )1 sin 2 d cos sin d− θ θ = − θ + θ θ∫ ∫
        cos d sin d= − θ θ + θ θ∫ ∫  sin cos c= − θ − θ +

(ii)
x x

2 2

3 3
4e dx 4e dx dx

x x 1 x x 1

 
− = − 

 − −
∫ ∫ ∫

    
x

2

dx
4 e dx 3

x x 1
= −

−
∫ ∫  

x 14e 3 sec x c−= − +

(iii) ( ) ( )2 2 2tan x cot x dx tan x cot x 2 tan x cot x dx+ = + +∫ ∫

                          ( )2 2tan x cot x 2 dx= + +∫  ( )2 2tan x 1 cot x 1 dx= + + +∫

                          ( )2 2sec x cosec x dx= +∫  2 2sec x dx cosec x dx= +∫ ∫
                          tan x cot x c= − +

(iv)

6
4 2

2 2

x 1 2
dx x x 1 dx

x 1 x 1

 −  = − + −   
 + + 

∫ ∫  [dividing 6x 1−  by 2x 1+ ]

4 2
2

dx
x dx x dx dx 2

x 1
= − + −

+∫ ∫ ∫ ∫

5 3
1x x

x 2 tan x c
5 3

−= − + − +

mnkgj.k 30.5. eku Kkr dhft, %

(i)
3

1
x dx

x

 + 
 ∫ (ii) 

5x 4x

3x

4e 9e 3
dx

e

 − −
 
 
∫

gy % (i)  

3
3 / 2

3 / 2

1 1 1 1
x dx x 3x 3 x dx

xx x x

   + = + + +   
   ∫ ∫

3 / 2
3 / 2

1 dx
x dx 3 x dx 3 dx

x x
= + + +∫ ∫ ∫ ∫
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5 / 2 3 / 2 1 / 2

5 3 1
22 2

x x x 2
3 3 c

x
= + + − +

    

5 3 1 1

2 2 2 2
2

x 2x 6x 2x c
5

−
= + + − +

(ii)

5x 4x

3x

4e 9e 3
dx

e

 − −
 
 
∫  

5x 4x

3x 3x 3x

4e 9e 3dx
dx dx

e e e
= − −∫ ∫ ∫

      2x x 3x4 e dx 9 e dx 3 e dx−= − −∫ ∫ ∫
     2x x 3x2e 9e e c−= − + +

      ns[ksa vkius fdruk lh[kk 30.2

1. eku Kkr dhft, %

(a) 
1

x dx
2

 + 
 ∫ (b) 

2

2

x
dx

1 x

−

+∫ (c) 
9 1

10x x dx
x

 − + 
 ∫

(d) 
2 4 6

6

5 3x 6x 7x 8x
dx

x

 + − − −
 
 
∫ (e) 

4

2

x
dx

1 x+∫ (f) 

2
2

x dx
x

 + 
 ∫

2. eku Kkr dhft, %

(a) 
dx

1 cos 2x+∫  (b) 2tan xdx∫ (c) 2

2 cos x
dx

sin x
∫

(d) 
dx

1 cos 2x−∫ (e) 2

sin x
dx

cos x
∫ (f) ( )cosec x cot x cosec x dx−∫

3. eku Kkr dhft, %

(a) 1 cos 2x dx+∫   (b) 1 cos 2x dx−∫   (c)  
1

dx
1 cos 2x−∫

4. eku Kkr dhft, %

x 2 dx+∫

 30.5 lekdyu dh rduhdsa (Techniques of Integration)

30.5.1 izfrLFkkiu }kjk lekdyu

bl fof/ esa ge ( )f x dx∫  dks fdlh nwljs pjkad esa] :ikUrj dj nsrs gSa ftlls fd ifj.kkeh

iQyu fiNys vuqPNsn esa nh xbZ fof/;ksa }kjk lekdfyr fd;k tk ldsA

lcls igys ge ( )f ax b+ , a 0≠  dh rjg ds iQyuksa dk lekdy Kkr djsxsa tcfd ( )f x ,d

ekud iQyu gSA
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 mnkgj.k 30.6. eku Kkr dhft, %

( )sin ax b dx+∫
gy % ( )sin ax b dx+∫
eku yhft, ax b t+ = .

rc
dt

a
dx

= ;k
dt

dx
a

=

∴     ( )
dt

sin ax b dx sin t
a

+ =∫ ∫ (;gka lekdyu xq.kd dks dt fy[kk tk,xk)

1
sin t dt

a
= ∫  ( )

1
cos t c

a
= − +  

( )cos ax b
c

a

+
= − +

 mnkgj.k 30.7. eku Kkr dhft, %

(i) ( )n
ax b dx+∫ , tcfd n 1≠ − (ii) ( )

1
dx

ax b+∫

gy % (i) ( )n
ax b dx+∫ , tcfd n 1≠ −

eku yhft, ax b t+ = ⇒
dt

a
dx

=  ;k dt
dx

a
=

∴          ( )n n1
ax b dx t dt

a
+ =∫ ∫  ( )

n 11 t
c

a n 1

+
= ⋅ +

+

( )n 1
ax b1

c
a n 1

++
= ⋅ +

+
tcfd n 1≠ −

(ii) ( )
1

dx
ax b+∫

eku yhft, ax b t+ =

⇒           
1

dx dt
a

=

∴    ( )
1 1 dt

dx
ax b a t

= ⋅
+∫ ∫  

1
log t c

a
= +  

1
log ax b c

a
= + +

 mnkgj.k 30.8.    eku Kkr dhft, %

5x 7e dx+∫
gy %  5x 7e dx+∫
eku yhft, 5x 7 t+ =
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⇒      
dt

dx
5

=

∴       
5x 7 t1

e dx e dt
5

+ =∫ ∫  
t1

e c
5

= +  
5x 71

e c
5

+= +

blh izdkj ax b ax b1
e dx e c

a

+ ++ ++ ++ += += += += +∫∫∫∫
è;ku nhft,%

( )n
ax b dx+∫

( )n 1
ax b1

c, n 1
a n 1

++
= + ≠ −

+

( )
1

dx
ax b+∫

1
log ax b c

a
= + +

( )sin ax b dx+∫ ( )
1

cos ax b c
a

= − + +

( )cos ax b dx+∫ ( )
1

sin ax b c
a

= + +

( )2sec ax b dx+∫ ( )
1

tan ax b c
a

= + +

( )2cosec ax b dx+∫ ( )
1

cot ax b c
a

= − + +

( ) ( )sec ax b tan ax b dx+ +∫ ( )
1

sec ax b c
a

= + +

( ) ( )cosec ax b cot ax b dx+ +∫ ( )
1

cosec ax b c
a

= − + +

mnkgj.k 30.9. eku Kkr dhft, %

(i) 2sin x dx∫ (ii) 3sin x dx∫     (iii) 3cos x dx∫    (iv)  sin 3x sin 2x dx∫
gy % iQyu dks x ds xq.kt ds lkbu vkSj dkslkbu ds :i esa fy[kus ds fy,] ;gka ge f=kdks.kfeÙkh;

loZlfedkvksa dk mi;ksx djrs gSaA

(i)    
2 1 cos 2x

sin x dx dx
2

−
=∫ ∫

2 1 cos 2x
sin x

2

− =  
Q

( )
1

1 cos 2x dx
2

= −∫  
1 1

1dx cos 2x dx
2 2

= −∫ ∫
1 1 sin 2x 1 1

x c sin 2x c
2 2 2 2 4

= − + = − +

(ii)      
3 3 sin x sin 3x

sin x dx dx
4

−
=∫ ∫  

3sin 3x 3 sin x 4 sin x = − Q

( )
1

3 sin x sin 3x dx
4

= −∫  
1 cos 3x

3 cos x c
4 3

 = − + +  
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(iii)     
3 cos 3x 3 cos x

cos x dx dx
4

+
=∫ ∫  

3cos 3x 4 cos x 3 cos x = − Q

( )
1

cos 3x 3 cos x dx
4

= +∫
1 sin 3x

3 sin x c
4 3

 = + +  

(iv)
1

sin 3x sin 2x dx 2 sin 3x sin 2x dx
2

=∫ ∫
   ( ) ( )[ ]2 sin A sin B cos A B cos A B= − − +Q

      ( )
1

cos x cos 5x dx
2

= −∫  
1 sin 5x

sin x c
2 5

 = − +  

    ns[ksa vkius fdruk lh[kk 30.3

1. eku Kkr dhft, %

(a) ( )sin 4 5x dx−∫ (b) ( )2sec 2 3x dx+∫

(c) sec x dx
4

π + 
 ∫ (d) ( )cos 4x 5 dx+∫

(e) ( ) ( )sec 3x 5 tan 3x 5 dx+ +∫ (f) ( ) ( )cosec 2 5x cot 2 5x dx+ +∫
2. eku Kkr dhft, %

(a) ( )4

dx

3 4x−
∫ (b) ( )4

x 1 dx+∫    (c)  ( )10
4 7x dx−∫

(d) ( )3
4x 5 dx−∫ (e)

1
dx

3x 5−∫ (f) 
1

dx
5 9x−∫

(g) ( )2
2x 1 dx+∫ (h)

1
dx

x 1+∫
3. eku Kkr dhft, %

(a) 2x 1e dx+∫ (b)  3 8xe dx−∫ (c) ( )7 4x

1
dx

e +∫

4. eku Kkr dhft, %

(a) 2cos x dx∫ (b) 3 3sin x cos x dx∫
(c) sin 4x cos 3x dx∫ (d) cos 4x cos 2x dx∫

30.5.2  
(((( ))))

(((( ))))
f ' x

f x
 dh rjg ds iQyuksa dk lekdyu

( )
( )

f ' x
dx

f x∫  dk eku Kkr djus ds fy, ge f (x) = t j[k ysrs gSa] rc f ' (x) dx = dt

∴     
( )
( )

f ' x dt
dx

f x t
=∫ ∫
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log t c= +  ( )log f x c= +

,slk iQyu ftldk va'k] gj dk vody gks] mldk lekdy gj dk y?kqxq.kd gksrk gSA

 mnkgj.k 30.10. eku Kkr dhft, %

(i) 2

2x
dx

x 1+∫ (ii) ( )
dx

2 x 3 x+∫

gy %  (i) ;gka va'k 2x  gj (
2x 1+ ) dk vody gS

∴ mijksDr fu;e dk mi;ksx djus ij gesa izkIr gksrk gS %

2
2

2x
dx log x 1 c

x 1
= + +

+∫

(ii) ( )3 x+ dk vody 
1

2 x
 gS

  ( )
dx

log 3 x c
2 x 3 x

= + +
+∫

 mnkgj.k 30.11. eku Kkr dhft, %

(i)

x x

x x

e e
dx

e e

−

−

+

−∫ (ii)

2x

2x

e 1
dx

e 1

−

+∫

gy : (i) x xe e−− dk vody x xe e−+ gS

∴
x x

x x
x x

e e
dx log e e c

e e

−
−

−

+
= − +

−∫

nwljh fof/ % ekuk x xe e t.−− =  rc ( )x xe e dx dt−+ =

∴    

x x

x x

e e dt
dx

te e

−

−

+
=

−∫ ∫  log t c= +  
x xlog e e c−= − +

(ii)

2x

2x

e 1
dx

e 1

−

+∫

;gk¡ 2xe 1− (va'k)] 2xe 1+ (gj) dk vody ugha gS ijUrq ;fn ge va'k vkSj gj nksuksa dks
xe− ls xq.kk dj nsa rks fn;k x;k iQyu cu tkrk gS

x x

x x

e e
dx

e e

−

−

−

+∫

∴
2x x x

2x x x

e 1 e e
dx

e 1 e e

−

−
− −

=
+ +∫ ∫

        
x xlog e e c−= + + (Qva'k x xe e−−  gj x xe e−+  dk vody gS)
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      ns[ksa vkius fdruk lh[kk 30.4

1 eku Kkr dhft, %

(a) 2

x
dx

3x 2−∫ (b) 2

2x 1
dx

x x 1

+

+ +∫  (c) 2

2x 9
dx

x 9x 30

+

+ +∫

(d)  

2

3

x 1
dx

x 3x 3

+

+ +∫ (e) 2

2x 1
dx

x x 5

+

+ −∫ (f) ( )
dx

x 5 x+∫

(g) ( )
dx

x 8 log x+∫

2. eku Kkr dhft, %

(a) 

x

x

e
dx

2 be+∫ (b) x x

dx

e e−−∫

30.5.3 izfrLFkkiu }kjk lekdyu ds dqN vkSj mnkgj.k

mnkgj.k 30.12. eku Kkr dhft, %

(i) tan x dx∫ (ii) sec x dx∫

gy% (i)    
sin x dx

tan x dx
cos x

=∫ ∫  
sin x dx

cos x

−
= −∫

eku yhft,   cos x t.= rc              sin x dx dt− =

∴        
dt

tan x dx
t

= −∫ ∫  log t c= − +  log cos x c= − +

1
log c

cos x
= +  log sec x c= +

blh izdkj cot x dx log | sin x | c= +∫
(ii) sec x dx∫
sec x  dk lekdyu ,sls gh ugha fd;k tk ldrk D;ksafd sec x  Lo;a fdlh iQyu dk vody ugha

gSA tcfd iQyuksa 2sec x  rFkk sec x tan x ds fy, ,slk ugha gSA

vc sec x dx∫  dks ge fy[k ldrs gSa

= 
( )
( )

sec x tan x
sec x dx

sec x tan x

+

+∫  

2(sec x sec x tan x)
dx

sec x tan x

+
=

+∫

eku yhft, sec x tan x t.+ = rc 2(sec x tan x sec x)dx dt+ =

∴
dt

sec x dx
t

=∫ ∫  log t c= + log sec x tan x c= + +
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mnkgj.k 30.13.  eku Kkr dhft, %

2 2

1
dx

a x−∫

gy % eku yhft,   x a sin= θ ⇒ dx a cos d= θ θ

∴   2 2 2 2 2

1 a cos
dx d

a x a a sin

θ
= θ

− − θ∫ ∫

2

1 cos
d

a 1 sin

θ
= θ

− θ∫  
1 1

d
a cos

= θ
θ∫

1
sec d

a
= θ θ∫

1
log sec tan c

a
= θ + θ +  

1 1 sin
log c

a cos

+ θ
= +

θ

2

2

x
1

a1
log c

a x
1

a

+

= +

−
 2 2

a x1
log c

a a x

+
= +

−

1 a x
log c

a a x

+
= +

−
 

1

2
1 a xlog c
a a x

+ = +
 
 −

1 a x
log c

2a a x

+
= +

−

mnkgj.k 30.14.   eku Kkr dhft, % 2 2

1
dx

x a−∫

gy % eku yhft, fd x a sec= θ ⇒  dx a sec tan d= θ θ θ

∴ 2 2 2 2 2

1 a sec tan d
dx

x a a sec a

θ θ θ
=

− θ −∫ ∫

2

1 s ec tan
d

a tan

θ θ
= θ

θ∫ ( )2 2tan sec 1θ = θ −

1 sec
d

a tan

θ
= θ

θ∫  
1 1

d
a sin

= θ
θ∫  

1
cosec d

a
= θ θ∫

1
log cosec cot c

a
= θ − θ +

1 1 cos
log c

a sin

− θ
= +

θ

2

2

a
1

x1
log c

a a
1

x

−

= +

−
 2 2

x a1
log c

a x a

−
= +

−

1 x a
log c

a x a

−
= +

+
 

1 x a
log c

2a x a

−
= +

+
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mnkgj.k 30.15.    eku Kkr dhft, % 2 2

1
dx

a x+∫

gy%  eku yhft, fd   x a tan= θ  ⇒ 2dx a sec d= θ θ

∴ ( )
2

2 2 2 2

1 a sec
dx d

a x a 1 tan

θ
= θ

+ + θ
∫ ∫

1
d

a
= θ∫

1
c

a
= θ +

x
tan

a

 = θ


 ⇒
1 x

tan
a

− = θ 


11 x
tan c

a a

−= +

 mnkgj.k 30.16   eku Kkr dhft, %    2 2

1
dx

a x−
∫

gy % eku yhft, fd x a sin= θ

⇒           dx a cos d= θ θ

∴  2 2 2 2 2

1 a cos
dx d

a x a a sin

θ
= θ

− − θ
∫ ∫

a cos
d

a cos

θ
= θ

θ∫ d= θ∫

c= θ +  
1 x

sin c
a

−= +

mnkgj.k 30.17.    eku Kkr dhft, % 2 2

1
dx

x a−
∫

gy % eku yhft, fd x a sec= θ   ⇒     dx a sec tan d= θ θ θ

∴ 2 2 2

1 a sec tan
d

x a a sec 1

θ θ
= θ

− θ −
∫ ∫

sec d= θ θ∫ log sec tan c= θ + θ +

2 2x 1
log x a c

a a
= + − +

2 2log x x a c= + − +

 mnkgj.k 30.18   eku Kkr dhft, %  
2 2

1
dx

a x+
∫

gy % eku yhft, fd      x a tan= θ

⇒   2dx a sec d= θ θ
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∴
2 2

1
dx

a x
=

+
∫  sec d= θ θ∫ (tSlk fd mnkgj.k 11.17 esa)

log sec tan c= θ + θ +  2 21 x
log a x c

a a
= + + +

  
2 2log a x x c= + + +

 uksV% mnkgj.k la[;k 11-12 ls 11-18 ds ifj.kkeksa dks lw=k ds :i esa ;kn jf[k,

mnkgj.k 30.19. eku Kkr dhft, %   

2

4

x 1
dx

x 1

+

+∫

gy % D;ksafd 2x  iQyu ( )4x 1+  dk vody ugha gS blfy, ge fn, x, lekdy dks fy[k ldrs gSa

2

2
2

1
1

x dx
1

x
x

+

+
∫

ge eku ysrs gSa fd        
1

x t
x

− = .

∴         2

1
1 dx dt

x

 + = 
 

rFkk         
2 2

2

1
x 2 t

x
− + = ⇒

2 2
2

1
x t 2

x
+ = +

∴       
2

2
2

2

1
1

dtx dx
1 t 2x

x

+
=

++
∫ ∫  

( ) ( )22

dt

t 2

=
+

∫

   
11 t

tan c
2 2

−= + 1

1
x

1 xtan c
2 2

−

 − 
= + 

 
 

mnkgj.k 30.20.      eku Kkr dhft, % 
2

4

x 1
dx

x 1

−

+∫

gy %                
2 2

4
2

2

1
1

x 1 xdx dx
1x 1 x

x

−
−

=
+ +

∫ ∫

eku yhft, fd 1
x t

x
+ = .
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rc 2

1
1 dx dt

x

 − = 
 

rFkk 2 2
2

1
x 2 t

x
+ + =

⇒        
2 2

2

1
x t 2

x
+ = −

∴

2

2
2

2

1
1

dtx dx
1 t 2x

x

−
=

−+
∫ ∫  ( ) ( )22

dt

t 2

=
−

∫

1 t 2
log c

2 2 t 2

−
= +

+
 

1
x 2

1 xlog c
12 2 x 2
x

+ −
= +

+ +

mnkgj.k 30.21. eku Kkr dhft, % 
2

4

x
dx

x 1+∫
gy % ge fn, x, lekdy dks gy djus ds fy,] bls mnkgj.k 11.19 rFkk mnkgj.k 11.20 esa fn;s
x;s lekdy ds :i esa ifjofrZr djsaxsA

       

2 2 2

4 4 4

x 1 x 1 x 1
dx dx

2x 1 x 1 x 1

 + −
= + 

+ + + 
∫ ∫

  

2 2

4 4

1 x 1 1 x 1
dx dx

2 2x 1 x 1

+ −
= +

+ +∫ ∫    mnkgj.k 11.19 rFkk 11.20 ls

  
1

1 1
x x 2

1 1 1x xtan log c
12 2 2 2 x 2
x

−

  − + −  
= + +  

  + +
  

mnkgj.k 30.22.     eku Kkr dhft, % 
4

1
dx

x 1+∫

gy % ge fn, x, lekdy dks fuEufyf[kr :i esa fy[k ldrs gSa

( ) ( )2 2

4

x 1 x 11
dx

2 x 1

+ − −

+∫
2 2

4 4

1 x 1 1 x 1
dx dx

2 2x 1 x 1

+ −
= −

+ +∫ ∫ mnkgj.k 11.21 ls

1

1 1
x x 2

1 1 1x xtan log c
12 2 2 2 2 x 2
x

−

  − + −  
= − +  

  + +
  
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mnkgj.k 30.23. eku Kkr dhft, % (a) 2

1
dx

x x 1− +∫ (b)

2

4 2

x 1
dx

x x 1

−

+ +∫

gy % (a)
2

2

1 1
dx dx

1 1x x 1 x x 1
4 4

=
− + − + − +

∫ ∫ 2

1
dx

1 3
x

2 4

=
 − + 
 

∫

22

1
dx

1 3
x

2 2

=
  − +   

   

∫
 

1

1
x

1 2tan c
3 3

2 2

−

 
− 

= + 
 
 
 

(b)
2 2

4 2
2

2

1
1

x 1 xdx dx
1x x 1 x 1

x

−
−

=
+ + + +

∫ ∫

eku yhft, fd
1

x t.
x

+ =   ⇒ 2

1
1 dx dt

x

 − = 
 

rFkk 2 2
2

1
x 2 t

x
+ + =

⇒
2 2

2

1
x 1 t 1

x
+ + = −

∴

2

2
2

2

1
1

dtx dx
1 t 1x 1

x

−
=

−+ +
∫ ∫  

1 t 1
log c

2 t 1

−
= +

+

1
x 1

1 xlog c
12

x 1
x

+ −
= +

+ +

mnkgj.k 30.24. eku Kkr dhft, % tan x dx∫
gy % eku yhft, fd  2tan x t= ⇒ 2sec x dx 2t dt=

⇒      2

2t
dx dt

sec x
=  4

2t
dt

1 t
=

+

∴      4

2t
tan xdx t dt

1 t

 =  
 +∫ ∫  

2

4

2t
dt

1 t
=

+∫
2 2

4 4

t 1 t 1
dt

t 1 t 1

 + −
= + 

+ + 
∫

2 2

4 4

t 1 t 1
dt dt

t 1 t 1

+ −
= +

+ +∫ ∫

blds ckn mnkgj.k 30.19 rFkk 30.20 dh Hkkafr gy dhft,A

mnkgj.k 30.25. eku Kkr dhft, % cot x dx∫

gy % eku yhft, fd     
2cot x t=   ⇒ 2cosec x dx 2t dt− =
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⇒     2

2t
dx dt

cosec x

−
=  4

2t
dt

t 1
= −

+

∴   4

2t
cot x dx t dt

t 1

 = −  
 +∫ ∫  

2

4

2t
dt

t 1
= −

+∫
2 2

4 4

t 1 t 1
dt

t 1 t 1

 + −
= − + 

+ + 
∫

blds ckn mnkgj.k 30.19 rFkk 30.20 dh Hkkafr gy dhft,A

mnkgj.k 30.26.      eku Kkr dhft, %  ( )tan x cot x dx+∫
gy % eku yhft, fd  sin x cos x t− =  ⇒ ( )cos x sin x dx dt+ =

rFkk 21 2 sin x cos x t− = ⇒    21 t 2 sin x cos x− =

⇒   
21 t

sin x cos x
2

−
=

vc\     ( ) sin x cos x
tan x cot x dx

cos x sin x

 
+ = + 

 ∫ ∫

∴          
2

sin x cos x dt
dx

cos x sin x 1 t

2

+
=

−
∫ ∫

 2

dt
2

1 t
=

−
∫

   [ ]12 sin sin x cos x c−= − +

(mnkgj.k 30.16 ds ifj.kke dk mi;ksx djus ij)

mnkgj.k 30.27.    eku Kkr dhft, %

(a) 2

dx

8 3x x+ −
∫ (b) ( )

dx

x 1 2x−∫

gy %  (a)   

( )2 2

dx dx

8 3x x 8 x 3x

=
+ − − −

∫ ∫  

2

dx

9 9
8 x 3x

4 4

=
 − − + + 
 

∫

2 2

dx

41 3
x

2 2

=
   − −  

  

∫
 

1

3
x

2
sin c

41

2

−

  −   = + 
 
  

1 2x 3
sin c

41

− − = + 
 

(b)   ( ) 2

dx dx

x 1 2x x 2x
=

− −
∫ ∫

2

1 dx

2 x
x

2

=

−
∫
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2

1 dx

2 1 x 1
x

16 2 16

=
 − − +  

∫
 

2 2

1 dx

2 1 1
x

4 4

=
   − −   
   

∫

1

1
x

1 4
sin c

12

4

−

  −    = + 
      

( )11
sin 4x 1 c

2

−= − +

    ns[ksa vkius fdruk lh[kk 30.5

1. eku Kkr dhft, %

(a)

2

2

x
dx

x 9−∫ (b)

x

2x

e
dx

e 1+∫ (c) 4

x
dx

1 x+∫

(d) 2

dx

16 9x−
∫ (e) 2

dx

1 3sin x+∫ (f) 2

dx

3 2x x− −
∫

(g) 2

dx

3x 6x 21+ +∫ (h) 2

dx

5 4x x− −
∫ (i) 2

dx

x 3x 12−
∫

(j) 4 4

d

sin cos

θ

θ + θ∫ (k)

x

2x

e dx

1 e+
∫ (l)

1 x
dx

1 x

+

−∫

(m) 2

dx

2ax x−
∫ (n)

2

6

3x
dx

9 16x−
∫ (o)

( )
2

x 1
dx

x 1

+

+
∫

(p)
2

dx

9 4x+
∫ (q)

2

sin
d

4 cos 1

θ
θ

θ −
∫ (r)

2

2

sec x
dx

tan x 4−
∫

(s) ( )2

1
dx

x 2 1+ +
∫ (t) 2

1
dx

16x 25+
∫

30.6 [kaM'k% lekdyu (Integration by Parts)

vodyu esa vkius lh[kk gS fd

( ) ( ) ( )
d d d

fg f g g f
dx dx dx

= +

;k ( ) ( ) ( )
d d d

f g fg g f
dx dx dx

= − (1)

vki ;g Hkh tkurs gSa fd ( )
d

fg dx fg
dx

=∫
(1) dk lekdyu djus ij gesa izkIr gqvk]
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  ( ) ( ) ( )
d d d

f g dx fg dx g f dx
dx dx dx

= −∫ ∫ ∫

 ( )
d

fg g f dx
dx

= − ∫ (2)

;fn ge ysa          ( ) ( ) ( )
d

f u x ; g v x ,
dx

= =

rc (2) cu tkrk gS] ( ) ( )u x v x dx∫

 ( ) ( ) ( )( ) ( )
d

u x v x dx u x v x dx dx
dx

 = ⋅ −   ∫ ∫ ∫

[= × − ∫iFz ke iQyu nwlj s iQyu dk lekdy izFke iQyu dk vodyu

] dx× nlw j s iQyu dk lekdyu

(A) (B)

;gka nks iQyuksa ds xq.ku esa egRoiw.kZ Hkkx gS fd izFke vkSj f}rh; iQyu dk pquko dSls fd;k tk,
D;ksafd buesa ls dksbZ Hkh izFke vFkok f}rh; iQyu fy;k tk ldrk gSA

blds fy, mijksDr ifj.kke dk Hkkx B bldk lwpd gksxkA izFke iQyu ,slk gksuk pkfg, fd vkxs
vodyuksa ds mijkUr ;k rks og vxys in y?kqrj ;k fLFkj in esa ifjofrZr gks tk,A

2 2 xx sin x, x cos x, x e  tSls iQyuksa ds lekdyuksa esa]

(i) chth; iQyu dks izFke iQyu fy;k tkuk pkfg,A

(ii) ;fn dksbZ chth; iQyu ugha gS rks izFke iQyu bl izdkj fy;k tk, fd mlls mijksDr dh
Hkkafr 'B' esa xq.kuiQy dks ljy cuk;k tk ldsA izFke iQyu dk pquko djus ds fy, ojh;rk
ds uhps fn, x, Øe dk mi;ksx fd;k tk ldrk gS %

(i) izfrykse iQyu

(ii) y?kqx.kdh; iQyu

(iii) f=kdks.kferh; iQyu

(iv) pj?kkarkdh iQyu

fuEufyf[kr mnkgj.k izFke iQyu ds pquko dh vo/kj.kk dk vH;kl djk;saxsaA

izFke iQyu nwljk iQyu

1. x cos x dx∫ x (D;ksafd ;g chth; gS) cosx

2. 2 xx e dx∫ 2x  (D;ksafd ;g chth; gS) xe

3. 2x log x dx∫ log x
2x

4.

( )2

log x
dx

1 x+
∫ log x ( )2

1

1 x+

5. 1x sin x dx−∫
1sin x−

x
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6. log x dx∫ log x 1

(tc y?kqx.kdh; ;k izfrykse
f=kdks.kferh; iQyu vdsys gksa
rks '1' dks nwljk iQyu fy;k
tkrk gSA)

7. 1sin x dx− 1sin x− 1

 mnkgj.k 30.28. eku Kkr dhft, %

2x sin x dx∫
gy % chth; iQyu 2x  dks izFke iQyu rFkk 'sin x' dks nwljk iQyu ysus ij gesa izkIr gqvk

      
2x sin x dx

I II
∫ ( )2 2d

x sin x x sin x dx dx
dx

 = −   ∫ ∫ ∫

    ( )2x cos x 2 x cos x dx= − − −∫
    2x cos x 2 x cos x dx= − + ∫ (1)

rFkk x cos x dx x sin x cos x c= + +∫ (2)

(2) dk eku (1) esa j[kus ij gesa izkIr gqvk]

     [ ]2 2x sin x dx x cos x 2 x sin x cos x c= − + + +∫
    2x cos x 2x sin x 2 cos x c= − + + +

 mnkgj.k 30.29.   2x log x dx∫  dk eku Kkr dhft, %

gy % ojh;rk ds Øe ds vuqlkj ge log x dks izFke iQyu ysrs gSaA

∴        
2log x x dx

I II

∫      
3 3x 1 x

log x dx
3 x 3

= − ⋅∫  
3 2x x

log x dx
3 3

= − ∫

3 3x 1 x
log x c

3 3 3

 
= − + 

 

3 3x x
log x c

3 9
= − +

mnkgj.k 30.30.   1sin x dx−∫ dk eku Kkr dhft, %

gy % 1sin x dx−∫ 1sin x 1 dx−= ⋅ ⋅∫
1

2

x
x sin x dx

1 x

−= −
−

∫

eku yhft, fd            21 x t− =

⇒           2x dx dt− =
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⇒   
1

x dx dt
2

−
=

∴
2

x 1 dt
dx

2 t1 x
= −

−
∫ ∫  t C= − + 21 x C= − − +

∴    1 1 2sin x dx x sin x 1 x c− −= + − +∫

      ns[ksa vkius fdruk lh[kk 30.6

eku Kkr dhft, %

1. (a)  x sin x dx∫ (b) ( )21 x cos 2x dx+∫ (c) x sin 2x dx∫

2. (a) 2x tan x dx∫ (b) 2 2x sin x dx∫
3. (a) 3x log 2x dx∫ (b) ( )21 x log x dx− (c) ( )2

log x dx∫

4. (a) n

log x
dx

x
∫ (b)

( )log log x
dx

x∫

5. (a) 2 3xx e dx∫ (b) 4xx e dx∫
6. ( )2

x log x dx∫
7. (a) 1sec x dx−∫ (b) 1x cot x dx−∫

30.7 (((( )))) (((( ))))[[[[ ]]]]xe f x f ' x dx++++∫∫∫∫ ds :i ds lekdy

( ) ( )[ ]xe f x f ' x dx+∫  esa f (x) dk vodyt f '(x) gSA

lekdyu ds ,sls izdkjksa esa [kaM'k% fof/ }kjk lekdyu djus ij ( )[ ]xe f x c+  gy izkIr gksrk

gSA

mnkgj.k ds fy, [ ]xe tan x log sec x dx+∫  ij fopkj dhft,A (1)

eku yhft, fd ( )f x log sec x= ,

rc ( )
sec x tan x

f ' x tan x
sec x

= =

vr% (1) dks iqu% bl izdkj fy[kk tk ldrk gSA

( ) ( )[ ] ( )[ ]x x xe f ' x f x dx e f x C e log sec x C+ = + = +∫
vU;Fkk ge bls fuEufyf[kr izdkj Hkh gy dj ldrs gSa

[ ]x x xe tan x log sec x dx e tan x dx e log sec x dx

I II

+ = +∫ ∫ ∫
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x x xe log sec x e log sec x dx e log sec x dx= − +∫ ∫
xe log sec x c= +

mnkgj.k 30.31.   fuEufyf[kr esa ls izR;sd dk eku Kkr dhft, %

(a) x
2

1 1
e dx

x x

 − 
 ∫ (b) x 1 x log x

e dx
x

+ 
 
 ∫

(c)
( )

x

2

x e
dx

x 1+
∫ (d) x 1 sin x

e dx
1 cos x

+ 
 + ∫

gy %

(a)
x x

2

1 1 1 d 1
e dx e dx

x x dx xx

    − = +        ∫ ∫ x 1
e

x

 =  
 

(b)
x x1 x log x 1

e dx e log x dx
x x

+   = +   
   ∫ ∫ ( )x d

e log x log x dx
dx

 + 
 ∫

( ) ( )( )xe f x f ' x dx= +∫
xe log x C= +

(c)              ( ) ( )

x
x

2 2

x e x 1 1
dx e dx

x 1 x 1

+ −
=

+ +
∫ ∫

( )
x

2

1 1
e dx

x 1 x 1

 
= − 

 + + 
∫

( )
x 1 d 1

e dx
x 1 dx x 1

  
= +  + +  
∫ x 1

e c
x 1

 = + 
+ 

(d)      x x

2

x x
1 2 sin cos

1 sin x 2 2e dx e dx
x1 cos x

2 cos
2

 + +  =   +   
 

∫ ∫

     
x 21 x x

e sec tan dx
2 2 2

 = +  ∫

     
x x d x

e tan tan dx
2 x 2

  = +     ∫  
x x

e tan c
2

= +

mnkgj.k 30.32.    fuEufyf[kr esa ls izR;sd dk eku Kkr dhft, %

(a) 3sec x dx∫ (b) xe sin x dx∫
gy % (a) 3sec x dx∫
eku yhft, fd 2I sec x sec x dx= ⋅∫

               sec x tan x sec x tan x tan x dx= ⋅ − ⋅∫
∴ ( )3I sec x tan x sec x sec x dx= − −∫ ( )2 2tan x sec x 1= −∵

;k 3I sec x tan x sec x dx sec x dx= − +∫ ∫
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;k            2I sec x tan x sec x dx= + ∫
;k 1I sec x tan x log sec x tan x c= + + +

;k [ ]1
I sec x tan x log sec x tan x c

2
= + + +

(b) xe sin x dx∫
eku yhft, fd xI e sin x dx= ∫

   ( ) ( )x xe cos x e cos x dx= − − −∫ x xe cos x e cos x dx= − + ∫
  ( )x x xe cos x e sin x e sin x dx= − + − ∫

∴   x xI e cos x e sin x I= − + −

;k x x2I e cos x e sin x= − +

;k   ( )
xe

I sin x cos x c
2

= − +

mnkgj.k 30.33. eku Kkr dhft, %

2 2a x dx−∫

gy %  eku yhft, fd 2 2 2 2I a x dx a x .1 dx= − = −∫ ∫
1 dks nwljk iQyu ysdj [kaM'k fof/ }kjk lekdyu djus ij

( ) ( )2 2

2 2

1
I a x x 2x x dx

2 a x
= − − − ⋅

−
∫

  

2
2 2

2 2

x
x a x dx

a x
= − +

−
∫

 
( )2 2 2

2 2

2 2

a a x
x a x dx

a x

− −
= − +

−
∫

  
2 2 2 2 2

2 2

1
x a x a dx a x dx

a x
= − + − −

−
∫ ∫

∴
2 2 2 1 x

I x a x a sin I
a

−  = − + − 
 

;k
2 2 2 1 x

2I x a x a sin
a

−  = − +  
 

;k
2 2 2 11 x

I x a x a sin c
2 a

−  = − + +    
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blh izdkj
2 2 2

2 2 2 2x x a a
x a dx log x x a c

2 2

−
− = − + − +∫

∴
2 2 2

2 2 2 2x a x a
a x dx log x a x c

2 2

+
+ = + + + +∫

uksV% mnkgj.k la[;k 30-33 ds ifj.kkeksa dks lw=k ds :i eas ;kn jf[k,A

mnkgj.k 30.34. eku Kkr dhft, %

(a) 216x 25 dx+∫ (b) 216 x dx−∫    (c) 21 x 2x dx+ −∫
gy %

(a)

2
2 2 225 5

16x 25 dx 4 x dx 4 x dx
16 4

 + = + = +  
 ∫ ∫ ∫

( )2 2x a dx+∫  ds lw=k dk mi;ksx djus ij] gesa izkIr gksrk gS %

       
2 2 2x 25 25 25

16x 25 dx x log x x c
2 16 32 16

 
+ = + + + + + 

 
∫

2 2x 25
16x 25 log 4x 16x 25 c

8 8
= + + + + +

(b) ( )2 2a x dx−∫  ds lw=k dk mi;ksx djus ij] gesa izkIr gksrk gS %

   ( )22 216 x dx 4 x dx− = −∫ ∫

    
2 1x 16 x

16 x sin c
2 2 4

−= − + +

(c) 2 21 x
1 x 2x dx 2 x dx

2 2
+ − = + −∫ ∫

 
21 x 1 1

2 x dx
2 2 16 16

  = − − + +    ∫

2 2
3 1

2 x dx
4 4

   = − −   
   ∫

2
1

1 1
x x

9 1 94 42 x sin c
32 16 4 16 2

4

−

 − −  = − − + +  ×  
 
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  ns[ksa vkius fdruk lh[kk 30.7

eku Kkr dhft, %

1. (a) [ ]xe sec x 1 tan x dx+∫ (b) [ ]xe sec x log sec x tan x dx+ +∫

2. (a)
x

2

x 1
e dx

x

−
∫ (b) x 1

2

1
e sin x dx

1 x

− 
− 

 −
∫

3.
( )

( )
x

3

x 1
e dx

x 1

−

+
∫ 4. ( )

x

2

xe
dx

x 1+
∫

5.
x sin x

dx
1 cos x

+

+∫ 6. xe sin 2x dx∫

30.8 vkaf'kd fHkUuksa dk mi;ksx djds lekdyu djuk

vHkh rd vki lekdyu dh fofHkUu fof/;ka lh[k pqds gSaA

ijUrq fiQj Hkh 
2

4x 5

x x 6

+

+ −
 dh rjg dh fLFkfr gks ldrh gS tcfd izfrLFkkiu ;k [kaM'k% fof/

vf/d lgk;d ugha gSA ,slh fLFkfr esa ge ,d nwljh rduhd ftls vkaf'kd fHkUuksa ds mi;ksx ls
lekdyu dh rduhd dgk tkrk gS] dh lgk;rk ysrs gSaA

fdlh Hkh mfpr ifjes; fHkUu 
( )
( )

p x

q x
 dks ,slh ifjes; fHkUuksa ds ;ksx ds :i esa O;Dr fd;k tk

ldrk gS] ftuesa ls izR;sd dk gj q (x) dk ,d ljy xq.ku[kaM gksA bl izdkj dh izR;sd fHkUu dks
vkaf'kd fHkUu dgrs gSa rFkk bl izfØ;k dks fo;kstu ;k nh xbZ fHkUu dks vkaf'kd fHkUuksa eas foHkDr
djuk dgrs gSaA

mnkgj.k ds fy,] ( ) ( ) 2

3 5 8x 7 8x 7

x 2 x 1 x 2 x 1 x x 2

+ +
+ = =

+ − + − + −

;gk¡ 
3

x 2+
 rFkk 

5

x 1−
, 2

8x 7

x x 2

+

+ −
 dh vkaf'kd fHkUu dgykrh gSaA

;fn 
( )
( )

f x

g x
 ,d mfpr fHkUu gS] rFkk g(x) dk okLrfod xq.ku[kaM+ksa esa foHkDr fd;k tk ldrk gS]

rc

(a) izR;sd vukorhZ jSf[kd xq.ku[kaM (ax + b) ds laxr ,d 
A

ax b+
 ds :i okyh vkaf'kd fHkUu

gksrh gSA

(b) ( )2
ax b+  ds fy, nks vkaf'kd fHkUuksa dk ;ksx fy;k tkrk gSA

( )2

A B

ax b ax b
+

+ +
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( )3
ax b+  ds fy, rhu vkaf'kd fHkUu gksrh gSaA

( ) ( )2 3

A B C

ax b ax b ax b
+ +

+ + +  vkfn

(c) fdlh vxq.ku[kaMh; f}?kkr O;atd 2ax bx c+ +  ds fy, ,d vkaf'kd fHkUu 2

Ax B

ax bx c

+

+ +
gksrh gSA

blfy, ;fn fdlh mfpr fHkUu 
( )
( )

f x

g x
 esa g (x) dk okLrfod xq.ku[kaMksa eas foHkDr fd;k tk ldrk

gks] rks 
( )
( )

f x

g x
 dks fuEufyf[kr :i esa fy[kk tk ldrk gS%

gj ds xq.ku[kaM laxr vkaf'kd fHkUu

( ) ( )ax b x d+ +
A B

ax b cx d
+

+ +

( )2
ax b+ ( ) ( )2

A B

ax b ax b
+

+ +

( )3
ax b+ ( ) ( )2 3

A B C

ax b ax b ax b
+ +

+ + +

2ax bx c+ + 2

Ax B

ax bx c

+

+ +

( )22ax bx c+ + ( )2 22

Ax B Cx D

ax bx c ax bx c

+ +
+

+ + + +

tcfd A,B,C rFkk D LosPN vpj gSA

mnkgj.k 30.35.    
2

2x 5
dx

x x 2

+

− −∫  dk eku Kkr dhft, %

gy %           ( ) ( )2

2x 5 2x 5

x 2 x 1x x 2

+ +
=

− +− −

eku yhft, fd   ( ) ( )
2x 5 A B

x 2 x 1 x 2 x 1

+
= +

− + − + (1)

gesa izkIr gksrk gS %
     ( ) ( )2x 5 A x 1 B x 2+ = + + −

x = 2 j[kus ij gesa izkIr gksrk gS % 9 = 3A ;k A = 3

x 1= − j[kus ij gesa izkIr gksrk gS % 3 3B= − ;k B 1= −

bu ekuksa dks (1) esa j[kus ij gesa feyrk gS %
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( ) ( )
2x 5 3 1

x 2 x 1 x 2 x 1

+
= −

− + − +

⇒ 2

2x 5 3 1
dx dx dx

x 2 x 1x x 2

+
= −

− +− −∫ ∫ ∫
   3 log x 2 log x 1 c= − − + +

mnkgj.k 30.36.    

3

2

x x 1
dx

x 1

+ +

−∫ dk eku Kkr dhft, %

gy %   eku yhft, fd     
3

2

x x 1
I dx

x 1

+ +
=

−∫

vc ( ) ( )

3

2 2

x x 1 2x 1 2x 1
x x

x 1 x 1x 1 x 1

+ + + +
= + = +

+ −− −

∴ ( ) ( )
2x 1

I x dx
x 1 x 1

 +
= + + − 
∫ (1)

eku yhft, fd  
( ) ( )

2x 1 A B

x 1 x 1 x 1 x 1

+
= +

+ − + −
(2)

⇒ ( ) ( )2x 1 A x 1 B x 1+ = − + +

x = 1 j[kus ij gesa izkIr gksrk gS %
3

B
2

=

x 1= −  j[kus ij gesa izkIr gksrk gS %
1

A
2

=

A vkSj B ds bu ekuksa dks (2) esa j[kus ij rFkk lekdyu djus ij gesa izkIr gksrk gS %

    ( ) ( )2

2x 1 1 1 3 1
dx dx dx

2 x 1 2 x 1x 1

+
= +

+ −−
∫ ∫ ∫

     
1 3

log x 1 log x 1
2 2

= + + − (3)

(1) vkSj (3) ls gesa izkIr gksrk gS %

2x 1 3
I log x 1 log x 1 C

2 2 2
= + + + − +

mnkgj.k 30.37. eku Kkr dhft, %

( ) ( )2

8
dx

x 2 x 4+ +
∫

gy % eku yhft,  fd
( ) ( ) 22

8 A Bx C

x 2 x 4x 2 x 4

+
= +

+ ++ +
 (∵ 2x 4+ vfo;ksT; gS)

nksuksa i{kksa dks ( )x 2+ ( )2x 4+  ls xq.kk djus ij gesa izkIr gksrk gS %
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( ) ( ) ( )28 A x 4 Bx C x 2= + + + +

x dh ?kkrkadks ds laxr xq.kkdksa dh nksuksa i{kksa esa rqyuk djus ij gesa izkIr gksrk gS %

0 A B

0 2B C A 1, B 1, C 2

8 4A 2C

= + 


= + ⇒ = = − =
= + 

∴
( ) ( ) 22

8 1 x 2
dx dx dx

x 2 x 4x 2 x 4

−
= −

+ −+ +
∫ ∫ ∫

  2 4

1 1 2x dx
dx dx 2

x 2 2 x 4 x 4
= − +

+ + +∫ ∫ ∫

  
2 11 1 x

log x 2 log x 4 2 tan C
2 2 2

−= + − + + ⋅ +

  
2 11 x

log x 2 log x 4 tan C
2 2

−= + − + + +

mnkgj.k 30.38. eku Kkr dhft, %

2

2 sin 2 cos
d

4 cos 4 sin

θ − θ
θ

− θ − θ∫

gy % eku yhft, fd 2

2 sin 2 cos
I d

4 cos 4 sin

θ − θ
= θ

− θ − θ∫

   
( )

2

4 sin 1 cos d

3 sin 4 sin

θ − θ θ
=

+ θ − θ∫

eku yhft, fd sin t,θ = rc cos d dtθ θ =

∴
2

4t 1
I dt

3 t 4t

−
=

+ −∫

eku yhft, fd 2

4t 1 A B

t 3 t 13 t 4t

−
= +

− −− −

rc ( ) ( )4t 1 A t 1 B t 3− = − + −

 t 1=  j[kus ij 
3

B
2

= −

 t 3=  j[kus ij 
11

A
2

=

∴   
11 1 3 dt

I dt
2 t 3 2 t 1

 = − 
− − ∫ ∫  

11 3
log t 3 log t 1 c

2 2
= − − − +

    
11 3

log sin 3 log sin 1 c
2 2

= θ − − θ − +
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  ns[ksa vkius fdruk lh[kk 30.8

fuEufyf[kr ds eku Kkr dhft, %

1. (a) 24x 5 dx−∫ (b) 2x 3x dx+∫ (c) 23 2x 2x dx− −

2. (a)
( ) ( )

x 1
dx

x 2 x 3

+

− −∫ (b)  
2

x
dx

x 16−∫

3. (a)
3

2

x
dx

x 4−∫ (b)
( ) ( )

2

2

2x x 1
dx

x 1 x 2

+ +

− +
∫

4. ( )

2

3

x x 1
dx

x 1

+ +

−
∫

5. (a)
sin x

dx
sin 4x∫ (b)

( )
1 cos x

dx
cos x 1 cos x

−

+∫

• lekdyu] vodyu dh izfrykse fØ;k gS
• vfuf'pr lekdyksa ds dqN ekud :i %

(a) 
nx dx∫

n 1x
c

n 1

+
= +
+

( )n 1≠−

(b) 
1

dx
x∫ log | x | c= +

(c) sin x dx∫ cos x c=− +

(d) cos x dx∫ sin x c= +

(e)  
2sec x dx∫ tan x c= +

(f) 
2cosec x dx∫ cot x c= − +

(g) sec x tan x dx∫ sec x c= +

(h) cos ec x cot x dx∫ cos ecx c= − +

(i) 
2

1
dx

1 x−
∫ 1sin x c−= +

(j) 
2

1
dx

1 x+
∫ 1tan x c−= +

(k) 
2

1
dx

x x 1−
∫ 1sec x c−= +

C

A1

% + vkb;s nksgjk,¡
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(l) xe dx∫ xe c= +

(m) 
xa dx∫ ( )

xa
c a 0and a 1

log a
= + > ≠

• vfuf'pr lekdyksa ds xq.k/eZ %

(a) ( ) ( )f x g x dx±  ∫ ( ) ( )f x dx g x dx= ±∫ ∫
(b) ( )kf x dx∫ ( )k f x dx= ∫

• (i) ( )n
ax b dx+∫

( ) ( )
n 1

ax b1
c, n 1

a n 1

++
= + ≠ −

+

(ii) 
1

dx
ax b+∫

1
log ax b c

a
= + +

(iii) ( )sin ax b dx+∫ ( )1
cos ax b c

a

−
= + +

(iv) ( )cos ax b dx+∫ ( )1
sin ax b c

a
= + +

(v) ( )2sec ax b dx+∫ ( )1
tan ax b c

a
= + +

(vi) ( )2cosec ax b dx+∫ ( )1
cot ax b c

a
= − + +

(vii) ( ) ( )sec ax b tan ax b dx+ +∫ ( )1
sec ax b c

a
= + +

(viii) ( ) ( )cosec ax b cot ax b dx+ +∫ ( )1
cosec ax b c

a
= − + +

(ix)   
ax be dx+

∫
ax b1

e c
a

+= +

 (x)    
( )
( )

f ' x
dx

f x∫ ( )log f x c= +

• (i) tan x dx∫ log cos x c= − +  log sec x c= +

(ii) cot x dx∫ log sin x c= +

(iii) sec x dx∫ log sec x tan x c= + +

(iv) cosec x dx∫  log cosec x cot x c= − +

• (i)  2 2

1 1 a x
dx log c

2a a xa x

+
= +

−−
∫ (ii)  2 2

1 1 x a
dx log c

2a x ax a

−
= +

+−
∫

(iii)  
1

2 2

1 1 x
dx tan c

a ax a

−= +
+

∫ (iv)  
1

2 2

1 x
dx sin c

aa x

−= +
−

∫
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(v)  
2 2

2 2

1
dx log x x a c

x a

= + − +
−

∫

(vi)  
2 2

2 2

dx
log x x a c

x a

= + + +
+

∫

• nks iQyuksa ds xq.kuiQy dk lekdy

= I iQyu × II iQyu dk lekdy −

[ ]I II dx×∫  iQyu dk vodyu   iQyu dk lekdy

• ( ) ( ) ( )x xe f x f ' x dx e f x c+ = +  ∫

•
2 2 2 2 2 11 x

a x dx x a x a sin c
2 a

−  − = − + +  
  

∫

2 2 2
2 2 2 2x x a a

x a dx log x x a c
2 2

−
− = − + − +∫

2 2 2
2 2 2 2x a x a

a x dx log x a x c
2 2

+
+ = + + + +∫

• ifjes; fHkUu fuEufyf[kr nks izdkj dh gksrh gS%

(i) mfpr fHkUu tcfd va'k esa pjkad dh ?kkrφ  gj esa pjkad dh ?kkr ls de gksrh gSA

(ii) vuqfpr fHkUu tcfd va'k esa pjkad dh ?kkr ≥ gj esa pjkad dh ?kkr ds cjkcj ;k
mlls vf/d gksrh gSA

• ,d mfpr fHkUu 
( )
( )

f x

g x
 esa ;fn g(x) dks okLrfod xq.ku[kaMksa esa foHkDr fd;k tk ldrk

gks] rks 
( )
( )

f x

g x
dks fuEufyf[kr :i ls fy[kk tk ldrk gS%

gj ds xq.ku[kaM laxr vkaf'kd fHkUu

( )( )ax b cx d+ +
A B

ax b cx d
+

+ +

( )2
ax b+ ( )2

A B

ax b ax b
+

+ +

( )3
ax b+ ( ) ( )2 3

A B C

ax b ax b ax b
+ +

+ + +

2ax bx c+ + 2

Ax B

ax bx c

+

+ +

( )2
2ax bx c+ + ( )2 2

2

Ax B Cx D

ax bx c ax bx c

+ +
+

+ + + +

tcfd A, B, C, D LosPN vpj gSaA
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• http://www.bbc.co.uk/education/asguru/maths/12methods/04integration/

index.shtml

• http://en.wiktionary.org/wiki/integration

• http://www.sosmath.com/calculus/integration/byparts/byparts....

fuEufyf[kr iQyuksa ds x ds lkis{k lekdyu dhft, %

1.

3 3

2 2

sin x cos x

sin x cos x

+
2. 1 sin 2x+

3. 2 2

cos 2x

cos x sin x
4. ( )2

tan x cot x−

5. 2 2

4 1

1 x 1 x

−
+ −

6.
22sin x

1 cos 2x+

7.
22cos x

1 cos 2x−
8.

2
x x

sin cos
2 2

 + 
 

9.

2
x x

cos sin
2 2

 − 
 

10. ( )cos 7x − π

11. ( )sin 3x 4+ 12. ( )2sec 2x b+

13. dx

sin x cos x−∫ 14.

( )2 1

1
dx

1 x tan x−+
∫

15.
cos ecx

dx
x

log tan
2

 
 
 

∫ 16.
cot x

dx
3 4log sin x+∫

17.
dx

sin 2x log tan x∫ 18.

x

x

e 1
dx

e 1

+

−
∫

19.  
4sec x tan x dx∫ 20.

x xe sin e dx∫

21.
2

x dx

2x 3+
∫ 22.

2sec x
dx

tan x
∫

23. 225 9x dx−∫ 24. 22ax x dx−∫

lgk;d osclkbV

vkb, vH;kl djsa
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25. 23x 4 dx+∫ 26. 21 9x dx+∫

27.

2

2 2

x dx

x a−
∫ 28. 2 2

dx

sin x 4cos x+
∫

29.
dx

2 cos x+∫ 30. 2

dx

x 6x 13− +
∫

31. 2

dx

1 3sin x+
∫ 32.

2

2 2

x
dx

x a−
∫

33. 4

dx

x 9 x+
∫ 34.  

sin x
dx

sin 3x∫

35. 2

dx

1 4cos x−
∫ 36.  ( )2sec ax b dx+∫

37. ( )
dx

x 2 log x+∫ 38.

5

6

x
dx

1 x+
∫

39.
cos x sin x

dx
sin x cos x

−

+∫ 40.
cot x

dx
logsin x∫

41.
2sec x

dx
a b tan x+∫ 42.

sin x
dx

1 cos x+∫

43. 2cos x dx∫ 44. 3sin x dx∫

45. sin 5x sin 3x dx∫ 46. 2 3sin x cos x dx∫

47. 4sin x dx∫ 48.
1

dx
1 sin x+∫

49. 3tan x dx∫ 50.
cos x sin x

dx
1 sin 2x

−

+∫

51.
2cosec x

dx
1 cot x+∫ 52. 2

1 x cos 2x
dx

x sin 2x 2x

+ +

+ +∫

53.
sec cosec d

log tan

θ θ θ

θ∫ 54.
cot d

log sin

θ θ

θ∫

55. 2

dx

1 4x+∫ 56.
1 tan

d
1 tan

− θ
θ

+ θ∫

57.

1

x
2

1
e dx

x

−

∫ 58. 2 2 2 2

sin x cos x dx

a sin x b cos x+∫
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mÙkjekyk

59.
dx

sin x cos x+∫ 60.
x 1

2

1
e cos x dx

1 x

− 
− 

 −
∫

61.
x

2

sin x cos x
e dx

cos x

+ 
 
 ∫ 62. 1 1 cos x

tan dx
1 cos x

− −

+∫

63.
1 1 x

cos 2 cot dx
1 x

−  −
  

+  
∫ 64.

( )

1

3
2 2

sin x
dx

1 x

−

−
∫

65. x log x dx∫ 66. ( ) ( )x xe 1 x log xe dx+∫

67. ( )2

log x
dx

1 x+
∫ 68. x 2e sin x dx∫

69. ( )cos log x dx∫ 70. ( )log x 1 dx+∫

71.
( ) ( )

2

2

x 1
dx

x 1 x 3

+

− +
∫ 72. 2

sin cos
d

cos cos 2

θ θ
θ

θ − θ −∫

73.
( )5

dx

x x 1+
∫ 74.

( ) ( )
2

2 2

x 1
dx

x 2 2x 1

+

+ +
∫

75.
( ) ( )

log x
dx

x 1 log x 2 log x+ +∫ 76. x

dx

1 e−∫

ns[ksa vkius fdruk lh[kk 30.1

1.

7 7 7 7 7

2 2 2 2 2
2 2 2 2 2

x 1, x 2, x 3, x 4, x 5
7 7 7 7 7

+ + + + +

2. (a)
6x

c
6

+ (b) sin x c+ (c) 0

3. (a)
7x

c
7

+ (b) 6

1
c

6x
+ (c) log x c+

(d)

x
3

5
c

3
log

5

 
 
  +
 
 
 

(e)

4

3
3

x c
4

+ (f) 8

1
c

8x

−
+

(g) 2 x c+ (h)
1

99x c+



332

lekdyu

xf.kr

ekWM~;wy - VIII

dyu

fVIi.kh

4. (a) cosec + c− θ (b) sec cθ +

(c) tan cθ + (d) cot c− θ +

ns[ksa vkius fdruk lh[kk 30.2

1. (a)
2x 1

x c
2 2

+ +    (b) 1x tan x c−− + +

(c)

3

10 2
2

x x 2 x c
3

− + +   (d) 5 4 3

1 3 2 7
8x c

xx 4x 3x
− − + + − +

(e)
3

1x
x tan x c

3

−− − +       (f)
2x

4x 4 log x c
2

+ + +

2. (a)
1

tan x c
2

+ (b) tan x x c− +

(c) 2 cosec x c− + (d)
1

cot x c
2

− +

(e) sec x c− + (f) cot x cosec x + c− +

3. (a) 2 sin x c+ (b) 2 cos x c− +

(c)
1

cot x c
2

− +

4. (a) ( )
3

2
2

x 2 c
3

+ +

ns[ksa vkius fdruk lh[kk 30.3

1. (a) ( )
1

cos 4 5x c
5

− + (b) ( )
1

tan 2 3x c
3

+ +

(c) log sec x tan x c
4 4

π π   + + + +     

(d) ( )
1

sin 4x 5 c
4

+ +

(e) ( )
1

sec 3x 5 c
3

+ + (f) ( )
1

cosec 3 5x c
5

− + +

2. (a) ( )3

1
c

12 3 4x
+

− (b) ( )51
x 1 c

5
+ +

(c) ( )111
4 7x c

77
− − + (d) ( )41

4x 5 c
16

− +

(e)
1

log 3x 5 c
3

− + (f)
2

5 9x c
9

− − +
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(g) ( )31
2x 1 c

6
+ + (h) log x 1 c+ +

3. (a)
2x 11

e c
2

+ + (b)
3 8x1

e c
8

−− +

(c) ( )7 4x

1
c

4e +
− +

4. (a)
1 sin 2x

x c
2 2

 + + 
 

 (b)
1 3 1

cos 2x cos 6x c
32 2 6

 − + + 
 

(c)
1 cos 7x

cos x c
2 7

 − − +  
(d)

1 sin 6x sin 2x
c

2 6 2

 + +  

ns[ksa vkius fdruk lh[kk 30.4

1. (a)
21

log 3x 2 c
6

− + (b)
2log x x 1 c+ + +

(c)
2log x 9x 30 c+ + + (d)

31
log x 3x 3 c

3
+ + +

(e)
2log x x 5 c+ − + (f) 2 log 5 x c+ +

(g) log 8 log x c+ +

2. (a)
x1

log a be c
b

+ + (b) ( )1 xtan e c− +

ns[ksa vkius fdruk lh[kk 30.5

1. (a)
3 x 3

x log c
2 x 3

−
+ +

+
(b) ( )1 xtan e c− +

(c) ( )1 21
tan x c

2

− + (d)
11 3x

sin c
3 4

−   + 
 

(e) ( )11
tan 2 tan x c

2

− + (f)
1 x 1

sin c
2

− +  + 
 

(g)
11 x 1

tan c
3 6 6

− +  + 
 

(h)
1 x 2

sin c
3

− +  + 
 

(i)
11 x

sec c
22 3

− + (j)

2
11 tan 1

tan c
2 2 tan

−  θ −
+ 

θ 

(k)
x 2xlog e 1 e c+ + + (l) 1 2sin x 1 x c− − − +

(m)
1 x a

sin c
a

− −  + 
 

(n)
1 31 4

sin x c
4 3

−   + 
 
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(o)
2 2x 1 log x x 1 c+ + + + + (p) 

21 2x 9 4x
log c

2 2

+ +
+

(q)
21

log 2 cos 4 cos 1 c
2

− θ + θ − +

(r)
2log tan x tan x 4 c+ − +

(s)
1 x 2

tan c
1

− + + 
 

(t)

2
21 5

log x x c
4 4

 + + + 
 

ns[ksa vkius fdruk lh[kk 30.6

1. (a) x cos x sin x c− + +

(b) ( )21 x cos 2x sin 2x
1 x sin 2x c

2 2 4
+ + − +

(c)
x cos 2x 1 sin 2x

c
2 2 2

−
+ +

2. (a) x tan x log sec x x c− − +

(b)
3 21 1 1 1

x x sin 2x x cos 2x sin 2x c
6 4 4 8

− − + +

3. (a)
4 4x log 2x x

c
4 16

− + (b)

3 3x x
x log x x c

3 9

 
− − + +  

 

(c) ( )2
x log x 2x log x 2x c− + +

4. (a)
( )

1 n 1 n

2

x x
log x c

1 n 1 n

− −
− +

− −
(b) ( )log x. log log x 1 c− +  

5. (a)

2
3x x 2x 2

e c
3 9 27

 
− + + 

  
(b)

4x 4xe e
x c

4 16
− +

6. ( )
2

2x 1
log x log x c

2 2

 − + +  

7. (a)
1 2x sec x log x x 1 c− − + − +

 (b)
2

1 1x x 1
cot x cot x c

2 2 2

− −+ + +
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ns[ksa vkius fdruk lh[kk 30.7

1. (a) xe sec x c+ (b)  xe log sec x tan x c+ +

2. (a)
x1

e c
x

+ (b) x 1e sin x c− +

3. ( )

x

2

e
c

1 x
+

+
4.

xe
c

1 x
+

+

5.
x

x tan c
2

+ 6. ( )x1
e sin 2x 2cos 2x c

5
− +

ns[ksa vkius fdruk lh[kk 30.8

1. (a)
2 25 5 5

x x log x x c
4 4 4

− − + − +

(b)
( ) 2 22x 3 9 3

x 3x log x x 3x c
4 8 2

+  + − + + + + 
 

(c) ( ) 2 11 7 2x 1
2x 1 3 2x 2x sin c

4 4 2 7

− + 
+ − − + + 

 

2. (a) 4log | x 3 | 3log | x 2 | c− − − +

(b)
1

log | x 4 | log | x 4 | c
2

− + + +

3. (a) [ ]
2x

2 log | x 2 | log | x 2 | c
2

− − + + +

(b) ( )
( )

11 7 4
log | x 1| log x 2 c

9 9 3 x 1
− + + − +

−

4. ( ) ( )2

3 3
log | x 1| c

x 1 2 x 1
− − − +

− −

5. (a)
1 1

log 1 sin x 1 sin x
8 8

− − +

1 1
log 1 2sinx log 1 2 sin x c

4 2 4 2
− − + + +

(b)
x

log sec x tan x 2 tan c
2

+ − +

vkb, vH;kl djsa
1. sec x cosec x c− + 2. sin x cos x c− +
3. cot x tan x c− − + 4. tan x cot x 4x c− − +
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5. 1 14 tan x sin x c− −− + 6. tan x x c− +

7. cot x x c− − + 8. x cos x c− +

9. x cos x c+ + 10.
( )sin 7x

c
7

− π
+

11.
( )cos 3x 4

c
3

− +
+ 12.

( )tan 2x b
c

2

+
+

13.
1

log cos ec x cot x c
4 42

π π   − − − +   
   

14.
1log tan x c− + 15.

x
log log tan c

2
+

16.
1

log 3 4log sin x c
4

+ + 17.
1

log log tan x c
2

+

18.
x x

2 22 log e e c

−

− + 19.
41

sec x c
4

+

20. xcos e c− + 21.
22x 3

c
2

+
+

22. 2 tan x c+

23. ( )2 11 25 3
x 25 9x sin x c

6 6 5

−  − + + 
 

24. ( ) 2 2 11 1 x a
x a 2ax x a sin c

2 2 a

− − − − + + 
 

25.

2 2x 3x 4 2 3x x 4
log c

2 23

+ + +
+ +

26.
2

2x 9x 1 1
log 3x 1 9x c

2 6

+
+ + + +

27.
2 2 2 2 21 1

x x a a log x x a c
2 2

 − + + − +  

28.
11 tan x

tan c
2 2

−  + 
 

29.

1

x
tan

2 2
tan c

3 3

−

  
  
   +

 
  

30.
11 x 3

tan c
2 2

− − + 
 

31. ( )11
tan 2 tan x c

2

− +
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32.
a x a

x log C
2 x a

−
+ +

+
33.

4

4

1 9 x 3
log c

12 9 x 3

+ −
+

+ +

34.
1 3 tan x

log c
2 3 3 tan x

+
+

− 35.
1 tan x 2

log c
2 2 tan x 2

−
+

+

36. ( )1
tan ax b c

a
+ + 37. ( )log 2 log x c+ +

38. ( )61
log 1 x c

6
+ + 39. log sin x cos x c+ +

40. ( )log log sin x C+ 41.
1

log a b tan x c
b

+ +

42. log 1 cos x c− + + 43.
1 sin 2x 1

x c
2 2 2

+ +

44.
3cos x

cos x c
3

− + + 45.
1 sin 2x 1 sin 8x

c
2 2 2 8

− +

46.
5

31 sin x
sin x c

3 5
− + 47. [ ]1

12x 8sin 2x sin 4x c
32

− + +

48. tan x sec x c− + 49.
2tan x

log cos x c
2

+ +

50.
1

c
cos x sin x

−
+

+
51.

1
log c

1 cot x
+

+

52.
21

log x sin 2x 2x c
2

+ + + 53. log tan cθ +

54.  log logsin cθ + 55.
11

tan 2x
2

−

56. log cos sin cθ + θ + 57.
1

xe c
−

+

58. ( )
2 2 2 2

2 2

1
log a sin x b cos x c

2 a b
+ +

−

59.
1

log sec x tan x c
4 42

π π   − + − +   
   

60. x 1e cos x c− + 61. xe sec x c+

62.
21

x c
4

+ 63.
21

x c
2

− +
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64.

1
2

2

x sin x 1
log 1 x c

21 x

−
+ − +

−
65.

3

2
2 2

x log x c
3 3

 − + 
 

66. ( )x xxe log xe 1 c − +   67.
1

log x log x log x 1 c
1 x

− + − + +
+

68. ( )
x

x1 e
e 2sin 2x cos 2x c

2 10
− + + 69. ( ) ( )x

cos log x sin log x c
2

+ +  

 70. x log x 1 x log x 1 c+ − + + +

71. ( )
3 1 5

log x 1 log x 3 c
8 2 x 1 8

− − + + +
−

72.
2 1

log cos 2 log cos 1 c
3 3

− θ − − θ + +     73.    

5

5

1 x
log c

5 x 1
+

+

74. ( )1 11 x
tan tan 2x c

3 2 2

− −  
+ +  

  
    75.

( )2
2 log x

log c
1 log x

+
+

+

76.

x

x

e
log c

1 e
+

−
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