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31

fuf'pr lekdyu

geus fiNys ikB esa izfrvodyt vFkkZr~ iQyu ds lekdyu dh ppkZ dh gSA

okLro esa] lekdyu 'kCn dk vFkZ gS% ifj.kkeksa ds  dqN izdkj ds ladyu (;ksx) vFkok la;kstuA
vc iz'u mBrk gS fd ge xf.kr  dh bl 'kk[kk dks D;ksa i<+rs gSa\ okLro esa] lekdyu og gS
ftldh lgk;rk ls oØksa }kjk ifjc¼ {ks=kiQyksa dks Kkr fd;k tkrk gS] tc bldh fuf'pr lhek,¡
Kkr gSA vkxs ge ns[ksaxs fd bl 'kk[kk dk vuqiz;ksx] lkaf[;dh] HkkSfrdh] tho foKku] okf.kT; rFkk
vU; fo"k;ksa ds fofHkUu iz'uksa esa Hkh fd;k tkrk gSA

bl ikB esa] ge fuf'pr lekdy dh T;kferh; ifjHkk"kk nsaxs rFkk bldh O;k[;k djasxs] mi;qDr xq.kksaa
ds iz;ksx }kjk fuf'pr lekdyksa dk eku Kkr djsaxs rFkk ,d ifjc¼ {ks=k dk {ks=kiQy Kkr djus esa
fuf'pr lekdyksa dk iz;ksx djsaxsA

   mís';
bl ikB ds vè;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs %

� ;ksx dh lhek ds :i esa fuf'pr lekdy dks ifjHkkf"kr djuk rFkk bldh T;kferh; O;k[;k
djuk

� mQij nh xbZ ifjHkk"kk dks iz;ksx djrs gq,] fn, x, fuf'pr lekdy dk eku Kkr djuk

� lekdy xf.kr dh ewyHkwr izes; dk dFku nsuk

� fuf'pr lekdyksa dk eku Kkr djus ds fy,] fuEufyf[kr xq.kksa ds dFku nsuk rFkk mudk
iz;ksx djuk%

(i)
( ) ( )

b a

a b

f x dx f x dx= −∫ ∫ (ii)
( ) ( ) ( )

c b c

a a b

f x dx f x dx f x dx= +∫ ∫ ∫

(iii)
( ) ( ) ( )

2a a a

0 0 0

f x dx f x dx f 2a x dx= + −∫ ∫ ∫

(iv)
( ) ( )

b b

a a

f x dx f a b x dx= + −∫ ∫
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(v)
( ) ( )

a a

0 0

f x dx f a x dx= −∫ ∫

(vi) ( ) ( )
2a a

0 0

f x dx 2 f x dx=∫ ∫  ;fn ( ) ( )f 2a x f x− =

            0=  ;fn ( ) ( )f 2a x f x− = −

(vii) ( ) ( )
a a

a 0

f x dx 2 f x dx

−

=∫ ∫ , ;fn 'f', x dk ,d le iQyu gS

= 0, ;fn f, x dk ,d fo"ke iQyu gS

� ifjc¼ {ks=k dk {ks=kiQy Kkr djus esa] fuf'pr lekdyksa dk iz;ksx djukA

iwoZ Kku

� lekdyu dk Kku

� ifjc¼ {ks=k dk {ks=kiQy

31.1 ;ksx dh lhek ds :i esa fuf'pr lekdy

bl vuqPNsn esa] ge ,sls {ks=k dk {ks=kiQy fudkyus dh ppkZ djsaxs] ftldh lhek dh tkudkjh gesa
ugha gS (fp=k 31.1 nsf[k,)

          

fp=k 31.1 fp=k 31.2

vkb,] ge vius è;ku dks ,sls {ks=kksa ds {ks=kiQy Kkr djus rd gh lhfer djsa] tgka lhek] ftldh
tkudkjh gesa ugha gS] x-v{k ds dsoy ,d i{k esa (tSlk fp=k 31.2 esa) gSA ;g blfy, gS] D;ksafd
ge vk'kk djrs gSa fd ;g laHko gS fd fdlh {ks=k dks mlh dh rjg ds NksVs&NksVs mi{ks=kksa esa ck¡V
dj buds {ks=kiQy Kkr djds] vUr esa bUgsa tksM+k tk,] rks iwjk {ks=kiQy Kkr gks tk,xk (fp=k 31.1

nsf[k,)A vc] ekuk cUn varjky [a, b] esa] ,d lrr iQyu f (x)  ifjHkkf"kr gSA

vHkh ;g eku dj pysa fd f (x) }kjk fy, x, lHkh eku ½.ksrj gSa] ftlls fd iQyu dk vkys[k
x-v{k ds mQij dh oØ gS (fp=k 31.3 nsf[k,)A
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Y

O a b
X

fp=k 31.3

bl oØ] x-v{k rFkk dksfV;ksa x = a vkSj x = b ds chp ds {ks=k] ij vFkkZr~ (fp=k 31.3 esa) Nk;kafdr
{ks=kA vc iz'u gS Nk;kafdr {ks=k dk {ks=kiQy Kkr fd;k tk,A

bl iz'u dks gy djus ds fy,] ge rhu fof'k"V fLFkfr;ksa] vk;rkdkj {ks=k] f=kHkqtkdkj {ks=k rFkk
leyach; {ks=k ij fopkj djrs gSaA

bu {ks=kksa dk {ks=kiQy = vk/kj × vkSlr mQ¡pkbZ

O;kid :i esa] varjky [a, b] ij fdlh iQyu f (x) ds fy,]

ifjc¼ {ks=k (fp=k 31.3 esa Nk;kafdr {ks=k) dk {ks=kiQy = vk/kj × vkSlr Å¡pkbZ

izk¡r vUrjky [a, b] dh yEckbZ vk/kj gS] fdlh fcUnq x ij f (x) dk eku ml fcUnq dh mQ¡pkbZ gSA
vr% vUrjky [a,b]  esa f  }kjk fy, x, ekuksa dk vkSlr gh vkSlr mQ¡pkbZ gksrh gS(bls Kkr djuk
bruk vklku ugha gS] D;ksafd mQ¡pkbZ ,dleku :i ls ugha cnyrh) gekjh leL;k gS fd varjky
[a,b]  esa f dk vkSlr eku dSls Kkr djsaA

;fn varjky [a,b]  esa f ds ekuksa dh la[;k ifjfer gks] rks ge vklkuh ls vkSlr eku fuEu lw=k }kjk
Kkr dj ysrs gSa %

varjky [a,b] esa f dk vkSlr eku 
[ ]a, b f

=
esa ds ekuksa dk ;kxs
ekuksa dh l[a ;k

ijUrq gekjs iz'u esa] vUrjky [a, b] esa f  }kjk fy, x, ekuksa dh la[;k vifjfer gSA ,slh fLFkfr esaa
vkSlr dSls Kkr fd;k tk,\ mijksDr lw=k gekjh lgk;rk ugha djrkA vr%] gesa f  ds vkSlr eku
dk vkdyu djus ds fy,] fuEu fof/ dk vkJ; ysuk iM+rk gS %

izFke vkdyu% dsoy a ij f  dk eku yhft,A a ij f dk eku f (a) gSA ge bl eku] vFkkZr~ f (a),

dks vUrjky [a,b] esa f  dk ,d jiQ (rough) vkSlr eku vkadrs gSaA

varjky [a, b]  esa f dk vkSlr eku (izFke vkdyu) = f (a) (i)

f}rh; vkdyu % [a, b]  dks nks cjkcj Hkkxksa] vFkkZr~ mivarjkyksa esa ck¡fV,A ;fn izR;sd mivarjky

dh yEckbZ h gS] rks h
b a

2
=

−
 gSA mivarjkyksa ds ck;sa fljksa ds fcUnqvksa ij f ds ekuksa dks yhft,A

;s eku f (a) rFkk f (a + h) gSa (fp=k 31.4)A
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Y

f(a) f(a + h)

(a + h) bO
X

fp=k 31.4

[a, b] esa f dk vkSlr bu nksuksa ekuksa dk vkSlr yhft,A

[a, b] esa f dk vkSlr eku (f}rh; vkdyu)

( ) ( )f a f a h b a
, h

2 2

+ + −
= = (ii)

vk'kk dh tkrh gS fd ;g vkdyu] izFke vkdyu ls vPNk gSA blh izdkj vkxs c<+rs gq,] varjky

[a,b] dks h yEckbZ ds n mivarjkyksa esa ck¡fV, (fp=k 31.5), 
b a

h
n

−
= A

y

f 
(a

)

f 
(a

 +
 h

)

f 
(a

 +
 2

h
)

f 
(a

 +
 (

n
 –

 1
)h

)

a a + h a + 2h a + (n – 1)h b
x

O

fp=k 31.5

n mivarjkyksa ds ck,a fljs ds fcUnqvksa ij f ds eku yhft,A ;s eku ( )f a ] f (a + h),......,

f [a + (n−1) h] gSaA [ ]a, b  esa f ds bu n ekuksa dk vkSlr yhft,A

[a, b] esa f dk vkSlr eku (n oka vkdyu)

( ) ( ) ( )[ ]f a f a h .......... f a n 1 h
,

n

+ + + + + −
=     

b a
h

n

−
= (iii)

n ds cM+s ekuksa ds fy, vk'kk dh tkrh gS fd (iii) vf/d vPNk vkdyu gS] tks ge [a, b] esa f

ds vkSlr eku ds fy, <wa<+rs gSaA

bl izdkj] [a, b] esa f ds vkSlr eku ds fy,] vkdyuksa dk ge fuEu vuqØe ikrs gSa %
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f (a)

( ) ( )[ ]1
f a f a h ,

2
+ +

b a
h

2

−
=

( ) ( ) ( )[ ]1
f a f a h f a 2h ,

3
+ + + +

b a
h

3

−
=

.........

.........

( ) ( ) ( )[ ]{ }1
f a f a h ........ f a n 1 h ,

n
+ + + + + −

b a
h

n

−
=

tSls&tSls ge bl vuqØe ds vuqfn'k vkxs c<+rs gSa] oSls&oSls ge vius ifj.kke vFkkZr~ [a, b] esa f

}kjk fy;s x;s vkSlr eku ds fudV vkSj vf/d fudV igqaprs tk jgs gSa] A vr% ;g rdZlaxr gS
fd bu vkdyuksa dh lhek dks [a, b] esa f dk vkSlr eku le>k tk,A nwljs 'kCnksa esa]

[a, b] esa] f dk vkSlr eku

( ) ( ) ( ) ( )[ ]{ }
n

1
lim f a f a h f a 2h ...... f a n 1 h ,

n→∞
= + + + + + + + −

tcfd
b a

h
n

−
= (iv)

( ) ( ) ( )[ ]{ }
h 0
lim h f a f a h .... f a n 1 h ,
→

= + + + + + −

;g fl¼ fd;k tk ldrk gS fd cUn varjky [a, b] ij lHkh lrr iQyuksa ds fy, bl lhek dk
vfLrRo gksrk gSA

vc gekjs ikl fp=k 31.3 esa Nk;kafdr Hkkx dk {ks=kiQy Kkr djus dk lw=k gSA vk/kj (b–a) gS vkSj
vkSlr mQ¡pkbZ (iv) ls izkIr gSA oØ f (x), x- v{k] dksfV;ksa x = a rFkk x = b }kjk ifjc¼ {ks=kiQy

( ) ( ) ( ) ( ) ( )[ ]{ }
n

1
b a lim f a f a h f a 2h ...... f a n 1 h ,

n→∞
= − + + + + + + + −

tcfd  
b a

h
n

−
= (v)

(v) ds nk,¡ i{k ds O;tad dks ge ,d fuf'pr lekdy dh ifjHkk"kk ds :i esa ysrss gSaA bl

lekdy dks ( )
b

a

f x dx∫  }kjk O;Dr fd;k tkrk gS vkSj bl izdkj i<+k tkrk gS % ^a ls b rd ( )f x

dk lekdy*A  ladsr ( )
b

a

f x dx∫  esa la[;kvksa a rFkk b dks Øe'k% lekdyu dh fuEu lhek o

mPp lhek dgrs gSa] rFkk ( )f x dks lekdY; dgrs gSaA

fVIi.kh%  [a, b] esa f ds vkSlr ekuksa ds vkdyuksa dks izkIr djus ds fy,] geus mivarjkyksa ds
ck,¡ i{kksa ds fljs ds fcUnqvksa dks fy;k gSA ck,¡ i{kksa ds fljksa ds fcUnqvksa dks gh D;ksa fy;k\ D;ksa
ugha mivarjky ds nk,¡ i{k fljs ds fcUnqvksa dks fy;k\

ge mivarjky ds nk,¡ i{k ds fljs ds fcUnqvksa dks Hkh ys ldrs gSaA rc lw=k gesa bl izdkj dk
feysxkA
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( ) ( ) ( ) ( ) ( ){ }
b

n
a

1
f x dx b a lim f a h f a 2h ...... f b ,

n→∞
= − + + + + +∫

tcfd  
b a

h
n

−
=

( ) ( ) ( )[ ]
h 0
lim h f a h f a 2h ...... f b
→

= + + + + + (vi)

mnkgj.k 31.1.

2

1

x dx∫  dks ;ksx dh lhek ds :i esa Kkr dhft,A

gy % ifjHkk"kk ls]

 ( ) ( ) ( ) ( ) ( ){ }[ ]
b

n
a

1
f x dx b a lim f a f a h ........ f a n 1 h ,

n→∞
= − + + + + + −∫

tcfd 
b a

h
n

−
=

;gk¡] a = 1, b = 2, f (x) = x  vkSj 
1

h
n

= A

∴     ( )
2

n
1

1 1 n 1
x dx lim f 1 f 1 ........ f 1

n n n→∞

−    = + + + + +        ∫

    
n

1 1 2 n 1
lim 1 1 1 ........ 1

n n n n→∞

−      = + + + + + +            

    
n n

1 1 2 n 1
lim 1 1 ...... 1 ........

n n n n→∞

 − = + + + + + + +  
   

���������������

ckj

    ( ){ }
n

1 1
lim n 1 2 ...... n 1

n n→∞

 = + + + + −  

    
( )

n

n 1 .n1
lim n

n n.2→∞

− 
= + 

 
( )

( )n 1 .n
1 2 3 .... n 1

2

− 
+ + + + − = 

 
∵

    
n

1 3n 1
lim

n 2→∞

− =   
 

n

3 1 3
lim

2 2n 2→∞

 = − =  

mnkgj.k 31.2.

2
x

0

e dx∫ dks ;ksx dh lhek ds :i esa Kkr dhft,A

gy % ifjHkk"kk ls]

( ) ( ) ( ) ( ) ( ){ }[ ]
b

h 0
a

f x dx lim h f a f a h f a 2h ..... f a n 1 h
→

= + + + + + + + −∫ ,
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tcfd      
b a

h
n

−
=

;gk¡ ( ) xa 0, b 2, f x e= = =  rFkk
2 0 2

h
n n

−
= = A

∴    ( ) ( ) ( ) ( )[ ]
2

x

h 0
0

e dx lim h f 0 f h f 2h ....... f n 1 h
→

= + + + + −∫

    
( )n 1 h0 h 2h

h 0
lim h e e e ....... e −

→
 = + + + +
 

   

( )nh

0
hh 0

e 1
lim h e

e 1→

  −  =   −    

n
2 n 1 r 1

a ar ar ....... ar a
r 1

−  −
+ + + + =   

−  
D;kfsa d

   

nh 2

h hh 0 h 0

e 1 h e 1
lim h lim

he 1 e 1

h

→ →

   − −
= =   

 − −   
    

( nh 2=∵ )

  
2 2

hh 0

e 1 e 1
lim

1e 1

h

→

− −
= =

−
2e 1= −

h

h 0

e 1
lim 1

h→

 −
= 

 
∵

mnkgj.k 31.1 rFkk 31.2 esa] ge ns[krs gSa fd fuf'pr lekdy dk eku ;ksx dh lhek ds :i esa
fudkyuk dkiQh dfBu gSA bl dfBukbZ ds lek/ku ds fy,] gekjs ikl lekdyu xf.kr dh ewyHkwr
izes; gS ftldk dFku gS %

izes; 1 : ;fn [a,b] esa f lrr gS rFkk [a,b] esa f dk ,d izfr vodyt F gS]

rks ( ) ( ) ( )
b

a

f x dx F b F a= −∫ ......(1)

lkekU;r%] vUrj ( ) ( )F b F a−  dks ( )[ ]b

a
F x  }kjk O;Dr fd;k tkrk gS] ftlls (1) dks bl izdkj

fy[kk tk ldrk gS %

( ) ( ) ]
b

b

a
a

f x dx F x=∫ ;k ( )[ ]b

a
F x

nwljs 'kCnksa esa] ;g izes; gesa crkrh gS fd

( )
b

a

f x dx =∫  (mPp lhek b ij izfrvodyt dk eku) −

(mlh izfrvodyt dk fuEu lhek a ij eku)
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mnkgj.k 31.3. fuEu ds eku Kkr dhft, %

(a) 
2

0

cos x dx

π

∫ (b) 

2
2x

0

e dx∫

gy % (a) ge tkurs gSa fd cos x dx sin x c= +∫

∴        [ ]
2

2
0

0

cos x dx sin x

π
π

=∫  sin sin 0 1 0 1
2

π
= − = − =

(b)          

22 2x
2x

00

e
e dx ,

2

 
=  
 

∫ x xe dx e =
  ∫Q

4e 1

2

 −
=  
 

izes; 2 % ;fn [a,b] esa f rFkk g nks lrr iQyu gSa rFkk c vpj gS] rks

(i) ( ) ( )
b b

a a

c f x dx c f x dx=∫ ∫

(ii) ( ) ( )[ ] ( ) ( )
b b b

a a a

f x g x dx f x dx g x dx+ = +∫ ∫ ∫

(iii) ( ) ( )[ ] ( ) ( )
b b b

a a a

f x g x dx f x dx g x dx− = −∫ ∫ ∫

mnkgj.k 31.4. ( )
2

2

0

4x 5x 7 dx− +∫  dk eku Kkr dhft,A

gy %  ( )
2 2 2 2

2 2

0 0 0 0

4x 5x 7 dx 4x dx 5x dx 7 dx− + = − +∫ ∫ ∫ ∫

2 2 2
2

0 0 0

4 x dx 5 xdx 7 1 dx= − +∫ ∫ ∫

[ ]
2 23 2

2
0

0 0

x x
4. 5 7 x

3 2

   
= − +   

   

( )
8 4

4. 5 7 2
3 2

   = − +   
   

32
10 14

3
= − +  

44

3
=
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  ns[ksa vkius fdruk lh[kk 31.1

1. ( )
5

0

x 1 dx+∫ dks ;ksx dh lhek ysdj Kkr dhft,A

2.

1
x

1

e dx

−
∫  dks ;ksx dh lhek ysdj Kkr dhft,A

3. (a)  
4

0

sin x dx

π

∫  dk eku Kkr dhft,A (b) ( )
2

0

sin x cos x dx

π

+∫  dk eku Kkr dhft,A

(c)  

1

2
0

1
dx

1 x+∫  dk eku Kkr dhft,A (d) ( )
2

3 2

1

4x 5x 6x 9 dx− + +∫  Kkr dhft,A

31.2 izfrLFkkiu }kjk fuf'pr lekdy dk eku Kkr djuk

fuf'pr lekdy dk eku Kkr djus ds fy,] eq[; ckr gS lacaf/r vfuf'pr lekdy Kkr djukA

iwoZ ikBksa esa] vfuf'pr lekdy Kkr djus ds fy,] geus cgqr lh fof/;ksa dh ppkZ dh gSA vfuf'pr
lekdy Kkr djus dh fof/;ksa esa ,d egRoiw.kZ fof/ izfrLFkkiu fof/ gSA tc ge fuEu fuf'pr
lekdyksa tSls lekdyksa dk eku Kkr djus ds fy, izfrLFkkiu fof/ dk iz;ksx djrs gSa %

3

2
2

x
dx

1 x+∫ ,  
2

2
0

sin x
dx,

1 cos x

π

+∫

rks fuEufyf[kr pj.kksa dk ikyu djrs gSa%s

(i) fn, gq, lekdy dks ,d leqfpr izfrLFkkiu }kjk ,d Kkr :i esa cny fy;k tk, rFkk
lekdyu ;ksX; cuk fy;k tk,A lekdy dks u, pj ds inksa esa fyf[k,A

(ii) u, pj ds lkis{k u, lekdY; dk lekdyu dhft,A

(iii) rnuqlkj lhekvksa dks cnyk tk, rFkk mPp vkSj fuEu lhekvksa ij ekuksa dk vUrj Kkr dhft,A

fVIi.kh% ;fn ge lhek dks u, pj ds lkis{k ugha cnyrs] rks lekdyu ds i'pkr u, pj ds
fy, iqu% izfrLFkkiu dhft, rFkk ewy pj esa mÙkj fyf[k,A lekdy dh nh gqbZ lhekvksa ls vc
mÙkj Kkr dj yhft,A

mnkgj.k 31.5. eku Kkr dhft, %

(a)
2

2
0

sin x
dx

1 cos x

π

+∫ (b) 
2

4 4
0

sin 2
d

sin cos

π

θ
θ

θ + θ∫    (c)
2

0

dx

5 4 cos x

π

+∫

gy % (a) ekuk cos x t=  gSA
rc]     sin x dx dt= −
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tc x 0, t 1= =  rFkk x , t 0
2

π
= =  gS] tc x, 0 ls 

2

π
 rd fopj.k djrk gS] rks t esa laxr fopj.k

1 ls 0 rd gksrk gSA

∴ [ ]
02 01

12 2
0 1

sin x 1
dx dt tan t

1 cos x 1 t

π

−= − = −
+ +∫ ∫

1 1tan 0 tan 1− − = − −   0
4

π = − −  
 

4

π
=

(b)  
( )

2 2

4 4 22 2 2 2
0 0

sin 2 sin 2
I d d

sin cos sin cos 2 sin cos

π π

θ θ
= θ = θ

θ + θ θ + θ − θ θ
∫ ∫

2

2 2
0

sin 2
d

1 2 sin cos

π

θ
= θ

− θ θ∫

( )
2

2 2
0

sin 2 d

1 2 sin 1 sin

π

θ θ
=

− θ − θ
∫

ekuk 2sin tθ =  gSA

rc] 2 sin cos d dtθ θ θ =

vFkkZr~ sin 2 d dtθ θ =

tc 0, t 0θ = = rFkk tc , t 1
2

π
θ = =

tSls&tSls θ ,  0 ls 
2

π
 rd fopj.k djrk gS oSls&oSls u, pj 't' dk laxr fopj.k 0 ls 1 rd gksrk gSA

∴ ( )

1

0

1
I dt

1 2t 1 t
=

− −∫  

1

2
0

1
dt

2t 2t 1
=

− +∫

        

1

2
0

1 1
dt

1 12
t t

4 4

=
− + +

∫
 

1

2 2
0

1 1
dt

2 1 1
t

2 2

=
   − +   
   

∫

1

1

0

1
t

1 1 2. tan
1 12

2 2

−

  −  
=   

  
  

( )1 1tan 1 tan 1− − = − − 

4 4

π π = − − 
  2

π
=
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(c) ge tkurs gSa fd   

2

2

x
1 tan

2cos x
x

1 tan
2

−
=

+

∴          
2

0

1
dx

5 4 cos x

π

+∫

( )

2

2
0

2 x

2

1
dx

x
4 1 tan

2
5

1 tan

π

 
 
 

=
  −     +

+

∫

2 x
2

2
2 x

0 2

sec
dx

9 tan

π
 
 
 

 
 
 

=
+∫ (1)

ekuk 
x

tan t
2

=

rc]    
2 x

sec dx 2dt
2

=  gS] tc x 0= ,   t 0=  rFkk tc x
2

π
= , t 1=

∴   

12

2
0 0

1 1
dx 2 dt

5 4 cos x 9 t

π

=
+ +∫ ∫ .....[(1) ls]

     

1
1

0

2 t
tan

3 3

− =   
 

12 1
tan

3 3

− =   

31.3 fuf'pr lekdyksa ds dqN xq.k

lhekvksa a rFkk b ds eè; f(x) dk fuf'pr lekdy igys gh fuEu :i esa ifjHkkf"kr fd;k tk
pqdk gS %

( ) ( ) ( )
b

a

f x dx F b F a ,= −∫ tgk¡  ( )[ ] ( )
d

F x f x ,
dx

=  tgk¡

a rFkk b Øe'k% lekdyu dh fuEu rFkk mPp lhek,¡ gSaA vc ge ,sls fuf'pr lekdyksa ds dqN
egRoiw.kZ rFkk mi;ksxh xq.kksa ds dFku uhps ns jgs gSa %

(i) ( ) ( )
b b

a a

f x dx f t dt=∫ ∫ (ii)  ( ) ( )
b a

a b

f x dx f x dx= −∫ ∫

(iii)  ( ) ( ) ( )
b c b

a a c

f x dx f x dx f x dx,= +∫ ∫ ∫ tgk¡  a < c < b gSA

(iv)  ( ) ( )
b b

a a

f x dx f a b x dx= + −∫ ∫
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(v) ( ) ( ) ( )
2a a a

0 0 0

f x dx f x dx f 2a x dx= + −∫ ∫ ∫

(vi)  ( ) ( )
a a

0 0

f x dx f a x dx= −∫ ∫

(vii)  
( )

( ) ( )

( ) ( ) ( )

2a
a

0
0

0, f 2a x f x

f x dx
2 f x dx, f 2a x f x

− = −


= 
− =



∫
∫

;fn

;fn

(viii)   ( )

( )

( ) ( )

a
a

a
0

0, f x , x

f x dx
2 f x dx, f x , x

−




= 



∫
∫

dk ,d fo"ke iQyu gS

dk ,d le iQyu gS

;fn

;fn

cgqr ls fuf'pr lekdy] tks vU;Fkk cgqr dfBu gksrs gSa] mijksDr xq.kksa }kjk vklkuh ls Kkr fd,
tk ldrs gSaA

fuEu mnkgj.kksa esa fuf'pr lekdy dk eku Kkr djus esa] bu xq.kksa ds iz;ksx dks Li"V fd;k
x;k gS

mnkgj.k 31.6. n'kkZb, fd

(a)
2

0

log | tan x | dx 0

π

=∫ (b)
0

x
dx

1 sin x

π

= π
+∫

gy % ekuk
2

0

I log | tan x | dx

π

= ∫ ....(i)

xq.k       ( ) ( )
a a

0 0

f x dx f a x dx= −∫ ∫  dk iz;ksx djrs gq,] gesa izkIr gksrk gS %

        
2

0

I log tan x dx
2

π

π  = −  
  ∫  ( )

2

0

log cot x dx

π

= ∫

( )
2

1

0

log tan x dx

π

−= ∫  
2

0

log tan x dx

π

= −∫ I= −

[(i) dk iz;ksx djus ij]

∴       2I 0=
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vFkkZr~]        I = 0 ;k
2

0

log | tan x | dx 0

π

=∫

(b)
0

x
dx

1 sin x

π

+∫

ekuk
0

x
I dx

1 sin x

π

=
+∫ (i)

∴ ( )
0

x
I dx

1 sin x

π
π −

=
+ π −∫ ( ) ( )

a a

0 0

f x dx f a x dx
 

= − 
  
∫ ∫Q

   
0

x
dx

1 sin x

π
π −

=
+∫ (ii)

(i) rFkk (ii) dks tksM+us ij]

    
0 0

x x 1
2I dx dx

1 sin x 1 sin x

π π
+ π −

= = π
+ +∫ ∫

;k     2
0

1 sin x
2I dx

1 sin x

π
−

= π
−∫ ( )2

0

sec x tan x sec x dx

π

= π −∫

[ ]0tan x sec x
π= π −  ( ) ( )[ ]tan sec tan 0 sec 0= π π − π − −

( ) ( )[ ]0 1 0 1= π − − − −  2= π

∴       I = π

mnkgj.k 31.7.   eku Kkr dhft, %

(a)
2

0

sin x
dx

sin x cos x

π

+∫ (b) 
2

0

sin x cos x
dx

1 sin x cos x

π

−

+∫

gy % (a) ekuk        
2

0

sin x
I dx

sin x cos x

π

=
+∫ (i)

lkFk gh]    
2

0

sin x
2

I dx

sin x cos x
2 2

π π − 
 =

π π   − + −   
   

∫

   (xq.k ( ) ( )
a a

0 0

f x dx f a x dx= −∫ ∫  dk iz;ksx djus ij)
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   = 
2

0

cos x
dx

cos x sin x

π

+∫ (ii)

(i) vkSj (ii) dks tkM+us ij] gesa izkIr gksrk gS %

2

0

sin x cos x
2I dx

sin x cos x

π

+
=

+∫  
2

0

1.dx

π

= ∫ [ ]2
0

x
2

π
π

= =

∴ I
4

π
=

vFkkZr~]
2

0

sin x
dx

4sin x cos x

π

π
=

+∫

(b) eku yhft,
2

0

sin x cos x
I dx

1 sin x cos x

π

−
=

+∫ (i)

rc]
2

0

sin x cos x
2 2

I dx

1 sin x cos x
2 2

π π π   − − −   
   =

π π   + − −   
   

∫      ...... ( ) ( )
a a

0 0

f x dx f a x dx
 

= − 
  
∫ ∫Q

2

0

cos x sin x
dx

1 cos x sin x

π

−
=

+∫ (ii)

(i) rFkk (ii) dks tksM+us ij] gesa feyrk gS %

    
2 2

0 0

sin x cos x cos x sin x
2I dx

1 sin x cos x 1 sin x cos x

π π

− −
= +

+ +∫ ∫

2

0

sin x cos x cos x sin x
dx

1 sin x cos x

π

− + −
=

+∫  = 0

∴          I = 0

mnkgj.k 31.8. eku Kkr dhft, %

(a)

2a x

2
a

xe
dx

1 x− +∫ (b)

3

3

x 1 dx

−

+∫

gy % (a)  ;gk¡  ( )
2x

2

xe
f x

1 x
=

+
  gSA
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∴  ( )
2x

2

xe
f x

1 x
− = −

+
( )f x= −

∴  ( )f x , x dk ,d fo"ke iQyu gSA

∴   

2a x

2
a

xe
dx 0

1 x−

=
+∫

(b) 

3

3

x 1 dx

−

+∫

x 1, x 1
x 1

x 1, x 1

+ ≥ −
+ = 

− − < −

;fn

;fn

∴    

3 1 3

3 3 1

x 1 dx x 1 dx x 1 dx

−

− − −

+ = + + +∫ ∫ ∫ [xq.k (iii) dk iz;ksx djds]

( ) ( )
1 3

3 1

x 1 dx x 1 dx

−

− −

= − − + +∫ ∫

1 32 2

3 1

x x
x x

2 2

−

− −

   −
= − + +   
   

1 9 9 1
1 3 3 1 10

2 2 2 2
= − + + − + + − + =

mnkgj.k 31.9. ( )
2

0

log sin x dx

π

∫ dk eku Kkr dhft,A

gy % ekuk ( )
2

0

I log sin x dx

π

= ∫ .....(i)

lkFk gh]
2

0

I log sin x dx
2

π

π  = −    ∫ [xq.k (iv) dk iz;ksx djds]

   ( )
2

0

log cos x dx

π

= ∫ .....(ii)

(i) vkSj (ii) dks tksM+us ij] gesa izkIr gksrk gS %

( ) ( )[ ]
2

0

2I log sin x log cos x dx

π

= +∫ ( )
2

0

log sin x cos x dx

π

= ∫
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2

0

sin 2x
log dx

2

π

 =  
 ∫ ( ) ( )

2 2

0 0

log sin 2x dx log 2 dx

π π

= −∫ ∫

    ( )
2

0

log sin 2x dx log 2
2

π

π
= −∫ (iii)

iqu%] ekuk] ( )
2

1

0

I log sin 2x dx

π

= ∫  gSA

2x = t jf[k,] ftlls  
1

dx dt
2

=

tc x = 0, t = 0 rFkk tc x , t
2

π
= = π

∴ ( )1

0

1
I log sin t dt

2

π

= ∫

   ( )
2

0

1
.2 log sin t dt

2

π

= ∫ , [xq.k (vi) dk iz;ksx djds]

    ( )
2

0

1
.2 log sin x dt

2

π

= ∫ [xq.k (i) dk iz;ksx djds]

∴ 1I I=  gS [(i) lss] .....(iv)

(iii) esa bl eku dks j[kus ij] gesa izkIr gksrk gS %

2I I log 2
2

π
= − ⇒   I log 2

2

π
= −

vr%] ( )
2

0

log sin x dx log 2
2

π

π
= −∫

   ns[ksa vkius fdruk lh[kk 31.2

fuEufyf[kr lekdyksa ds eku Kkr dhft, %

1.

1
2x

0

xe dx∫ 2. 
2

0

dx

5 4 sin x

π

+∫ 3.

1

2
0

2x 3
dx

5x 1

+

+∫
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4.

5

5

x 2 dx

−

+∫ 5.

2

0

x 2 xdx−∫ 6. 
2

0

sin x
dx

cos x sin x

π

+∫

7.
2

0

log cos x dx

π

∫ 8. 

4a 3 x

2
a

x e
dx

1 x− +∫ 9.
2

0

sin 2x log tan x dx

π

∫

 10.
2

0

cos x
dx

1 sin x cos x

π

+ +∫

31.4  lekdyu ds vuqiz;ksx

ekuk vUrjky [a, b]  esa nks lrr iQyu f rFkk g ,sls gSa fd izR;sd [ ]x a, b∈  ds fy,] ( ) ( )f x g x≥

vFkkZr~ oØ ( )y f x=  vUrjky [a,b] esa oØ y = g(x) dk uhps ls izfrPNsnu ugha djrk gSA vc iz'u

;g gS fd mQij ls ( )y f x= ] uhps ls y g(x)=  rFkk nksuksa vksj x a=  vkSj x b=  ls ifjc¼

(f?kjs) {ks=kiQy dks dSls Kkr djsaA iqu%] D;k gksrk gS tc Åijh oØ y f (x)=  uhps okys oØ
y g(x)=  dks ;k rks ckb± i{k lhek x a=  ;k nkb± i{k lhek x b=  vFkok nksuksa ij dkVrk gS\

31.4.1 oØ] x- v{k rFkk dksfV;ksa }kjk ifjc¼ (f?kjk) {ks=kiQy

eku yhft, oØ f (x), AB gS rFkk CA vkSj DB Øe'k%

x a= vkSj x b=  ij nks dksfV;ka gSaA iqu% eku yhft, fd
y f (x)=  varjky a x b≤ ≤  esa x dk ,d o/Zeku
iQyu gSA

ekuk ( )P x, y  oØ ij dksbZ fcUnq gS rFkk

( )Q x x, y y+ δ + δ  bl ij ,d fudVorhZ fcUnq gSA

budh dksfV;ksa PM rFkk QN dks [khafp,A

;gk¡ ge ns[krs gSa fd tSls&tSls x cnyrk gS] oSls&oSls
{ks=kiQy (ACMP) Hkh cnyrk gSA

ekuk A= {ks=kiQy (ACMP) gSA

rc] {ks=kiQy (ACNQ) A A= + δ

{ks=kiQy (PMNQ) = {ks=kiQy (ACNQ)–{ks=kiQy (ACMP)

A A A A= + δ − = δ

vk;r PRQS dks iwjk dhft,A rc {ks=kiQy (PMNQ) vk;rksa PMNR rFkk SMNQ ds {ks=kiQy ds
eè; esa fLFkr gSA vFkkZr~

Aδ ] y xδ  rFkk ( )y y x+ δ δ  ds eè; esa fLFkr gSA

fp=k 31.6

A P

S Q

B

R

y

O C M N D
X
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⇒
A

, y
x

δ

δ
rFkk  y y+ δ ds eè; esa fLFkr gSA

lhekar dh fLFkfr esa] tc Q P, x 0→ δ →  rFkk y 0δ →  gSA

∴
x 0

A
lim

xδ →

δ

δ
, y rFkk ( )

y 0
lim y y

δ →
+ δ  ds eè; esa fLFkr gSA

∴
dA

y
dx

=

x = a  ls  x = b rd] nksuksa i{kksa dk x ds lkis{k lekdyu djus ij gesa izkIr gksrk gS %

[ ]
b b

b
a

a a

dA
y dx dx A

dx
= ⋅ =∫ ∫

       = ({ks=kiQy tc x b= ) – ({ks=kiQy tc x a= )

        = {ks=kiQy (ACDB) – 0 = {ks=kiQy (ACDB)

vr%    {ks=kiQy (ACDB) ( )
b

a

f x dx= ∫

oØ y = f (x), x-v{k rFkk dksfV;ksa x = a vkSj x = b }kjk ifjc¼ {ks=kiQy

( )
b

a

f x dx∫ ;k
b

a

y dx∫   gS]

tgk¡ ( )y f x= ,d larr ,dekuh iQyu gS rFkk vrajky a x b≤ ≤  esa y  fpUg ugha cnyrkA

mnkgj.k 31.10. oØ y = x, x-v{k rFkk js[kkvksa x = 0 vkSj x = 2 }kjk ifjc¼ {ks=kiQy Kkr dhft,A

gy % fn;k gqvk oØ y x=  gSA
∴ oØ y = x, x-v{k rFkk dksfV;ksa x = 0 vkSj x = 2 }kjk ifjc¼ vHkh"V {ks=kiQy (tSlk fd fp=k
12.7 esa fn[kk;k x;k gS)

2

0

x dx= ∫  

22

0

x

2

 
=  
 

2 0 2= − =  oxZ bdkbZ

mnkgj.k 31.11. o`Ùk 2 2 2x y a+ =  rFkk x-v{k }kjk

izFke prqFkk±'k esa f?kjs Hkkx dk {ks=kiQy Kkr

dhft,A

gy % fn;k gqvk oØ 2 2 2x y a+ = ,d o`Ùk gS] ftldk dsUnz (0,0) rFkk f=kT;k a  gSA vr% gesa o`Ùk

2 2 2x y a+ = ] x-v{k rFkk dksfV;ksa x 0=  vkSj x a=  }kjk f?kjs Hkkx dk {ks=kiQy Kkr djuk gSA

      vHkh"V {ks=kiQy 
a

0

y dx= ∫

fp=k 31.7

y
y = x

O

x = 0 x = 2

x
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a
2 2

0

a x dx= −∫        (Q izFke prqFkk±'k esa y /ukRed gS)

a2
2 2 1

0

x a x
a x sin

2 2 a

−  = − +  
  

2 2
1 1a a

0 sin 1 0 sin 0
2 2

− −= + − −

2a
.

2 2

π
=

1 1sin 1 , sin 0 0
2

− −π = = 
 
Q

2a

4

π
=  oxZ bdkbZ

    ns[ksa vkius fdruk lh[kk 31.3

1. oØ 2y x , x= −v{k rFkk js[kkvksa x 0= vkSj x 2=  }kjk ifjc¼ {ks=kiQy Kkr dhft,A

2. oØ y 3x, x= − v{k rFkk js[kkvksa x 0= vkSj x 3= }kjk ifjc¼ {ks=kiQy Kkr dhft,A

31.4.2 oØ x = f (y), y-v{k rFkk js[kkvksa y = c, y = d }kjk ifjc¼ {ks=kiQy Kkr djuk

ekuk AB oØ ( )x f y=  gS rFkk CA  vkSj DB

Øe'k% y = c vkSj y = d ij Hkqt gSaA

ekuk ( )P x, y  oØ ij dksbZ fcUnq gS rFkk

( )Q x x, y y )+ δ + δ bl ij ,d fudVorhZ fcUnq

gSA PM rFkk QN, y-v{k ij Øe'k% P rFkk Q ls
yEc [khafp,A tc y cnyrk gS] rks {ks=kiQy (ACMP)

Hkh cnyrk gS rFkk Li"Vr% ;g y dk ,d iQyu
gSA ekuk A, {ks=kiQy (ACMP) dks O;Dr djrk gS
rc {ks=kiQy (ACNQ), A A+ δ gksxkA

∴   {ks=kiQy (PMNQ) = {ks=kiQy (ACNQ) –{ks=kiQy (ACMP)

A A A A= + δ − = δ

vk;r PRQS dks iwjk dhft,A rc {ks=kiQy (PMNQ), {ks=kiQy (PMNS) rFkk {ks=kiQy RMNQ ds
eè; fLFkr gS] vFkkZr~

Aδ , x yδ rFkk ( )x x y+ δ δ  ds eè; fLFkr gksxkA

⇒
A

y

δ

δ , x rFkk x + xδ   ds eè; fLFkr gksxkA

lhekar fLFkfr esa] tc Q P, x 0→ δ →  rks y 0δ →  gSA

fp=k 31.8

fp=k 31.9

y
(0, a)

x  + y  = a22 2

x′ x
(a, 0)

(0, 0)

O

y′

Dy

N

M

C
A

R

Q(x + x, y + y)δδ

P(x, y)

S

B

xo
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∴
y 0

A
lim

yδ →

δ

δ , x rFkk ( )
x 0
lim x x

δ →
+ δ  ds eè; fLFkr gksxhA

⇒
dA

x
dy

=

lhekvksa c ls d rd ds lkis{k nksuksa i{kksa dk lekdyu djus ij] gesa izkIr gksrk gS %

  

d d

c c

dA
x dy dy

dy
= ⋅∫ ∫

   = [ ]dcA

   = ({ks=kiQy tc y d= )&({ks=kiQy tc y c= )
   =  {ks=kiQy (ACDB) − 0

   =  {ks=kiQy (ACDB)

vr%] {ks=kiQy      (ACDB) ( )
d d

c c

x dy f y dy= =∫ ∫

oØ ( )x f y , y= −v{k rFkk js[kkvksa y c=  vkSj y d=  }kjk ifjc¼ {ks=kiQy

d

c

x dy∫  ;k ( )
d

c

f y dy∫  gS

tgk¡ ( )x f y= ,d lrr ,dekuh iQyu gS vkSj

varjky c y d≤ ≤ esa x dk fpUg ugha cnyrkA

mnkgj.k 31.12. oØ x y , y= −v{k rFkk

js[kkvksa y = 0 vkSj y = 3 }kjk ifjc¼ {ks=kiQy Kkr
dhft,A

gy % fn;k gqvk oØ x y=  gSA

∴ oØ] y-v{k rFkk js[kkvksa y 0, y 3= =  }kjk
ifjc¼ vHkh"V {ks=kiQy

3

0

x dy= ∫  

3

0

y dy= ∫  

32

0

y

2

 
=  
 

9
0

2
= −  

9

2
=   oxZ bdkbZ

mnkgj.k 12.13.     o`Ùk 2 2 2x y a+ = rFkk y-v{k }kjk izFke prqFkk±'k esa f?kjk {ks=kiQy Kkr dhft;sA

gy % fn;k gqvk oØ o`Ùk 2 2 2x y a+ =  gS] ftldk dsUnz (0]0) rFkk f=kT;k a gSA vr% gesa o`Ùk
2 2 2x y a+ = , y-v{k rFkk Hkqtksa y = 0 vkSj y = 1 }kjk f?kjk {ks=kiQy Kkr djuk gSA

fp=k 31.10

y y = x

y = 3

y = 0
x

y′

x′ o
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vHkh"V {ks=kiQy 

a

0

x dy= ∫
a

2 2

0

a y dy= −∫

(Q izFke prqFkkZa'k esa x /ukRed gksrk gS)
a2

2 2 1

0

y a y
a y sin

2 2 a

−  = − +  
  

2 2
1 1a a

0 sin 1 0 sin 0
2 2

− −= + − −

2a

4

π
=  oxZ bdkbZ

1 1sin 0 0, sin 1
2

− − π = = 
 
Q

fVIi.kh% ;g {ks=kiQy ogh gS] tks mnkgj.k 31.11 esa gSA bldk dkj.k gS fd oØ v{kksa ds lkis{k
lefer gSaA ,sls iz'uksa esa ;fn gels oØ dk {ks=kiQy iwNk x;k gS] rks fcuk fdlh #dkoV ds] ge
nksuksa esa ls fdlh ,d fof/ ls Kkr dj ldrs gSaA

mnkgj.k 12.14.   o`Ùk 2 2 2x y a+ =  dk iwjk {ks=kiQy Kkr dhft,A

gy % oØ dk lehdj.k 2 2 2x y a+ =  gSA o`Ùk nksuksa v{kksa ds lkis{k lefer gSA vr% o`Ùk dk

{ks=kiQy o`Ùk ds izFke prqFkkZa'k dss {ks=kiQy dk pkj xquk gSA vFkkZr~]

o`Ùk dk {ks=kiQy 4 OAB= ×  dk {ks=kiQy

2a
4

4

π
= ×  (mnkgj.kksa 12.11 rFkk 12.13 ls)

2a= π  oxZ bdkb;k¡

mnkgj.k 12.15.    nh?kZo`Ùk 
2 2

2 2

x y
1

a b
+ =  dk iwjk {ks=kiQy Kkr dhft,A

gy % nh?kZo`Ùk dk lehdj.k 
2 2

2 2

x y
1

a b
+ =  gSA

nh?kZo`Ùk] nksuksa v{kksa ds lkis{k  lefer gSA

vr% nh?kZo`Ùk dk iwjk {ks=kiQy izFke prqFkk±'k esa f?kjs {ks=kiQy dk

pkj xquk gSA vFkkZr~ nh?kZo`Ùk dk iwjk {ks=kiQy ( )4 OAB= ×  dk

{ks=kiQy] izFke prqFkk±'k esa

2 2

2 2

y x
1

b a
= −    ;k  2 2b

y a x
a

= −

vc {ks=kiQy (OAB) ds fy, x, 0 ls  a rd ifjofrZr gksrk gSA

fp=k 31.11

fp=k 31.12

fp=k 31.13

x′

y

(0, a)

x
(a, 0)

o

y′

y

B

x
O AA′

B′

y

B

x
O AA′

B′
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∴  (OAB) dk {ks=kiQy

a

0

y dx= ∫  

a
2 2

0

b
a x dx

a
= −∫

a2
2 2 1

0

b x a x
a x sin

a 2 2 a

−  = − +  
  

2 2
1 1b a a

0 sin 1 0 sin 0
a 2 2

− − 
= + − − 

 
 

ab

4

π
=

nh?kZo`Ùk dk iwjk {ks=kiQy
ab

4
4

π
= × ab= π  oxZ bdkbZ

31.4.3  nks oØksa ds chp dk {ks=kiQy

ekuk varjky [a,b] ij nks iQyu ( )f x  rFkk

( )g x  lrr vk Sj ½.ksrj gS aA ,slk gS fd

( ) ( )f x g x≥  [ ]x a, b∀ ∈  vF k k Z r ~

[ ]x a, b∈ ds fy, oØ ( )y f x=  oØ ( )y g x=

dks uhps ls ugha dkVrkA ge ( )y f x=  }kjk mQij

( )y g x= }kjk uhps rFkk nksuksa i{kksa esa x a= vkSj

x b=  }kjk ifjc¼ {ks=kiQy Kkr djuk pkgrs gSaA

A = [y = f(x) ds uhps {ks=kiQy] −  [y = g(x) ds uhps {ks=kiQy]         .....(1)

vc] oØ ( )y f x= , x-v{k rFkk dksfV;ksa x a=  vkSj x b=  }kjk ifjc¼ {ks=kiQy dh ifjHkk"kk dk

iz;ksx  djrs gq,] gesa izkIr gS %

( )y f x=  ds uhps dk {ks=kiQy ( )
b

a

f x dx= ∫   ...(2)

blh izdkj] ( )y g x=  ds uhps dk {ks=kiQy ( )
b

a

g x dx= ∫ ...(3)

(2) vkSj (3) lehdj.kksa dk iz;ksx (1) esa djrs gq, gesa izkIr gS]

        ( ) ( )
b b

a a

A f x dx g x dx= −∫ ∫ ( ) ( )[ ]
b

a

f x g x dx= −∫     ...(4)

D;k gksrk gS tc g ds eku ½.kkRed Hkh gkas\ ( )f x vkSj ( )g x  tc rd x-v{k ds mQij u gks tk,¡

,slk LFkkukarj.k djds bl lw=k dks foLr`r fd;k tk ldrk gSA blds fy, ekuk [a, b]  ij ( )g x dk

U;wure eku −m gS (fp=k 31.15 nsf[k,)A

fp=k 31.14

y
y = f (x)

y = g (x)

x = a x = bO
x
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y

O

x = a

y = f (x)

x = b

y = g(x)

x

{ks=kiQy
          

y y = f (x) + m

{ks=kiQy

O

x = a
y = g(x) + m x = b

x

fp=k 31.15 fp=k 31.16

pwafd ( )g x m≥ − ⇒ ( )g x m 0+ ≥

vc iQyu ( )g x m+  rFkk ( )f x m+ , [a, b] ij ½.ksrj gS (fp=k 31.16 nsf[k,)A varKkZu ls

;g Li"V gS fd f?kjs Hkkx dk {ks=kiQy LFkkukarj.k }kjk vifjofrZr jgrk gSA vr% f vkSj g ds eè;

dk {ks=kiQy A ogh {ks=kiQy gS tks ( )f x m+  rFkk ( )g x m+  ds eè; gSA bl izdkj

A = [ f(x) + m ds uhps {ks=kiQy] −  [g(x) + m ds uhps {ks=kiQy] ....(5)

vc] oØ y = f (x), x-v{k rFkk dksfV;ksa x = a vkSj x = b  }kjk ifjc¼ {ks=kiQy dh ifjHkk"kk dk iz;ksx
djds gesa izkIr gS %

( )y f x m= +  ds uhps dk {ks=kiQy ( )[ ]
b

a

f x m dx= +∫ ....(6)

rFkk ( )y g x m= +  ds uhps dk {ks=kiQy ( )[ ]
b

a

g x m dx= +∫ ....(7)

lehdj.kksa (5)] (6) rFkk (7) }kjk

( )[ ] ( )[ ]
b b

a a

A f x m dx g x m dx= + − +∫ ∫

      ( ) ( )[ ]
b

a

f x g x dx= −∫

;g ogh gS tks (4) gSA bl izdkj]

;fn ( )f x rFkk ( )g x  varjky [a,b] ij lrr iQyu gSa rFkk ( ) ( )f x g x≥ ] [ ]x a, b∀ ∈  rks

( )y f x=  }kjk mQij ls ( )y g x=  }kjk uhps ls x a=  }kjk ck,¡ ls rFkk x b=  }kjk nk,¡ ls ifjc¼

{ks=kiQy

( ) ( )[ ]
b

a

f x g x dx= −∫

{ks=kiQy{ks=kiQy
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mnkgj.k 31.16. oØ 2y x= rFkk y x 6= +  ds }kjk f?kjs Hkkx dk {ks=kiQy Kkr dhft;sA

gy % ge tkurs gSa fd 2y x=  ijoy; dk lehdj.k gS tks

y-v{k ds lkis{k lefer gS vkSj ewy fcUnq 'kh"kZ gSA y x 6= +

ljy js[kk dk lehdj.k gS (nssf[k, fp=k 31.17) A

{ks=k dk vkys[k n'kkZrk gS fd uhps dh lhek 2y x=  gS rFkk

mQij dh lhek y x 6= +  gSA ;g nksuksa oØ nks fcUnqvksa A

rFkk B ij dkVrs gSaA bu nksuksa lehdj.kksa dks gy djus ij
gesa izkIr gSA

     2x x 6= + ⇒

 2x x 6 0− − =

⇒    ( ) ( )x 3 x 2 0− + = ⇒ x 3, 2= −

tc  x = 3, y = 9 rFkk tc x = −2, y = 4 gSA

;gk¡ ( ) ( ) 2f x x 6, g x x , a 2, b 3= + = = − =

vHkh"V {ks=kiQy ( )
3 2

2
x 6 x dx

−
 = + − ∫

32 3

2

x x
6x

2 3
−

 
= + − 
 

27 22

2 3

 = − − 
 

 
125

6
=  oxZ bdkbZ

mnkgj.k 31.17.   oØksa 2y 4x= rFkk y = x ls ifjc¼ {ks=kiQy Kkr dhft,A

gy % ge tkurs gSa fd 2y 4x= ijoy; dk lehdj.k gS] tks x-v{k ds lkis{k lefer gS vkSj
'kh"kZ ewy fcUnq gSA y = x ewy fcUnq ls tkus okyh js[kk dk lehdj.k gS (fp=k 31.18 nsf[k,)A {ks=k

dk vkys[k n'kkZrk gS fd uhps dh lhek y x=  gS vkSj mQij dh lhek 2y 4x=  gSA ;s nksuksa oØ
fcUnqvksa O rFkk A ij dkVrs gSaA bu nksuksa lehdj.kksa dks gy djus ij gesa izkIr gksrk gS %

2y
y 0

4
− =

⇒        ( )y y 4 0− =

⇒          y 0, 4=

tc y = 0, x = 0 rFkk tc y = 4, x = 4 gSA

;gka ( ) ( ) ( )
1

2f x 4x , g x x, a 0, b 4= = = =

vr%] vHkh"V {ks=kiQy
( )14

2

0

2x x dx= −∫

y 
= x

 +
 6 y = x2

O 1 2
x

8

7

6

5

4

3

2

1

y

fp=k 31.17

fp=k 31.18

y
y = x

y  = 4x2

x
O

A
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43 2
2

0

4 x
x

3 2

 
 = −
  

32
8

3
= −  

8

3
=  oxZ bdkbZ

mnkgj.k 31.18.   ijoy;ksa 2x 4ay=  rFkk 2y 4ax=  ds mHk;fu"B Hkkx dk {ks=kiQy Kkr dhft,A

gy % ge tkurs gSa fd 2x 4ay=  rFkk 2y 4ax=  ijoy; ds lehdj.k gS tks Øe'k% x-v{k
rFkk y-v{k ds lkis{k lefer gS vkSj nksuksa ds 'kh"kZ ewyfcUnq ij gaS (fp=k 31.19 nsf[k,)A

{ks=k dk Ldsp n'kkZrk gS fd uhps dh lhek 2x 4ay=  gS rFkk mQij dh lhek 2y 4ax=  gS ;s nksuksa
oØ nks fcUnqvksa O rFkk A ij feyrs gSaA bu lehdj.kksa dks gy djus ij gesa izkIr gksrk gS %

    

4

2

x
4ax

16a
=

⇒ ( )3 3x x 64a 0− =

⇒          x 0, 4a=

tc x 0, y 0= =  rFkk x 4a, y 4a= =  gSA

vr%] nksuksa ijoy; fcUnqvksa (0,0) rFkk (4a, 4a) ij dkVrs gSaA

;gk¡ ( ) ( )
2x

f x 4ax , g x , a 0
4a

= = =  rFkk b 4a=

vr%] vHkh"V {ks=kiQy]

4a 2

0

x
4ax dx

4a

 
= − 

 
∫  

4a3

32

0

2.2 ax x

3 12a

 
 

= −  
2 232a 16a

3 3
= −  

216
a

3
=  oxZ bdkbZ

  ns[ksa vkius fdruk lh[kk 31.4

1. o`Ùk 2 2x y 9+ =  dk {ks=kiQy Kkr dhft,A

2. nh?kZo`r 
2 2x y

1
4 9

+ =  dk {ks=kiQy Kkr dhft,A

3. nh?kZo`r 
2 2x y

1
25 16

+ =  dk {ks=kiQy Kkr dhft,A

4. oØksa 2y 4ax=  rFkk 
2x

y
4a

=  }kjk ifjc¼ {ks=kiQy Kkr dhft;sA

5. oØksa 2y 4x=  rFkk 2x 4y=  }kjk ifjc¼ {ks=kiQy Kkr dhft;sA

6. oØksa 2y x=  rFkk y x 2= +  }kjk f?kjs {ks=k dk {ks=kiQy Kkr dhft;sA

fp=k 31.19

y

x  = 4ay2

y  = 4ax2

(4a, 4a)

A

O
x
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vkb, vH;kl djsa

� ;fn [a,b] esa f  lrr iQyu gS vkSj f dk izfrvodyt [a,b] esa F gS] rc

( ) ( ) ( )
b

a

f x dx F b F a= −∫

� ;fn [a,b] esa f vkSj g lrr iQyu gS rFkk c ,d vpj gS] rc

(i) ( ) ( )
b b

a a

c f x dx c f x dx=∫ ∫

(ii) ( ) ( )[ ] ( ) ( )
b b b

a a a

f x g x dx f x dx g x dx+ = +∫ ∫ ∫

(iii) ( ) ( )[ ] ( ) ( )
b b b

a a a

f x g x dx f x dx g x dx− = −∫ ∫ ∫

� oØ y = f (x), x-v{k rFkk dksfV;ksa x = a vkSj x = b }kjk ifjc¼ {ks=k gksrk gS

 ( )
b

a

f x dx∫ ;k  

b

a

y dx∫

� tcfd ( )y f x=  ,d lrr ,dekuh iQyu gS rFkk varjky a x b≤ ≤  esa y fpUg ugha
cnyrk gSA

� ;fn ( )f x  rFkk ( )g x  varjky [a,b] esa lrr iQyu gS vkSj ( ) ( )f x g x≥ [ ]x a, b ,∀ ∈

rc y f (x)= }kjk mij dh vksj ifjc¼ uhps dh vksj y g(x)=  }kjk ifjc¼] ck;ha vksj x =

a rFkk nk;ha vksj x b=  }kjk ifjc¼ {ks=k dk {ks=kiQy

( ) ( )[ ]
b

a

f x g x dx−∫

� http://mathworld.wolfram.com/DefiniteIntegral.html

� http://www.mathsisfun.com/calculus/integration-definite.html

� https://www.youtube.com/watch?v=ysvFgARjjBM

fuEufyf[kr lekdyksa (1 ls 6 rd) ds eku ;ksx dh lhek ls Kkr dhft, %

1.

b

a

x dx∫ 2.

b
2

a

x dx∫ 3.  ( )
2

2

0

x 1 dx+∫

C

A1

% + vkb;s nksgjk,¡

lgk;d osclkbV
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fuEufyf[kr lekdyksa (4 ls 22 rd) ds eku Kkr dhft, %

4.

2
2 2

0

a x dx−∫ 5.  
2

0

sin 2x dx

π

∫ 6.

2

4

cot x dx

π

π
∫

7.
2

2

0

cos x dx

π

∫ 8.

1
1

0

sin x dx−∫ 9.

1

2
0

1
dx

1 x−
∫

10.

4

2
3

1
dx

x 4−∫ 11.
0

1
d

5 3 cos

π

θ
+ θ∫ 12.

4
3

0

2 tan x dx

π

∫

13.  
2

3

0

sin x dx

π

∫ 14.

2

0

x x 2dx+∫ 15.
2

5

0

sin cos d

π

θ θ θ∫

16.
0

x log sin x dx

π

∫ 17. ( )
0

log 1 cos x dx

π

+∫ 18. 2
0

x sin x
dx

1 cos x

π

+∫

19.  
2 2

0

sin x
dx

sin x cos x

π

+∫ 20. ( )
4

0

log 1 tan x dx

π

+∫

21. oozQ x = y2, y-v{k rFkk js[kkvksa y = 0 vkSj y = 2 }kjk ifjc¼ {ks=kiQy Kkr dhft,A

22. oozQksa y = x2 rFkk y = x osQ }kjk f?kjs {ks=k dk {ks=kiQy Kkr dhft,A

23. oozQ y2 = 4x rFkk ljy js[kk x = 3 }kjk ifjc¼ {ks=kiQy Kkr dhft,A

24. ,d ,sls f=kHkqtkdkj {ks=k dk {ks=kiQy Kkr dhft, ftlosQ 'kh"kks± osQ funsZ'kkad (1, 0), (2, 2) ,oa
(3, 1) gSA

25. nh?kZòÙk 
2 2x y

1
9 4

+ =  rFkk ljy js[kk 
x y

1
3 2

+ =  }kjk f?kjs NksVs {ks=k dk {ks=kiQy Kkr dhft,A

26. ijoy; y = x2 rFkk oozQ y = |x| }kjk f?kjs {ks=k dk {ks=kiQy Kkr dhft,A

ns[ksa vkius fdruk lh[kk 31.1

1.
35

2
2.

1
e

e
−

 3. (a)
2 1

2

−
(b) 2 (c) 

4

π
(d) 

64

3

mÙkjekyk
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ns[ksa vkius fdruk lh[kk 31.2

1.
e 1

2

−
2. 

12 1
tan

3 3

−
3. 

11 3
log 6 tan 5

5 5

−+

4. 29 5. 
24 2

15
6. 

4

π
7.  log 2

2

π
−

8. 0 9. 0 10.  
1

log 2
2 2

π −  

ns[ksa vkius fdruk lh[kk 31.3

1.
8

3
 oxZ bdkbZ 2. 
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